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ABSTRACT. Recently, Morier-Genoud and Ovsienko introduced a g-deformation
of rational numbers. More precisely, for an irreducible fraction £ > 0, they con-
structed coprime polynomials R=(q), Sz(q) € Z[g] with Rz(1) = r,S=(1) = s.
Their theory has a rich background and many applications. By definition, if
r =71’ (mod s), then S-(q) = S,x(¢q). We show that rr'= —1 (mod s) implies
S:(q) = S (q), and it is conjectflred that the converse holds if s is prime (and

r Z 1’ (mod s)). We also show that s is a multiple of 3 (resp. 4) if and only
if Sz(¢) = 0 for ( = (=1 + +/—3)/2 (resp. ¢ = i). We give applications to the
representation theory of quivers of type A and the Jones polynomials of rational
links.
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1. INTRODUCTION

The g-deformation of a positive integer n, which is given by
1 — g
[n]q: 1_qq:qn_1+qn_2+.+q+1,

is a very classical subject of mathematics. Recently, Morier-Genoud and Ovsienko
[MO20] introduced the g-deformation [a], of a rational number « based on some
combinatorial properties of rational numbers. They further extended this notion
to arbitrary real numbers [MO22] by some number-theoretic properties of irrational
numbers. These works are related to many directions including Teichmiiller spaces
[FC99], the 2-Calabi-Yau category of type A, [BBL23]|, the Markov-Hurwitz ap-
proximation theory [K22, LL22. LMOV21, R22(a)], the modular group and Picard
groups_[LeM21, MOV24, Ov21], Jones polynomials of rational knots [KW19(a),
LS19, NT20, MO20, BBL23, R22(b)], and combinatorics on fence posets [MSS21],
Og22, OR23].

For an irreducible fraction £ > 0, we have
r R:(q) .
[—} = = for R:(q),Sz(q) € Zsolg] with R:(1) =r and S:(1) =s.
S q Sg (q) s s s E]
There are many ways to compute [, (see Section E for details). For example, we
have

Y

[Q] 6, @+ P+ gt [Z] 23+ 2+ g+ 1
5], [ *+@P+¢+qg+1 7 [5], P+2¢+q+1

and observe that the denominators of g and % are the same 5, but the denominator
polynomials of their ¢g-deformation are different. In general, the following problem
arises. When dose the equation Sx(q) = S, (¢) hold for two irreducible fractions

T /

L and Z? By definition, we have Sain(q) = Sa(q) for n € Z, and hence r = r
(mod s) implies St (q) = S.» (). However, there are more subtle relations.

Example 1.1. (1) The table of S,(g) for irreducible fractions « of the form - is
the following.
A=[17]q=q16+q15+~--+q+1
B=¢+2¢+2¢ +2¢"+2¢+2¢" +2¢*+2¢* +q+1
C=q+2¢+3¢+3¢" +3¢+2¢*+2q+1
D=q¢ +2¢+3¢+4¢"+3¢+2¢ +q+1
E=¢+2¢+4¢"+4¢+3¢4 +2q+1

—_
-

r (mod 17) | 1,16 | 2,8 | 3,11 | 4 | 5,10 | 6,14 | 7,12 9,15 | 13
S (q) A|B| Cc |D|E|C|E|B|D

17
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Here, for f(q) € Q[q], f¥(q) denotes its reciprocal polynomial ¢%&()f(¢~1). For
example, we have

EV =42 +3¢" +4¢3+4¢4°+2q¢+ 1.

(2) Next, we give the table of S,(g) for irreducible fractions o of the form .
A=23, ="+ ¢+ +q+1
B=¢"+2¢"4+2¢""4+2¢ +2¢*+2¢" +2¢° +2¢" +2¢* + 2 +2¢ +q+1
C=¢"+2¢+3¢"+3¢"+3¢" +3¢"+3¢ +2¢+2q+1
D=¢+2¢+3¢+4¢"+4¢"+3¢* +3¢* +2q+1
E=q+3¢+4¢ +5¢" +4¢ +3¢47+2q+1
F=q +2¢+4¢ +5¢ +5¢ +3¢4+2q+1

r(mod23) | 1,22 12,11 | 3,15 (4,17 | 5,9 6,19 | 7,13 | 8,20 | 10,16 | 14,18 | 12,21
S:(q)| A|B|C|D|E|D'|F |C| F | EV| BY

23

From these examples, the third author of the present paper and Takeshi Sakurai,
who were supervised by the first author, proposed the following conjecture in their
master theses [R21, S21]. This is the main motivation of the present paper.

