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Abstract: In this work the confined domains for a point-like particle propagat-

ing within the boundary of an ideally reflecting paraboloid mirror are derived.

Thereby it is proven that all consecutive flight parabola foci points lie on the

surface of a common sphere of radius 𝑅. The main results are illustrated in

various limiting cases and are compared to its one-dimensional counterpart.

In the maximum angular momentum configuration we explicitly state the

coordinates of the particle at any time 𝑡 within the cavity.
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1 Introduction

Over the last decades, the dynamics of a point-like particle confined to some domain

under the influence of a constant gravitational force, shortly called gravitational billiards,
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Gravitational Billiard

has been studied from various perspectives. Starting from [LM86] who first performed a

numerical study of the simplest imaginable system, the wedge, showing that the system

can be integrable for certain angles of the wedge. Further study of the system have

e.g. been performed in [And22, KJ99]. Extensions to other one dimensional boundaries

(circular, elliptic, oval) or potentials have been performed in e.g. [dCDL15, KL91], who

showed that for the quadratic and Coulomb potential the system becomes integrable.

Generalizations to the motion in general high dimensional quadrics under the influence

of a harmonic, isotropic potential have been performed by Fedorov in [Fed01]. Thereby

it has been shown that the trajectories again are tangent to confocal quadrics. This

result is consistent with our results derived in Section 4 in presence of a homogeneous

gravitational field. Note that similar results (see e.g. [Ves88]) already were obtained for

the force free system of a particle bouncing in a higher-dimensional ellipsoid. Also for

these systems the trajectories are tangent to confocal quartics. The explicit theta-function

solutions for these problems were given e.g in [Ves88], who studied the system using a

discrete Lagrangian approach.

In 2015, the first study of the dynamics in a two-dimensional cone were performed by

[LM15, Lan15] showing that certain quantities of the one-dimensional framework map

one-to-one to the embedded surface in ℝ3.

In general, the motion of the particle is highly non-trivial and a neat expression for

the trajectory at each time is not accessible. For this reason, following [Mas14, Mas20],

the confined domains for a point like particle bouncing in a parabolic, one-dimensional

cavity under the influence of a homogeneous gravitational force were derived through

a geometric-analytic approach. In particular the author showed in [Mas20] that the

geometric interpretation of the integrable system is that the foci of consecutive flight

parabolae all lie on a common circle of fixed radius with center being the focus of the

parabolic mirror.

Recently associated foci curves and confined domains for a particle ideally bouncing

inside general one-dimensional boundaries were obtained in [Jau23a]. As a generalization
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Galavotti and Jauslin [GJ20] considered the so called Boltzman system (a particle under

the influence of a Keplerian potential being reflected along a straight line within ℝ2).

They showed that this system, in contrast to the belief of Boltzman himself, is integrable

and that the second foci of the associated Kepler ellipses lie on a common circle with

center being the mirror point of the center of the gravitational force with respect to the

hard wall line. Following this work Felder [Fel21] proved that for this system one can

associated an elliptic curve for the family of consecutive flight ellipses. Gasiorek and

Radnovic̀ used the result of Felder in order to derive periodicity conditions for the orbits,

generalizing Poncelet Porims to the case of a Keplerian force [GR23] with a straight line

boundary. In a recent study [JZ24] it has been shown that a particle under the influence of

a Keplerian force centered at one focus of a conic section in two dimensions is integrable

and that the second foci of the flight trajectories also lie on a common circle centered at

the second focus of the conic boundary. In particular the authors derived via a conformal

transformation (Kepler-Hooke-Duality) the corresponding "foci curve" (as they denote it)

in the case of a Hooke potential with conic section boundaries. These curves, on which

all consecutive foci lie, correspond to Cassini ovals.

In the work of Borisov et al. [ABM19] the frictionless motion of a point mass on an

elliptic (or hyperbolic) paraboloid 𝑈 = {𝑧 = 𝑥2

𝑎
+ 𝑦2

𝑏
} in presence of a constant gravitational

force parallel to the 𝑧−axis was considered. Already in [Cha33] the authors showed that

the system is separable in parabolic coordinates and therefore integrable. The geometric

interpretation of integrability is that the particle trajectory is tangent to two other confocal

paraboloids. When one of the parameters, 𝑎 or 𝑏, tends to zero, one recovers the situation

studied by [Mas14].

