ASSOCIATION
—— FoR ——

AMR @ Arnold Mathematical Journal
Volume 11, Issue 1, 2025

Classification of NMS-flows with
unique twisted saddle orbit on

orientable 4-manifolds

Vladislav Galkin Olga Pochinka Danila Shubin

Received 10 Mar 2024; Accepted 10 Oct 2024

Abstract: Topological equivalence of Morse-Smale flows without fixed points
(NMS-flows) under assumptions of different generalities was studied in a num-
ber of papers. In some cases when the number of periodic orbits is small,
it is possible to give exhaustive classification, namely to provide the list of
all manifolds that admit flows of considered class, find complete invariant
for topological equivalence and introduce each equivalence class with some
representative flow. This work continues the series of such articles. We con-
sider the class of NMS-flows with unique saddle orbit, under the assumption
that it is twisted, on closed orientable 4-manifolds and prove that the only
4-manifold admitting the considered flows is the manifold S* x S!. Also, it is
established that such flows are split into exactly eight equivalence classes and

construction of a representative for each equivalence class is provided.
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1 Introduction and main results

In the present paper we consider NMS-flows f*, namely non-singular (without fixed points)
Morse-Smale flows which are defined on orientable-manifold M*. Non-wandering set of
such flow consist of a finite number of hyperbolic periodic orbits. Asimov proved [Asi75]
that ambient manifold of such flow is a union of round handles. However, if the number
of orbits is small, topology of the ambient manifold can be specified. For instance, in
dimension 3 only lens spaces admit NMS-flows with two periodic orbits. Moreover, it was
shown in [PS22a] that each lens space (closed orientable manifold obtained by gluing two
solid tori along boundaries) admit exactly two classes of topological equivalence except
for 3-sphere S* and projective space RP’ which both admit the unique equivalence class.
Moreover only two 4-manifolds S* x S?, $3%S! admit such flows and each admits exactly
two topological equivalence classes.

Campos et al. [CCMAV04] argued that lens spaces are the only prime (a manifold that
cannot be expressed as a non-trivial connected sum of two manifolds) 3-manifolds that
are ambient for NMS-flow with unique saddle periodic orbit, but this is not so. There
exists infinite series of mapping tori non-homeomorphic to lens spaces which admit
such flows [Shu21]. Moreover, necessary and sufficient conditions for topological equiv-
alence of such flows were obtained in [PS22Db]. Finally, any 3-manifold admitting such
flows is a lens space or connected sum' of two lens spaces or a small Seifert fibered?
3-manifold [PS22c]. The invariants constructed in these works are different from known

ones, for example scheme of the flow constructed by Umanskii [Uma90] for Morse-Smale

1A connected sum of two n-dimensional manifolds is a manifold formed by deleting a ball inside each

manifold and gluing together the resulting boundary spheres.
2A Seifert fibered space is a closed orientable 3-manifold that can be ecomposed into a disjoint union of

circles (fibers) such that each fiber has a neighourhood that is fiber-wise homeomorphic to standart fibered

torus.
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flows with finite number of singular trajectories (closed orbits, fixed points and hetero-
clinic orbits).

In the present paper we establish the topology of orientable 4-manifolds that are
ambient for NMS-flows with exactly one saddle orbit assuming that it is twisted (its
invariant manifolds are non-orientable). Remarkably, all such flows are suspensions
over Morse-Smale diffeomorphisms on 3-manifolds, which are classified in [BGP19].
3-diffeomorphisms are known to posess wild separatrices [Pix77], which complicates
their classification. Pixton constructed an example of 3-diffeomorphism with one saddle
orbit having wild unstable separatrice. Bonatti and Grines classified the class of sphere
diffeomorphisms that have non-wandering set consisting of four fixed points: two sinks,
a source, and a saddle [BG00]. They showed that the Pixton class contains a countable

set of pairwise topologically non-conjugate diffeomorphisms.