Conjecture 1.2 (Arithmetic conjecture). Let p be an odd prime integer. For two
positive integers a,b which are coprime to p, S%(q) = Su(q) if and only if ab = —1
p

(mod p) or a=b (mod p).

The necessity part of Conjecture @ really requires the assumption that p is prime.
In fact, S%(q) = S%(q) holds, while 5- 11 # —1 (mod 24). See Subsection .2 for
detail. On the other hand, without the assumption that p is prime, we can show
the sufficiency (so the essential part of the conjecture is its necessity). We give two
different proofs in Sections B and {.

The proof given in Section B is rather direct. Combining an argument here and a
combinatorial result in [OR23], we can show that Sr(g) is palindromic if and only if
r? =1 (mod s). Recall that f(q) € Z[q] is said to be palindromic, if f¥(q) = f(q).

The proof given in Section é uses the g-deformation (a,b), € Z[g] of a pair (a,b)
of positive and coprime integers introduced in the previous work [W22] of the fourth
author. In Section [ we study on behavior of R,(q) and S,(¢q) under the operations
i,t,it on the positive rational numbers «, which are introduced in [KW19(a)].

For a given rational number o € QN (1, 00), the regular continued fraction expan-
sion of v determines a quiver @ of type A. In [MO2(, Thoerem 4], they provided a
method for computing R, (¢) (and S,(g)) by using combinatorial enumeration with
the quiver Q. Specifically, the coefficients of ¢* in R,(q) coincides with the number
of marking of circles to k vertices of () so that there is no arrow from an unmarked
vertex to a marked vertex. Thus, one representation-theoretic view of R,(q) is that
it counts the number of submodules of the most dimensional indecomposable mod-
ule M over the path algebra k@, where k is a field. Namely, the coefficients of ¢* in
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Ra(q) is equal to the number of k-dimensional submodules of M. In Section B, we
give a formula_for computing R,(q).

In Section B, we extend the result [MO20, Proposition 1.8] which states that
So(—1) and R,(—1) belong to {0, £1}. First, we will show that

-1 —
Ra(w), Sa(w) € {0, £1, 2w, +w?} for w:+ v—3

and
Ra(i), Sali) € {0, £1, i, (1 +14), £(1 —4)}.
Hence, for an irreducible fraction %, Sx(g) € Z[g| can be divided by [3], = P +q+1
(resp. [4], = ¢* +¢*+ ¢+ 1) if and only if s is a multiple of 3 (resp. 4). Inspired by
this fact, we conjecture that if p is a prime integer then S% (q) € Z[q] is irreducible
over Q (Conjecture @)
In Section §, we give an application of the observations in the previous section.
For the rational link L(«) associated with o € Q (for example, see [KL02]), the
Jones polynomial Vi) (t) € Z[t=] U t2Z[t*!] has the normalized form J,(q) € Zlq]

([LS19]). Since J,(q) for @ > 1 can be expressed using R, (q) and S,(q) by [MO20,
Proposition A.1], one can study the special values of J,(q) at ¢ = —1,4, £w. There
are several classical results on the special values of the Jones polynomials Vy(t) for
general links L, and most of the facts given in this section easily follow from these

results. However, we give a new explanation using g-deformed rationals.
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2. PRELIMINARIES

Throughout this paper, for a real number z € R, the symbols [z] and |z | mean
[x] = min{n € Z | * < n} and |z| = max{n € Z | n < x}, respectively. For
an irreducible fraction £, we always assume that s > 0. We regard 0 = Y as an

1
irreducible fraction.