In the following the confined domains for a particle bouncing inside a rotational

symmetric paraboloid under the influence of a constant gravitational force parallel to

the axis of symmetry is studied. Our analysis will show that some one-dimensional

features obtained e.g. in [Mas20, Jau23a, Jau23b] will carry over (in some cases) to the

two-dimensional scenario. Due to the additional rotational movement associated to
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conserved angular momentum along the 𝑧−direction further restrictions compared to

the one-dimensional boundary case will emerge.

The structure of this work presents as follows: in Section 2 we will briefly introduce all

necessary assumptions and general ideas that we will benefit from in our later analysis.

Before diving into a general analysis, Section 3 will show that under certain restrictions

the two-dimensional particle motion can be reduced to the one-dimensional force free

case within a circle. For this case, corresponding to maximal angular momentum, we give

a neat expression for the particles position within the cavity at any time 𝑡. In particular we

again obtain the same result of the trajectories lying along a common confocal paraboloid

resembling similar results as obtained in [Ves88, Fed01] for the free billiard and the

billiard with harmonic potential. In Section 4, we will first show that all consecutive flight

parabola foci points lie on a sphere of radius 𝑅. This result can be seen as a limiting case

of [Fed01] and as the generalization of [Mas20] to the next dimension. With this result,

we derive general formulas for the confined regions depending on the system parameters.

For a deeper understanding of the general results and related physics, Section 5 will

derive the associated envelope curves and therefore two-dimensional sections of the

rotational confined regions for different values of the sphere radius 𝑅 as well as (reduced)

angular momentum 𝑙𝑧. Finally a conclusion and outlook on possible future research

topics related to this work is made in Section 6.

2 Generalities for the paraboloid billiard

Here some general results for the motion of an particle under the influence of a constant

gravitational force within a cavity are stated. All obtained results are direct generaliza-

tions from the one-dimensional case already discussed in e.g. [Mas20, Jau23a].

We are considering the movement for a particle of mass 𝑚 propagating inside a

paraboloid mirror under the influence of the constant gravitational force 𝐹⃗ = −𝑚𝑔𝑒𝑧

parallel to the 𝑧−axis. The equation for the boundary of the paraboloid in Cartesian
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coordinates (𝑥, 𝑦, 𝑧) reads

𝑀(𝑥, 𝑦, 𝑧) = 𝑧 −
𝑥2 + 𝑦2

4𝑓𝑀
+ 𝑓𝑀 = 0. (1)

The focus of the paraboloid is centered at the origin of the coordinate system and 𝑓𝑀

denotes the focal length of this ideally reflecting mirror (see Figure 1).

Figure 1: Visualization of main quantities for the paraboloid gravitational billiard.

For a general point 𝑃(𝑥, 𝑦, 𝑧) along the mirror boundary, the associated normalized

normal-vector pointing inside the mirror domain is given by

𝑛0|𝑃 =
1

|∇⃗𝑀|
∇⃗𝑀|𝑃 =

1
√
1 + 𝑥2+𝑦2

4𝑓2𝑀

⎛
⎜
⎜
⎜
⎝

− 𝑥
2𝑓𝑀

− 𝑦
2𝑓𝑀

1

⎞
⎟
⎟
⎟
⎠

. (2)

As usual, the trajectory of one specific flight parabola can be written as a function of time

𝑡 via

𝑟(𝑡) = −12𝑔𝑡
2𝑒𝑧 + 𝑣𝑡 + 𝑟0, (3)

where 𝑣𝑇 = (𝑣𝑥, 𝑣𝑦, 𝑣𝑧). All flight parabolas posses a focal length 𝐹 associated with the

velocity components in 𝑥− and 𝑦−direction by

𝐹 =
𝑣2𝑥 + 𝑣2𝑦
2𝑔 . (4)
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Note that for a given flight parabola 𝑣𝑥, 𝑣𝑦 are constant along the motion and thus 𝐹 is

well defined. Conservation of energy 𝐸 = 𝑚
2
𝑣2 +𝑚𝑔𝑧 yields a maximal reachable height 𝐻

for all flight parabolas within the paraboloid. Considering the velocities 𝑣𝑇𝑆 = (𝑣𝑥, 𝑣𝑦, 0)

and associated heights 𝑧𝑆 at the vertex of a flight parabola we find

𝐻 = 𝐸
𝑚𝑔 =

𝑣2𝑆
2𝑔 + 𝑧𝑆 = 𝑐𝑜𝑛𝑠𝑡.. (5)