As was shown in [PS20b] suspensions over Pixton diffeomorphisms also have wild un-
stable separatrices and such class contains a countable family of pairwise non-equivalent
flows. However, in this case the saddle orbit of the flow is non-twisted. Surprisingly, there
are no flows with unique saddle orbit that is twisted and having wild separatrix. Besides,

the number of equivalence classes of such flows appear to equal 8.
Let us proceed to the formulation of the results.

Let M* be connected closed orientable 4-manifold. Flow f*: M* — M* is called Morse-
Smale flow if (a) its chain-recurrent set® consist of finite number of periodic orbits and
fixed points and (b) the unstable manifold of each chain-recurrent set component has
transversal intersection with the stable manifold of any other chain-recurrent set compo-
nent. Let f* be NMS-flow (Morse-Smale flow without fixed points) and O be its periodic
orbit. There exists tubular neighborhood vV, homeomorphic to D? x S! such that the
flow is topologically equivalent to the suspension over a linear diffeomorphism of the

plane defined by the matrix which determinant is positive and eigenvalues are different

3Point x € M is called chain-recurrent for the flow f* if for any T, ¢ > 0 there exist points x,, ...x, € M and

real numbers ¢, ...t, > T such that x = x, = x,, and d(f"i(x;), x;,;) < &, where d is a metric on M

Arnold Mathematical Journal, Vol.11(1), 2025 129


http://dx.doi.org/10.56994/ARMJ

Vladislav Galkin Olga Pochinka Danila Shubin

from +1 (see. Proposition 1). If absolute values of both eigenvalues are greater (less) than
one, the corresponding periodic orbit is attracting (repelling), otherwise it is saddle. The
saddle orbit is called twisted if both eigenvalues are negative and non-twisted otherwise.

Consider the class G; (M*) of NMS-flows f*: M* — M* with unique saddle orbit which
is twisted. Since the ambient manifold M* is the union of stable (unstable) manifolds
of its periodic orbits, the flow f’ € G;(M“) has at least one attracting and at least one

repelling orbit. In Section 2 the following fact is established.

Lemma 1. The non-wandering set of any flow f* € G; (M*) consists of exactly three periodic

orbits S, A, R, saddle, attracting and repelling, respectively.

Unstable manifold os saddle orbit S of the flow f* € G; (M*) can be either 3- or 2-
dimensional; let G;'(M*), G;*(M*) denote corresponding subclasses of G; (M*). Obviously,
since dimension of unstable manifold is invariant under an equivalence homeomorphism
no flow in G;'(M*) is topologically equivalent to any flow in G;*(M*). Furthermore,
Gy MY ={f": ft e Gy 1(M*)} and the flows f*, f* are topologically equivalent if and
only if f~!, f’=* are topologically equivalent. This immediately implies that classification
in the class G;(M“) reduces to classification in the subclass G;I(M“).

Let f* € G;'(M*). Since the flow f* in some tubular neighborhood of is topologically
equivalent to the suspension over linear diffeomorphism of the plane, the topology of

periodic orbits A, S, R stable and unstable manifolds is:
* Wi = R?xS' (open solid Klein bottle);
* Wi = RxS' (open Mobius band);
« W9 =Wk =R?xS' (open solid torus);
« WY = W; = S! (circle).

Let O € {S, A, R}. Choose the generator G, of boundary T, = 9V, & S2x S! fundamental
group which is homologous to O in vV, = D*xS!. By definition the manifold T is secant for

all flow trajectories except the periodic ones. Since the flow in some tubular neighborhood
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of S is topologically equivalent to suspension, the set Kg = W¢ n Tg is homeomorphic
to the Klein bottle. Let A, us be the knots (simple closed curves), which are generators
of the fundamental group ;(Ks) with relation [A * us] = [ug' * A5]. We will call the
curve ug meridian and the curve Ag longitude. By virtue of Proposition 3 the Klein bottle
longitude embedded in $? x S! is a generator of fundamental group 7,(S? x St). Consider
the longitude A¢ be oriented in such way that its homotopy type (1s) in T coincide with
type (Gs). So, the set K, = W¢ N T, is the Klein bottle with longitude 4, which is pointwise
transferred along the flow f! orbits from Ag.