2.1. g-deformed rational numbers. In this subsection, we review some basics
on_g-deformations for rational numbers introduced by Morier-Genoud and Ovsienko
[MO20, MOV24]. A rational number o« € Q N (1, 00) can be represented by

1
=

ay + ———
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with aq,...,a, € Z~o and it can be also represented by
1
o = C| — 1
Cy —
1
C
with ¢1,...,¢ € Z~1. In this case, we write [ay,...,a,] and [[c, ..., ¢]] for these

expansions, respectively. The former expansion is called a regular continued fraction
of a, and the latter is called a Hirzebruch-Jung continued fraction (or negative
continued fraction in this paper) of a. One can always assume that the length n of
a regular continued fraction to be even, since [a4,...,a, + 1] = [ai,...,a,,1]. The
expression as a regular continued fraction is uniquely determined if the parity of n
is specified, and that as a negative continued fraction is unique (since ¢; > 2 for all
i now).
For an integer a, we set:

(2.1) M(a) == (Ol‘ é) M~ (a) = (‘f _01>.

Moreover, for a finite sequence of integers (ay, ..., a,), we set
(2.2) M(ay,...,a,) = M(ay)---M(a,), M (ay,...,a,) =M (ar) - M (a,).

It follows from the definitions, we see that M~ (ai,...,a,) € SL(2,Z), whereas
M(ay,...,a,) € SL(2,Z) if and only if n is even. These matrices are well-known as
the matrices of continued fractions in elementary number theory because one has
the following result.

Lemma 2.1 ([MO19, Proposition 3.1]). Let a = = > 1 be an irreducible fraction,
and assume that it is expressed by

o = [al,...,an} = [[Cla-”)cl]]

witha; > 1 (i=1,...,n) andc; >2 (j=1,...,1). Then,

ror _ r —r’
M(al,...,am—(s ) M <cl,...,cl>—<8 _)

where Z—: = [a1,...,an_1] and Z—Z =le1, o]

The ¢g-deformation of positive rational numbers is based on the above lemma. Let ¢
be a formal symbol. For an integer a, we define a Laurent polynomial [a], € Z[g, ¢ ]

P g+ ifa >0,
1_ a
la], = 1 L= 0 if a =0,
—q
_qfa_q*aJrl_..._q*z—q*l if a < 0.

By the definition of [a],, for all a,n € Z, the equation
(2.3) [a+nly = q"[aly + 0]
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holds. For an integer a, two ¢g-deformations of (@) are defined by

(2.4) M, (a) = <[“1]q %) M (a) = ([‘ll]q _qg_l).

The next lemma is a g-deformation of Lemma @ Here, for regular continued
fractions, we only use those of even length. The g-deformations of (E) are defined
as follows.

Mq(al, Ce ,agm) = Mq<a1)Mq—l(a2)Mq(a3) cee Mq—l(agm)
Mq(al, ey Qo) = grRteTTren 2 (ay, . ag,)
M, (a1,...,a,) = M, (a1)M, (az)--- M (an).

Then, the following statements hold.

Proposition 2.2 ([MO20, Propositions 4.3 and 4.9]
number as given in Lemma |2.1. The polynomials R (q
a

Let a = S be a rational

)-
) Salq) € [ ] given by
)

Mq‘(cl,...,cl)< ) ( (qq))
also satisfy

(2.5) M, (s, amm) (é) . (i?j@) .

Moreover, the following statements hold.

(1) Ra(q) and S.(q) are coprime in Z[q].
(2) We have R=(1) =1 and S(1) = s.

Based on Proposition @, the g-deformation of a rational number o > 1 is defined
by

Remark 2.3. Let PSL,(2,Z) be the subgroup of
PGL (2,Z [¢*']) = GL (2, Z [¢*']) / {£¢"E> | N € Z}

generated by the following two matrices

q 1 1 0
ef ) ()

[LeM21, Proposition 1.1] states that PSL(2,Z) = PSL,(2,Z). Via the equation
My(ay, ..., agm) = RO LRILO - .. Ro2n-i [oon

and the classical PSL(2,Z) action on QU { (%)}, [MOV24] gives an insightful inter-
pretation of g-deformed rationals. We can also use negative continued fractions for
this interpretation.
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For an integer n > 2, since n = [[n]] as a negative continued fraction, we have the
following philosophically trivial equations

(2.6) Ru(q) = [n]g and Sa(q) = 1.

Morier-Genoud and Ovsienko pointed out that the definition of ¢-deformed ra-
tional number [a], can be extended to the case where o < 1 including the negative
rational numbers by the following formulas, see [MO2(, page 3|:

(2.7) [+ 1], = ¢la], + 1.