In analogy to the one-dimensional case (see [Mas20, Jau23a]) 𝐻 refers to the flight

parabola vertex plane (see Figure 1). As a direct consequence, the 𝑧−coordinate of

the flight parabola focus point 𝐹⃗ fulfills 𝐹𝑧 = 𝐻 − 2𝐹. In Section 4 we will make use of this

relation.

As a last component we state the law of reflection in vector form whenever the particle

hits the boundary of the mirror at a point 𝑃 and gets ideally reflected. For the velocities 𝑣

before and 𝑣′ after the reflection holds

𝑣′ = 𝑣 − 2(𝑛0◦𝑣) ⋅ 𝑛0|𝑃 = 𝑣 − 2

|∇⃗𝑀|2
(𝑣◦∇⃗𝑀) ⋅ ∇⃗𝑀|𝑃. (6)

A direct consequence of the law of reflection is stated in the following Lemma which in

Section 4 will be used in order to reduce the number free parameters of our system.

Proposition 1. Angular momentum per unit mass about the 𝑂𝑧−axis, i.e. 𝑙𝑧 = 𝐿𝑧∕𝑚, in

the further course to be called reduced angular momentum, is a conserved quantity in

particular at any point 𝑃 of reflection.

Proof. It is sufficient to proof the statement at some general point of reflection 𝑃 associated

with the vector 𝑟. Using the law of reflection (6) for reduced angular momentum in

𝑧−direction results in:

𝑙′𝑧 = (𝑟 × 𝑣′)𝑧 = (𝑟 × 𝑣)𝑧 −
2

|∇⃗𝑀|2
(𝑣◦∇⃗𝑀) ⋅ (𝑟 × ∇⃗𝑀)𝑧 = (𝑟 × 𝑣)𝑧 = 𝑙𝑧.

Here we used in the last step the fact, that (𝑟×∇⃗𝑀)𝑧 = 0 in 𝑃. Therefore 𝑙′𝑧 = 𝑥0𝑣𝑦−𝑦0𝑣𝑥 =

𝑥0𝑣′𝑦 −𝑦0𝑣′𝑥 = 𝑙𝑧 is conserved. Note that 𝑙𝑧 conservation along the flight parabola is a direct

consequence by the properties of the cross product.
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3 Special orbits with reflections along the same circle

In this section first we want to discuss the simplified case in which all consecutive points of

reflection 𝑃𝑖 lie on a common circle of radius 𝑟0 (and consequently height 𝑧0 =
1

4𝑓𝑀
𝑟20 −𝑓𝑀)

with respect to the 𝑧−axis. Naturally for this section polar coordinates are chosen to

describe the dynamics. When viewed from above, the system can uniquely be described

by the angle 𝜗 enclosed by two consecutive points of reflection and the ’origin’ at height

𝑧0 (see Figure 2). Without loss of generality our starting position may be chosen in polar

coordinates at 𝑃0(𝑟0, 0, 𝑧0) and consequently 𝑃𝑖(𝑟0, 𝑖 ⋅ 𝜗, 𝑧0). We choose our particle, when

viewed from above, traveling in counter-clockwise direction. The velocity values for the

new flight parabola at the point of reflections are given by (𝑣𝑟,𝑖, 𝑣𝜑,𝑖, 𝑣𝑧,𝑖). We will use in

later sections the index 𝑖 to label the 𝑖−th consecutive flight parabola.

From our setup it is clear that the allowed values for (𝑣𝑟,𝑖, 𝑣𝜑,𝑖, 𝑣𝑧,𝑖) are restricted by

the condition that all point of reflection 𝑃𝑖 have to lie on the same circle. In particular,

such kind of behavior can only exist if the associated flight parabolas are each a copy of

the same fundamental, symmetric, parabola up to an rotation by 𝜗 spanned by the two

initial reflection points 𝑃0 and 𝑃1.