Since the flow in some tubular neighborhood of S is topologically equivalent to sus-
pension the set ys = Wi N T is a knot in Ty, wrapping around Gs twice. We will assume
that the knot y¢ is oriented in such way that its homotopy type (ys) on T coincides with
homotopy type of 2(Js). So the set y = W N Ty is a knot in T and its orientation is

induced by the flow f* from ys.

Lemma 2. Let f' € G;'(M*) then the following conditions hold:
1. (An) = 64(9a) 64 €{-1,+1}INTy;
2. (vr) = 6g(9r), O € {~1,+1} in Tk.

Let
sz = (5A’ 5R)

Theorem 1. Flows f*, f"* € G;'(M*) are topologically equivalent if and only if Cpi = Cn.
Theorem 2. For any element C € S° x S° there exists a flow f' € G;'(M*) such that C = Cy..

Theorem 3. The only 4-manifold that is ambient for a flow of the class G;(M*) is S* x S.

Moreover G;(S* x S') consists of eight classes of topological equivalence.

Note that weakening the saddle orbit twistedness condition fundamentally changes
the picture. For example, in [PS20a] non-singular flows that are suspensions over Pixton

diffeomorphisms on a three-dimensional sphere are considered. It is proved that in the
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class under consideration there exist flows with wildly embedded invariant manifolds
of the saddle orbit. Moreover, there are an infinite number of topological equivalence
classes for such flows.

Acknowledgements. This work was performed at the Saint Petersburg Leonhard
Euler International Mathematical Institute and supported by the Ministry of Science and

Higher Education of the Russian Federation (agreement no. 075-15-2022-287).

2 Flows of the class G;'(M*)

2.1 Structure of periodic orbits

This section is devoted to proof of Lemma 1: non-wandering set of any flow f* € G;(M*)

consists of three periodic orbits S, A, R, saddle, attracting and repelling respectively.

Proof. The proof is based on the following representation of the ambient manifold M* of

the NMS-flow f* with the set of periodic orbits Per: (see, for example, [Sma67])

Mi= ) wy= (J wi, @

OePerft OePerft

as well as the asymptotic behavior of invariant manifolds

W)\ W = U W, (2)
@ePerf[ t WENW#0
AW\ W3, = U W (3)

O€Persi : WynW (#@
In particular, it follows from eq. (1) that any NMS-flow has at least one attracting orbit
and at least one repulsive one. Moreover, if an NMS-flow has a saddle periodic orbit, then
the basin of any attracting orbit has a non-empty intersection with an unstable manifold
of at least one saddle orbit (see Proposition 2.1.3 [GMP16]) and a similar situation with

the basin of a repulsive orbits.
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Now let f* € G;'(M?) and S be its only saddle orbit. It follows from eq. (2) that W} \ S
intersects only basins of attracting orbits. Since the set W§ \ S is connected and the basins
of attracting orbits are open, then Wy intersects exactly one such basin. Denote by A the
corresponding attracting orbit. Since there is only one saddle orbit, there is only one
attracting orbit. Similar reasoning for W leads to the existence of a unique repulsive

orbit R. O

2.2 Canonical neighborhoods of periodic orbits

Recall the definition of a suspension. Let ¢ : M3 — M? be a diffeomorphism of a 3-manifold.

We define the diffeomorphism g, : M> x R! - M? x R! by the formula

8o(X1, Xz, X3, X4) = (@(x1, X3, X3), X4 — 1).

Then the group {g}} = Z acts freely and discontinuously on M* x R!, whence the orbit
space I, = M*xR'g, is a smooth 4-manifold, and the natural projection v, : M?>xR! — II,

is a covering. At the same time, the flow £ : M3 x R! - M3 x R!, given by the formula
gt(xla X2, X3, X4) = (xla X2, X3, X4 + t)’
induces the flow [¢]' = v¢§fv;1 : I, = II,. The flow [¢] is called the suspension of the
diffeomorphism ¢.
We define the diffeomorphisms ay, a;, a,, a; : R®> — R3 by the formulas

-1
3

a3(x1,X2,X3) = (2x132x2a 2X3), Qp=a
ail(xl,xZ,x::,) = (ile, il/2x2, 1/2.7C3), aiz = a;%