However, for a < 0, R,(q) is not an ordinary polynomial but a Laurent polynomial.
Similarly, for 0 < a < 1, R4(q) is a polynomial, but R,(0) = 0 (if « > 1, we have
Ro(0) =1). Tt can be easily verified that (R.5) holds for all & € Q, that is, without
assuming that a > 1.

Lemma 2.4. For a rational number o and an integer n, we have
Ratn(q) = ¢"Ralq) + [n]¢Salq)  and  Satn(q) = Salq),
equivalently, (o + nl, = q"[al, + [n]q. In particular, we have

(2.8) Sa(q) = Sav1(q) and Ra(q) = ¢ (Ras1(q) — Sat1(q)).

Proof. 1t suffices to show that [a + n], = ¢"[a], + [n],. For n > 1, this is easily
shown by induction on n using (@) For n > 1, replacing @ by a — n, we have
], = ¢" [ — n], + [n],. Hence

O

Lemma 2.5. Let a,x be positive and coprime integers with 1 < a < x, and express
x as the form x = ca +r for some c,v € Z with 0 < r < a. Then the following
equations hold:

Ri(@) = [o+ 1R . () — S.2.(0),

Proof. Note that it follows from the equations (@) and (@) that Ri(q) = Si(q) =
1. If a =1, then » = 0. Thus, we have

[c+ 1R 2 (q) — ¢S (q) =[x+ 1];Ri(q) — ¢"Si(q) = [z], = R=(q).

The second equation obviously holds when a = 1.
If @ > 1, then r > 0, and thus -*- > 1. By x = ca +r,

1 _
f:(c+ Ja+r @ _Liq1_
a a

a
a—rT
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So, if ~% is expressed as —*— = [[c,...,¢]], then £ = [[c+ 1,c,...,¢]] and

M, (c+1,c,...,0) <(1)> =M, (c+1)M, (c1,...,c1) <(1))
<[c + 1R (q) — ¢°S_= (Q)>
R (q) '
This leads to the equations in the lemma. O
By Lemmas @ and @, we have
{Salq) | € Q}={Salq) € Q@N(1,2]} ={Ralg) [a € QN (L,00) }.

Lemma 2.6. For coprime positive integers a,x with 1 < a < z, we have

(2.9) Ra(q) =R = (q) —S_=_(q),
(2.10) Sa(q) = R=_(q).
Proof. Express —*— as the negative continued fraction —*- = [[c1,...,¢]]. Then

2 +1=1[2c,...,¢], and

(S = e (5)= (% ) (57)

This equation and Lemma @ yield the equation () and
(2.11) qRe(q) + S2(q) = [2];R =, (¢) — ¢S = (q)

T—a T—a

The equation (@) can be obtained by substituting () to () O

2.2. The arithmetic conjecture on g-deformed rational numbers. Conjec-
ture is the central problem of the present paper. In this subsection, we collect a
few remarks on this conjecture.

If Conjecture holds for an odd prime p, then we have

]%1 (p=1 (mod 4)),
(2.12) #ss@ laczp=3 *
pT (p=3 (mod 4)).

To see this, recall the result of elementary number theory that there is some a € Z
with a®> = —1 (mod p) if and only if p=1 (mod 4). Thus, if p =1 (mod 4), then

{1,...,p—1}={ay,...,ap-3,by,...,bp-s,c,d},
where a;b; = —1 (mod p) for each i and ¢ = d* = —1 (mod p). If p=3 (mod 4),
{1,...,p—1}:{al,...,a%,bl,...,b%l}

holds, where a;b; = —1 (mod p) for each . In the present assumption, we have
Sai(q) = S (q) for each i, and this is the only case when Sa(gq) = S (g) holds

p
for distinct a,b € {1,...,p — 1}. Hence Conjecture implies () However, in

Theorem B.j below, we will prove the sufficiency of the conjecture (without assuming
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that p is prime). So S (q) = Sy (¢) actually holds, and () is equivalent to
Conjecture @ ’

Next, we remark that the assumption that p is prime is really necessary for the

necessity part of Conjecture [1.2. In fact, 2 51 = 10,4,1,4] and % =10,2,5, 2] satisfy

S%(q)zsﬁ(q):q8+2q7+3q +4¢° +4¢" + 4> + 37 +2¢ + 1

by Proposition @ and (@), while 5 - 11 4+ 1 = 56 is not divisible by 24.