Figure 2: Projection to the parallel 𝑥−𝑦−plane at height 𝑧0 with relevant system parameter

𝜗 associated to force free billiards inside the circle.
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Due to rotational symmetry it thus is sufficient to determine the restrictions on

(𝑣𝑟,0, 𝑣𝜑,0, 𝑣𝑧,0) =∶ (𝑣𝑟, 𝑣𝜑, 𝑣𝑧). Applying the law of reflection (6) at 𝑃0 yields expressions

(𝑣′𝑟, 𝑣′𝜑, 𝑣′𝑧) right before the reflection. Those velocity values correspond to the flight

parabola starting at 𝑃−1 propagating to 𝑃0. For all flight parabolas being the same copy

one thus obtains the restriction

|𝑣𝑟| = |𝑣′𝑟| and |𝑣𝑧| = |𝑣′𝑧|. (7)

Both conditions are fulfilled if

𝑣𝑟𝑒𝑟 + 𝑣𝑧𝑒𝑧 ∥ ∇⃗𝑀|𝑃0 , (8)

i.e. the (𝑟, 𝑧)−components of the velocity vector stand perpendicular on the tangent plane

at the point of reflection. The flight time 𝑡 = 2𝑣𝑧
𝑔

for reaching the initial height 𝑧0 again is

uniquely determined by the motion in 𝑧−direction. Within this time the particle starting

at 𝑃0 has to reach 𝑃1. In the 𝑥 − 𝑦−plane, the angle 𝜗 between two consecutive points of

reflection (see Figure 2) is related to the velocity values (𝑣𝑟, 𝑣𝜑) via

𝜗 = 𝜋 − 2 arctan (
|||||||

𝑣𝜑
𝑣𝑟

|||||||
) . (9)

Demanding for the reflection points all to lie on the same circle of radius 𝑟0 gives a further

restriction on the system within the given flight time 𝑡 from 𝑃𝑖 to 𝑃𝑖+1. Direct calculation

shows that the allowed velocity components are completely determined by the angle 𝜗,

the radius 𝑟0 of the common reflection points circle as well as the focal length 𝑓𝑀 of the

paraboloid mirror:

𝑣𝑟 = −
𝑟0
2𝑓𝑀

⋅
√
𝑔𝑓𝑀 ⋅ [1 − cos (𝜗)], (10)

𝑣𝜑 =
𝑟0
2𝑓𝑀

⋅
√
𝑔𝑓𝑀 ⋅ [1 + cos (𝜗)], (11)

𝑣𝑧 =
√
𝑔𝑓𝑀 ⋅ [1 − cos (𝜗)]. (12)

Depending on the values for 𝜗 (see. e.g. [Roz18, Jau23b]) we obtain periodic or non-

periodic orbits, where all flight parabolas lie on a common rotational surface around
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the 𝑧−axis (see Figure 3) whose radial function is purely determined by the mirror

parameters

𝑔(𝑟) =
𝑟20
4𝑓𝑀

−
𝑓𝑀 ⋅ 𝑟2

𝑟20
, with 𝑟 ∈ [𝑟0 cos(𝜗∕2); 𝑟0]. (13)

As mentioned before in the introduction, this result is consistent with former studies,

e.g. [Fed01, Ves88], where the trajectories inside a general quadric are tangent to other

confocal quadrics.

Considering the flight parabolas dividing the rotational flight surface 𝑔(𝑟) consecutively

into smaller sub regions, one can map this to the circle case as shown in [Jau23b] that for

specific values of 𝜗 the surface division sequence is given by an integer series.

As a remark for 𝜗 = 𝜋 the 𝜑−velocity component equals zero, i.e. 𝑣𝜑 = 0. For this case

there is no rotational motion (angular momentum being zero) and the particle bounces

along 𝑔(𝑟) forming a two periodic orbit reproducing one-dimensional results obtained in

e.g. [KL91, Jau23a]. Again this can be interpreted as the limiting case of [Fed01], where

one axis tends to infinity and the harmonic potential, in this limit, resembling a constant

force leading to two confocal, parabolic envelop curves for the motion.