Let

Vo = {(x1, X2, X3, %4) € RY| 4%x7 + 4%x7 + 4%x3 < 13,
Vi ={(X1, %5, X3,X,) € R¥| 4754 x7 + 4%x2 4 4%x2 < 1},

Vi = {(x1, %3, X3,%4) € R 47%x2 + 47%x2 4+ 4%x2 < 1},

2
3
2
3

Vi = {(x1, %3, X3,%;) € R*| 47%x2 4 47%x2 + 47%4x2 < 1},
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Fori e {0, +1, +2, 3} we set U; = Uai, Ti = aVl and \/i = Ui(Vi)’ —l]—i = Ui(Ti)'
The following statement, proved by M. Irwin [Irw70], describes the behavior of flows

in a neighborhood of hyperbolic periodic orbits.

Proposition 1 (M. Irwin [[rw70]). If O is a hyperbolic orbit of a flow f*: M* — M* defined

on an orientable 4-manifold M*, then there exists a tubular neighborhood V , of the orbit ©

such that the flow f! |V is topologically equivalent, by means of some homeomorphism H,
o

to one of the following streams:
* [aol'ly, if O is an attracting orbit;

* [a]'|y, if O is a non-twisted saddle orbit with a two-dimensional unstable manifold

W,
* [a_, ]|y, if O is a twisted saddle orbit with a two-dimensional unstable manifold W, ;
* [a,]'ly, if O is a non-twisted saddle orbit with an unstable 3-manifold W,
* [a_s]' |y, if Ois a twisted saddle orbit with an unstable 3-manifold W7, ;

* [as]'ly, if O is a repelling orbit.

The neighborhood Vo = Hp(V,), i € {0, +1, +2, 3} described in Proposition 1 is called
canonical neighborhood of the periodic orbit O.

When proving topological equivalence, we will use the following fact, which fol-
lows from the proof of Theorem 4 and Lemma 4 in [PS22a], and can also be found

in [Uma90] (Theorem 1.1).

Proposition 2. A homeomorphism h; : V; — 8V, fori € {0, 3} extends to a homeomorphism
H;: V; = V, realizing the equivalence of the flows [q;]" with itself if and only if the induced

isomorphism hy, : ©;(8V;) — 7;(8V,) is identical.
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2.3 Trajectory mappings

Consider a flow f*: M* — M* from the set G;'(M?). Then V4 = H,(V,), Vg = Hg(V3), Vs =
Hg(V_,). Let T = {(x1, X, %x3,%4) € T_p| 4%x2 = 1/2}, T" = Ox,x3x4 N T_,, I’ = Ox3x4NT_,. By
construction, the set T_, is homeomorphic to S?xR, the set I" consists of two surfaces, each
of which is homeomorphic to S! x R, dividing T_, into three connected components, one
of which N* contains the cylinder I'** >~ S! x R, and the union N°* the other two contains a

pair of T® =~ S° x R curves, one curve in each component. Then on Tg

Kg = Hg(v_,(T%))) is a Klein bottle;
* yg = Hg(v_,(T*))) is a knot winding twice around the generator G;
* Ng = Hg(v_,(cI(N*))) is a tubular neighborhood of K;

* Ng = Hg(v_»(cl(N*))) is a tubular neighborhood of y;

ONg = INg = Hg(v_»((T)) is a two-dimensional torus.

Let
Ne=| |J @ |nTg Nj=Te\N;,
t>0,weN§
Ne=| | fiw|nTs N =Ty \NY
>0, WENY

and introduce the following mappings:

* using Poincaré map between N, C Tr and N; we define a continuous function
g : Ni — R* so that f=")(r) € N} for r € N}. Next, we continuously extend it to

g : Tg —» R* and definetheset 7 = |J f%*®(r) which does not intersect the torus T,
reNy

if v, is small enough. We set 7 = 7UN¢ and define a homeomorphism ¢y : T — T
by the formula z(r) = f*")(r), denote by V the closure of the connected component

of the set M*\ 7%, containing R;
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* we set 74 = J U Ny. Since future orbits, that intersect J° go towards A a continuous
function z, : T, = R* such that f~%4((q) € 7, for a € T, is uniquily defined; note
that 07 = dNg = ON7 . So, we define a homeomorphism ¢, : T, — 7, by the formula
Ya(a) = f72@(q), denote by V, the closure of the connected component of the set

M*\ 7, containing A.