The trajectory of the particle in our szenario now is completely determined by the

parameters (𝑟0, 𝜗). In particular the explicit coordinates at a given time read

⎛
⎜
⎜
⎜
⎝

𝑥(𝑡)

𝑦(𝑡)

𝑧(𝑡)

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

𝑣𝑟 ⋅ (𝑡 − ⌊ 𝑡
𝑇
⌋𝑇) ⋅ cos

(
⌊ 𝑡
𝑇
⌋𝜗
)
− 𝑣𝜑 ⋅ (𝑡 − ⌊ 𝑡

𝑇
⌋𝑇) ⋅ sin

(
⌊ 𝑡
𝑇
⌋𝜗
)

𝑣𝑟 ⋅ (𝑡 − ⌊ 𝑡
𝑇
⌋𝑇) ⋅ sin

(
⌊ 𝑡
𝑇
⌋𝜗
)
+ 𝑣𝜑 ⋅ (𝑡 − ⌊ 𝑡

𝑇
⌋𝑇) ⋅ cos

(
⌊ 𝑡
𝑇
⌋𝜗
)

− 1
2
𝑔 ⋅

(
𝑡 − ⌊ 𝑡

𝑇
⌋𝑇
)2
+ 𝑣𝑧 ⋅

(
𝑡 − ⌊ 𝑡

𝑇
⌋𝑇
)

⎞
⎟
⎟
⎟
⎠

, (14)

where the particle at time 𝑡 = 0 starts from (𝑟0, 0,
𝑟20
4𝑓𝑀

− 𝑓𝑀) and

𝑇 =

√
8𝑓𝑀
𝑔 sin(𝜗∕2), (15)

corresponds to the propagation time between two consecutive point of reflections.
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Figure 3: left: Example for 3-periodic orbit (𝜗 = 2𝜋
3

) along the same circle. right: Swept

out flight parabola surface (light red) for non-periodic case and 𝜗 ≠ 𝜋.

4 General flight parabola domain

In this section now we want to derive the confined domains which the particle at a given

initial condition can not leave during its motion. We will use the same notations as

introduced in Section 2. It is clear that for certain choices of initial conditions the actual

flight orbits will not fill out the entire confined domains. In particular we are considering

non periodic orbits in which the swept out region becomes dense. A main component for

obtaining expressions for the confined domains is stated in the following theorem.

Theorem 2. For each initial conditions, the foci 𝐹⃗𝑖 of all flight parabolas of the billiard

trajectory lie on the same sphere with radius 𝑅 centered at the origin 𝑂, i.e. the focus of the

paraboloid.

Proof. Without loss of generality consider let the point of reflection being located in

Cartesian coordinates at 𝑃(𝑟0, 0, 𝑧0) and the associated velocity vector right before the

reflection take the form 𝑣 = (𝑣𝑥, 𝑣𝑦, 𝑣𝑧)𝑇. The flight parabola focus then is given by

𝐹⃗ =

⎛
⎜
⎜
⎜
⎝

𝑟0

0

2𝑧0 −𝐻

⎞
⎟
⎟
⎟
⎠

+
𝑣𝑧
𝑔

⎛
⎜
⎜
⎜
⎝

𝑣𝑥

𝑣𝑦

𝑣𝑧

⎞
⎟
⎟
⎟
⎠

. (16)
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Applying the law of reflection in 𝑃 yields the velocity vector 𝑣′ after the reflection and

consequently 𝐹⃗′. A direct but lengthy calculation shows that

|𝐹⃗|2 = |𝐹⃗′|2 = 𝑅2 = 𝑐𝑜𝑛𝑠𝑡.,

i.e. both foci lie on a common sphere of radius 𝑅. Due to rotational symmetry of the

system, conservation of energy as well as reduced angular momentum conservation

in 𝑧−direction, all consecutive foci lie on the same sphere of radius 𝑅. Since 𝑟0 and the

initial velocity 𝑣0 have been chosen arbitrarily (under assumption of same total energy)

all consecutive foci have to saturate this equality. Note that this is a direct generalization

of the one-dimensional case. As a reminder we state that similar one-dimensional results

recently have been obtained for other mirror geometries [Jau23a, GJ20, Fel21, GR23, JZ24].

Now we are in the position to reduce the six-dimensional phase space with the knowl-

edge of Theorem 2, conservation of energy and reduced angular momentum as well as

rotational invariance, to two free parameters corresponding to confined domains which

the particle at given values (𝐻, 𝑙𝑧, 𝑅) cannot leave.

The vertex 𝑆 of each flight parabola in spherical coordinates thus can be written as

𝑆(𝑅, 𝜑, 𝜗) = 𝐹⃗(𝑅, 𝜑, 𝜗) + 𝐹𝑒𝑧 = 𝑅

⎛
⎜
⎜
⎜
⎝

cos(𝜑) sin(𝜗)

sin(𝜑) sin(𝜗)

cos(𝜗)

⎞
⎟
⎟
⎟
⎠

+ 𝐹𝑒𝑧 =

⎛
⎜
⎜
⎜
⎝

𝑅 cos(𝜑) sin(𝜗)

𝑅 sin(𝜑) sin(𝜗)
𝐻+𝑅 cos(𝜗)

2

⎞
⎟
⎟
⎟
⎠

. (17)

Thereby we used that for the focal length of Section 2 holds 𝐹 = 𝐻−𝑅 cos(𝜗)
2

. Note that 𝜗 in

this case corresponds to the polar angle (compare Figure 4) in contrast to the definition

for 𝜗 of Section 3. Energy conservation yields an expression for the absolute value of the

velocity |𝑣𝑆| at the vertex

𝐻 =
𝑣2𝑆
2𝑔 + 𝑧𝑆 ↔ 𝑣𝑆 = |𝑣𝑆| =

√
2𝑔(𝐻 − 𝑧𝑆) =

√
𝑔(𝐻 − 𝑅 cos(𝜗), (18)

where𝐻 is the height of the directrix plane and 𝑧𝑆 is the associated vertex height (consider

Figure 4). We choose 𝑣𝑆 to be positive; negative values simply correspond to a time
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inverted system. Since the orientation of 𝑣𝑆 is not fixed by the equation above we may take

a general ansatz 𝑣𝑆 = 𝑣𝑆(cos(𝜑′), sin(𝜑′), 0)𝑇. Reduced angular momentum conservation

along the 𝑧−axis (compare Lemma 1)

𝑙𝑧 = (𝑆 × 𝑣𝑆)𝑧 = 𝑅
√
𝑔(𝐻 − 𝑅 cos(𝜗)) ⋅ sin(𝜗) ⋅ sin(𝜑′ − 𝜑) = 𝑐𝑜𝑛𝑠𝑡., (19)

restricts the allowed values for the orientation of 𝑣𝑆 related to the rotation angle 𝜑′ as

follows

𝜑′ = 𝜑 + arcsin (
𝑙𝑧

𝑅 sin(𝜗) ⋅
√
𝑔(𝐻 − 𝑅 cos(𝜗))

) . (20)

Figure 4: Flight parabola setup.

Due to rotational symmetry it is sufficient to consider the case 𝜑 = 0 from here on.

The corresponding allowed flight parabolas

𝑟(𝑡, 𝜗) =

⎛
⎜
⎜
⎜
⎜
⎝

𝑅 sin(𝜗) + 𝑡 ⋅
√
𝑔(𝐻 − 𝑅 cos(𝜗)) − 𝑙2𝑧

𝑅2 sin2(𝜗)

𝑡 ⋅ 𝑙𝑧
𝑅 sin(𝜗)

− 1
2
𝑔𝑡2 + 𝐻+𝑅 cos(𝜗)

2

⎞
⎟
⎟
⎟
⎟
⎠

, (21)
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at fixed (𝐻, 𝑙𝑧, 𝑅) form a one-parameter family of curves inℝ3. Note that the 𝑥−component

velocity term restricts the allowed values for 𝜗 at a given value of 𝑙𝑧 according to (compare

Figure 5)

𝐽(𝐻, 𝑅, 𝜗) = 𝑔𝑅2 sin2(𝜗) ⋅ (𝐻 − 𝑅 cos(𝜗)) ≥ 𝑙2𝑧 ↔ 𝜗 ∈ [𝜗0; 𝜗1]. (22)