We will call the introduced homeomorphisms ¢, ¥, trajectory maps. Note that the

ambient manifold M* is represented as
M4= VAUVSUVR.

Note that
VAOVR=T, )/5CNg=vAnVS, K5CN§=VROVS. (4)

Moreover, in the manifolds vV, and V; the flow f* is topologically equivalent to the

suspensions [q,]" and [as]’, respectively.

3 Homotopy types of knots 1, y;

In this section, we will prove Lemma 2. To do this, we first describe the properties of the
embedding of the Klein bottle into the manifold $? x S!.
Recall that the Klein bottle K is the square [0,1] x [0, 1] with sides glued by the relation

(x,0) ~ (x,1), (0,y) ~(0,1—y).
Letov: [0,1] X [0,1] — K be the natural projection, then the curves
A =0v([0,1] x{1/2}), u = v({0} x [0, 1])
are generators of the fundamental group 7, (K) with relation
(A% ul = [u" 4],
where the curve 1 is called longitude and the curve u is called meridian.
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It is well known that the Klein bottle does not embed into R3, however, it can be
embeddable into S?x S!, for example by defining the embedding ¢, : [0,1]x[0,1] — S*>xS!
by the formula

&o(x,y) = (sin7wx cos 27y, cos mx cos 27Ty, sin 27y, e i)

and noticing that é,(x,y) = &,(x’,y") < (x,y) ~ (¥/,»’). Then (see, for example, [Kos80,
Chapter 5])

eo=éov_1: K—>§2X§1
is the desired embedding of the Klein bottle in S? x S'. Let

KO = eo(K).

Figure 1: Bottle of Klein in $? x S!

Proposition 3 (Proposition 1.4, [BGP02]). Lete: K — S?xS! be an embedding Klein bottles
K, K = e(K), N(K) ¢ S$? x St be a tubular neighborhood of K and V(K) = S*> x S \ int N(K)
(see Figure 1). Then:
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1) the curve e(1) is a generator of the fundamental group 7,(S* x S);
2) the set V(K) is a solid torus whose meridian is homotopic to the curve e(u);

3) there exists an orientation-preserving homeomorphism h: $? x S! - S? x S! such
that h(K) =Ky and h, = id : m;(S? x S') —» m,(S? x SY).

Proposition 4 (Proposition 4.2, [GMP16]). A knot y in manifold S?> x S! is trivial if and only
if there exists tubular neighbourhood N(y) in S? x S! such that the manifold (S? x S') \ N(y)

is homeomorphic to solid torus.

It remains to prove Lemma 2. To do this, recall that we have chosen Ty = 0V =
S?x S, 0 € {A, S, R} generator G, of the fundamental group of Ty, homologous in V, =
D3 x St orbit ©. Due to the fact that canonical neighborhoods of periodic orbits can be
chosen so that M* = V, U Vg U Vi (see Section 2.3), everywhere below we assume that
Vai="Vy Vi = Vi

We also established (see eq. (4)) that the set Kg = WynTj is a Klein bottle on Ty = S$?xS!
and oriented its parallel A so that (1) = (Gs) on T. Since the set K, = Wi n T, coincides
with K, then 1, = 45. We also established that the set yg = W n T is a knot on T and
oriented so that (ys) = 2(Js) to Ts. Since the set y = W n Ty coincides with yg, then
YR =7Vs-

Let us show that the knots 1,,yz are generators in the fundamental groups of the

manifolds T4, Ty, respectively.