Clearly 𝑙𝑧 is the main limiting factor to 𝜗 with large 𝑙𝑧 associated to a motion farther

away from the 𝑧−axis as in the case for 𝑙𝑧 being small, resulting in the possibility of

approaching the 𝑧−axis. Further 𝑙𝑧 is bound from above by the maximum of 𝐽(𝐻, 𝑅, 𝑙𝑧)

which is saturated for

cos(𝜗𝑚𝑎𝑥) =
𝐻 −

√
𝐻2 + 3𝑅2
3𝑅 , (23)

and therefore takes the value

𝐽(𝐻, 𝑅, 𝜗𝑚𝑎𝑥) =
2
27𝑔

(√
𝐻2 + 3𝑅2 + 2𝐻

) (
𝐻
(√

𝐻2 + 3𝑅2 −𝐻
)
+ 3𝑅2

)
. (24)

J J

Figure 5: Qualitative restriction of allowed 𝜗 values at given 𝑙2𝑧 . left for 𝐻 > 𝑅 > 0 and

right for 0 < 𝐻 < 𝑅.

Theorem 3. The rotational symmetric allowed propagation heights ℎ of the particle at a

given radial distance 𝑟 and angle 𝜗 are given by

ℎ±(𝑟, 𝜗) =
𝐻+𝑅 cos(𝜗)

2
− 𝑔

2
(
√
𝑟2⋅𝑔(𝐻−𝑅 cos(𝜗))−𝑙2𝑧±

√
𝑅2 sin2(𝜗)⋅𝑔(𝐻−𝑅 cos(𝜗))−𝑙2𝑧

𝑔(𝐻−𝑅 cos(𝜗))
)
2

,

with the restriction on the radius 𝑟 ≥ 𝑙𝑧√
𝑔(𝐻−𝑅 cos(𝜗))

.
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Proof. Equation (21) defines possible trajectories at given (𝐻, 𝑅, 𝑙𝑧). Considering the asso-

ciated radial distance 𝑟2 = 𝑥(𝑡, 𝜗)2 + 𝑦(𝑡, 𝜗)2 one can express the 𝑡 variable in terms of 𝑟

and 𝜗. Inserting this expression into the 𝑧−component of (21) yields the expression for

the allowed heights ℎ±, where the two different solutions correspond to the left and right

parabola arc measured from the minimal distance 𝑟𝑚𝑖𝑛 = 𝑙𝑧∕
√
𝑔(𝐻 − 𝑅 cos(𝜗)).

In order to obtain expressions for the associated envelope curves we define a new

quantity

𝐾(𝑧, 𝑟, 𝜗,𝐻, 𝑅, 𝑙𝑧) ∶= 𝑧 − ℎ±(𝑟, 𝜗). (25)

The envelope curves restricting the confined domains then are obtained eliminating 𝜗 by

solving the following system of equations (see [BG92])

𝐾(𝑧, 𝑟, 𝜗,𝐻, 𝑅, 𝑙𝑧) = 0 and 𝜕𝐾
𝜕𝜗

= 0. (26)

A computer animated picture of allowed flight parabolas is shown in Figure 6. In the

next section our obtained results will be illustrated in various extremal limits.

Figure 6: Computer animated flight trajectories.
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5 Discussion of limiting cases

In this section four limiting cases in terms of the reduced angular momentum 𝑙𝑧 are

discussed. For all cases we determine the associated height function from Theorem 3

and calculate, if possible, the corresponding envelope curves restricting the motion of

the particle, in general, to a rotational symmetric region. All results of this section are

displayed in Figure 7 for illustrative purposes.

5.1 The 𝑙𝑧 = 0 case

In the simplest case of no reduced angular momentum (𝑙𝑧 = 0) the height functions of

Theorem 3 significantly simplify to

ℎ±(𝑟, 𝜗) =
𝐻 + 𝑅 cos(𝜗)

2 −
(𝑟 ± 𝑅 sin(𝜗))2

2(𝐻 − 𝑅 cos(𝜗))
. (27)

Solving the system (26) yields the envelope curves denoted by 𝑐±

𝑐±(𝑟) =
𝐻 ± 𝑅
2 − 𝑟2

2(𝐻 ± 𝑅)
. (28)

This reproduces the results obtained geometrically in [Mas20] and analytically in [Jau23a].