Proof. Since T, is homeomorphic to the manifold S? x S! and 1, is a parallel of the
Klein bottle K, C T4, then item 1) of Proposition 3 implies that 1, is a generator in the

fundamental group of T4, thatis,on T4

(Aa) = 64(Ga)

for 6, € {—1,+1}. The set N(K,) = Ny is a tubular neighborhood of the Klein bottle K, in
T 4. It follows from item 2) of Proposition 3 that the set V(K,) =T, \ int N(K,) is a solid
torus. The set N(yg) = N§ is a tubular neighborhood of the knot y; in Tk. On the other
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hand Ty \ int N(yg) = V(K,). Thus, the complement to the tubular neighborhood of y; in

Tk is a solid torus. By Proposition 4, yy is a generator in T and, therefore,

(Yr) = 6r{(Gr)

for 6z € {1, +1}. O

4 Classification of flows of the set G;'(M*)
In this section, we will prove Theorem 1.

Proof.
Necessity. Let flows f' and f” have invariants Cy = (6,4,0g), Cgx = (84/,0r) and are
topologically equivalent by the homeomorphism H : M* — M*. Let us show that Cy; = Cyn.
Leth,=H ‘TA and T, = h(T ). Then by Proposition 2

<9A’> = hA*<9A>-

It follows from item 3) of Proposition 3 that 1, = h,(1,) is the parallel of the Klein bottle
K 4. Since the longitude 1, of the Klein bottle is oriented consistent with the saddle orbit
S and H transforms the orbit S into the orbit S’ with orientation preservation, then 1, is

oriented consistent with the saddle orbit S’. On the other side, by Lemma 2,
(Aa) = 84(Ga)s (Aar) = 84(Gu),
whence, by virtue of a simple chain of equalities
84(Gar) = ha(64(G4)) = 64(Gar);

we get that 64, = 6. It is proved similarly that 6 = dg.. Thus Cy = Cyn.
Sufficiency. Let the flows f* and f’* have equal invariants Cy = (84,0g), Cpn = (847, Op)-

Let us show that the flows f* and f’* are topologically equivalent.
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Proposition 1 implies that the homeomorphism

H|, =HyH': Vg = Vg

S

is topological equivalence homeomorphism of the flows f f|VS and f ’f|VS,. It remains to
extend this homeomorphism to vV, and V.

The homeomorphism H is already defined on the set 7, n Tg, which is a tubular
neighborhood N(K,) of the Klein bottle K,. By item 2) of Proposition 3 the set V(K,) =
T, \ int N(K,) is a solid torus whose meridian is homotopic to the meridian u, of the
Klein bottle K, to N(K,). It follows from the properties of the homeomorphism H that
K, = H(K,) and N(K ) = H(N(K,)) is a tubular neighborhood of the Klein bottle K ,,. By
point 2) of Proposition 3 the set V(K 4/) = T4 \ int N(K4/) is a solid torus whose meridian
is homotopic to the meridian u, of the Klein bottle K, in N(K /). Since any homeomor-
phism of the Klein bottle does not change the homotopy class of the meridian (see, for ex-
ample, [Lic63, Lemma 5]), the homeomorphism H: dV(K,) — dV(K, /) extends to the
homeomorphism H : V(K,) — V(K,) (see, for example, [Rol03, Exercise 2E5]). Thus H is
defined on 74 and 7%.

Since the parallel 1, (14/) of the Klein bottle is oriented consistent with the saddle
orbit S (S’) and H transforms the orbit S into the orbit S’ orientation-preserving, then
H,({14)) = (Aa). Since 8,4 = 64, then H,(84(14)) = 84(44) and hence H,((G4)) = (Gar)-
By Proposition 2 the homeomorphism H ’fA extends to V, by a homeomorphism realizing
the equivalence of flows f ‘|VA and f ”|VA,. Similarly, H can be extended to V. Thus, the

homeomorphism H is defined on the whole M* and realizes the equivalence of the flows

ft’ f’t. O

5 Realization of flows by admissible set

In this section, we will prove Theorem 2: for any element C € S° x S° there is a flow

ft € Gy (M*) such that C = Cy.
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Proof. Let us construct the flow f': $* x S' — S x S! with the invariant C;. = (+1,+1) as
a suspension over the sphere diffeomorphism ¢ : S? - S? with three periodic orbits. To
do this, we describe the construction of the diffeomorphism ¢.

Let x': R® — R3 be the flow defined by system of equations:

z=-z(z—1)(z + 1).

\

and the diffeomorphism g : R* — R3 be defined by the formula:

q(x,y,z) = (x’ ) _Z)-

Figure 2: Flow y' phase portrait

Using stereographic projection (see Figure 3) §: $*\ {N} - R3> (N = (0,0,0,1),S =
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(0,0,0,—-1)) by the given formula:

X1 X X3 )

8(x1, X5, X3, X4) = , )
(X1, X3, X3, X4) (1—x4 T—x T=x,

Figure 3: Stereographic projection

§71x'8(x), x ¢ IN,S}

project the diffeomorphism gy! onto S$3:
f) = s, x =N,
N, x=S

/

Non-wandering set of diffeomorphism f consists of four periodic points:

* hyperbolic sink orbit w,, w, of period 2: w; = $71(0, 0, 1), w, = 971(0, 0, —1);
* hyperbolic saddle ¢ = §71(0, 0, 0);
* hyperbolic sourse a = N.

Then the flow f* = [f]* belongs to the class G;'(M?*) and C: = (+1, +1). By construction,
f is an orientation-preserving diffeomorphism of the 3-sphere, and hence the ambient

manifold of the suspension [f]* is homeomorphic to $3 x S.
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We construct the rest of the flows of class G; ' (M*) by modifying the constructed flow
f* in neighborhoods of attracting and repelling orbits such that its their stability does
not change but the orbits go in opposite direction.

Let O be an attractive or repelling periodic orbit of f* and v, = V, be its canonical
neighborhood, Vi) = f/(VQ). Without loss of generality, we assume that V' nV}, = @. Let
U(x) denote the vector field induced by the flow f* on S3 x S!.

Recall that V, = R? x S'. For points x that belong to the basin of the orbit ©. Let riy(x)
denote the field of unit outward normals to the hypersurfaces angn{(x, y) €V |y = const}
in {(x,y) € Vo | y = const} and let s5(x) € R be the time such that f**)(x) € 3. We define

the vector field 0'(x) on $3 x S! by the formulas

(1 — 52 )i(x) + s5(x)0(x), x eV '\ V]

U(x) =1(1— se(NA(x) + s5(0)0(x), x € Vi \ Vel

v(x), otherwise
\

and denote by f’* the flow it induces on S$3 x S.
Recall, that flow f”|V (f’f‘v ) is congugated to [ao]f|\/ ([a3]‘|\/ ) by a homeomorphism
A R 0 3
hu(hg). For § € {—1, +1} we define the diffeomorphism ws : R3> — R? by the formula:
W (X1, Xa, X3, Xg) = (4747, 4742, 474X3, —Xy) .
Note, that ws preserve V, and V. Next, define diffeomorphisms
wy = hashy', wk = hgwshy?
Note, that v’ in invariant under wg‘, wlg )

For C = (84,8z) € S° x S” we induce the flow f{, on S$* x S! by vector field

i

(dw?A)U’w?A(x), XEV,
D, = R\, R
Ue(x) (dwaR)v waR(x), x €Vpy

U'(x), otherwise.

\

It is easy to see that the flow’s [, invariant is C and its ambient manifold is S* x S'. [
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6 Ambient manifolds of the flow of class G; (M*)

In this section, we prove Theorem 3: the only 4-manifold admitting G; (M*) flows is
$* x S'. Moreover, the set G; (S* x S') consists of exactly eight equivalence classes of the

considered flows.

Proof. Assume that f' € G;(M*) then by Theorem 1 f* is topologically equivalent to either
the flow f¢. or flow f; for some C € S° x S°. And since the topological equivalence of
flows implies the homeomorphism of their ambient manifolds, the supporting manifold
of the flow f’ is homeomorphic to $° x S*.

Since the elements of the set C € S° x S° correspond one-to-one to the equivalence

classes of flows from G;'(M*), the family G; (M*) = G;*(M*) u G;(M*) contains 8 topologi-

cal equivalence classes. O
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