Since the motion lies in a common plane containing the 𝑧−axis it is clear that 𝑟 can take

values in ℝ.

5.2 The small 𝑙𝑧 case

For 𝑙𝑧 small the deviation from the 𝑙𝑧 = 0 case is marginal. Thus one can conclude that in

first approximation one obtains the same envelope curves 𝑐±(𝑟) as before. An additional

restriction comes from the fact that the allowed values for 𝑟 are bound from below by

𝑟 ≥ 𝑙𝑧√
𝑔(𝐻−𝑅 cos(𝜗))

. If this inequality is saturated, i.e. we consider the case of minimal radial

distance in terms of 𝜗, one can solve 𝑟 = 𝑙𝑧√
𝑔(𝐻−𝑅 cos(𝜗))

for cos(𝜗) and insert this expression

into the height functions of Theorem 3 yielding one additional (approximate) envelope
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curve associated with the angular momentum barrier as

𝑐0(𝑟) =
(𝐻2 − 𝑅2)𝑔

2𝑙2𝑧
⋅ 𝑟2 +

𝑔𝑟4

2𝑙4𝑧
. (29)

This envelope curve is reminiscent of the Higgs-potential in particle physics, in which in

the cases 𝑅 > 𝐻 one obtains the well known Mexican-hat like function.

5.3 The large 𝑙𝑧 case

In the large 𝑙𝑧 limit the second square root appearing in the height functions of Theorem

3 in lowest order can be neglected since 𝑙2𝑧 ≈ 𝐽(𝐻, 𝑅, 𝜗𝑚𝑎𝑥). The associated envelope curves

thus approximately resemble the height functions for small variations of 𝜗

𝑐± =
𝐻 + 𝑅 cos(𝜗)

2 −
𝑟2 − 𝑅2 sin2(𝜗𝑚𝑎𝑥)
2(𝐻 − 𝑅 cos(𝜗))

, (30)

where 𝜗 ∈ [𝜗𝑚𝑎𝑥 − 𝛿; 𝜗𝑚𝑎𝑥 + 𝛿] for 𝛿 small.

5.4 The maximal 𝑙𝑧 case

The maximal value for 𝑙𝑧 follows from (24) and is given by

𝑙𝑧 =
√
𝐽(𝐻, 𝑅, 𝜗𝑚𝑎𝑥). (31)

In these cases, the second square root for the height function of Theorem 3 vanishes,

resulting in a single height function for 𝜗 = 𝜗𝑚𝑎𝑥 as

𝑑(𝑟) =
𝐻 + 𝑅 cos(𝜗𝑚𝑎𝑥)

2 −
𝑟2 − 𝑅2 sin2(𝜗𝑚𝑎𝑥)
2(𝐻 − 𝑅 cos(𝜗𝑚𝑎𝑥))

, (32)

with 𝑟 ≥ 𝑅 sin(𝜗𝑚𝑎𝑥). Note that for 𝑅 < 𝐻 this reproduces the results of Section 3. For 𝑅 > 𝐻

it depends on the mirror boundary if the condition 𝑟 ≥ 𝑅 sin(𝜗𝑚𝑎𝑥) can be saturated, cases

exist in which the maximal 𝑙𝑧−value is not accessible due to the mirror boundary.
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Figure 7: Two-dimensional section of confined domains associated to the four discussed

limiting cases. The three-dimensional confined regions are obtained by rotation around

the 𝑧−axis.

6 Conclusion and Outlook

In this work the rotational symmetric confined domains of a point-like particle bouncing

inside a paraboloid cavity under the influence of a homogeneous gravitational field in

terms of the directrix height 𝐻, reduced angular momentum 𝑙𝑧 and foci sphere radius 𝑅

were derived. It has been shown that some one-dimensional results map one to one to

the 3D case. In addition, reduced angular momentum conservation (absent in 2D) yields

some additional physics in 3D.

For future works it would be interesting to generalize our results to other rotational

symmetric domains. Also, the motion in a non-constant, e.g. Keplerian-field, would be of

interest, generalizing e.g. the results obtained in [Fed01, JZ24].
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