The following table shows composite numbers p and pairs of natural numbers
(a,b) (1 < a <b<p<111) which do not satisfy the necessity of Conjecture
Note that if p admits a pair (a,b) with this property then it admits other pairs. For

example, (p — b, p — a) is also such a pair by Lemma below.
p (ab) | p  (ab)
24 (5,11) | 84 (19,25)
51 (11,20) | 91 (19,32)
57 (13,16) | 99 (17.28)
60 (11,19)|105 (23,38)
63 (13,20) [ 110 (19,41)
78 (17,29) | 111 (25,34)

On the other hand, the sufficiency part of Conjecture @ holds without the as-
sumption that p is prime. In Sections B and Y, we will prove this in two ways.

2.3. Closures of a quiver and g-deformed rational numbers. By a quiver
we mean a tuple @ = (Qo, @1, s,t) consisting of two sets Qy, 1 and two maps
s,t: Q1 — Qo. Each element of Qy (resp. 1) is called a vertex (resp. an arrow).
For an arrow a € @y, we call s(a) (resp. t(«)) the source (resp. the target) of a.
We will commonly write ¢ — b or « : @ — b to indicate that an arrow « has the
source a and the target b. A quiver @) is finite if two sets Qg and (), are finite sets.
The opposite quiver of @, say @V, is defined by QY = (Qo, @1,1, s).

Let @ be a finite quiver. A subset C' C @ is a closure if there is no arrow a € @y
such that s(a) € Qo \ C and t(a) € C. A closure C' is an (-closure if the number
of elements of C' is ¢. The number of /-closures is denoted by py(Q). Then the

polynomial
Zpe )¢" € Z[g),

where n = |Qy|, is called the closure polynomml of Q.
Obviously, the constant term and the coefficient of the leading term of cl(Q)) are
1, including the extremal case cl(@) = 1. We remark that, for any ¢, the equation

(2.13) pe(Q) = pn—e(QY)
holds. For a polynomial f(q) € Z[g|, we define a polynomial f¥(q) by

F(a) = a*# D (™),
which is called the reciprocal polynomial of f(q). By (), we have
(2.14) c(Q)Y = cl(QY).
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For a tuple of integers a := (ay,as,...,as) with a,as > 0, ag,...,as_1 > 0, we
set the quiver

Q(a) ::\O%O"'O<—O/\—>O"'O—>Olé— O+++0¢+—0 —> . ,
vV vV Vv
a1 left arrows ag right arrows ag left arrows

with the left-right distinction. We understand that if a; = 0, then

Q(a) ::—)o...O—)gé_o...o<_g—>....

g

ag right arrows as left arrows

Note that |Q(a)o| = a1 +as+---+as+ 1, and, for a = (ay, as, ..., as), the equation

(2.15) Q0. a)) = cl(Q(a)"
holds since Q(0,a) ~ Q(a)" as quivers. Here we have cl(Q(0,0)) = cl(Q(0)) = 1+¢.

Remark 2.7. We note that the closure polynomial cl(@Q(a)) of a quiver Q(a) can be
realized with the rank polynomials of a finite fence poset, which is more common in
combinatorics (see [MSS21] and [OR23] for detail).

Lemma 2.8. For a = (ay,as,...,a,), we put a? := (a,,a,_1,...,a1). Then, there

is an isomorphism of quivers
Q(a) if s is even,
Q(a™) ~
Qa)Y if s is odd.

Therefore, we have
c(Q(a)) if s is even,

N = { Q@) iFs i od.

Proof. First, we assume that s is even. Then, the direction of the i-th arrow of Q(a)
from the left is the opposite of that of the i-th arrow of Q(aP?) from the right end.
Thus, Q(aP?) is the “m-rotation”of Q(a), and hence Q(a) ~ Q(aP?) as quivers. We
leave the case n is odd to the reader as an easy exercise. 0

According to [MO20, Section 3], Morier-Genoud and Ovsienko gave a combinato-
rial interpretation of the coefficients in R,(q) and S, (q).

Let @ > 1 be a rational number, and write a as the regular continued fraction
a = [ay,as,...,ay]. Then, we set

Q? = Q(al — 1,@2, e, Q2m—1, A2y — 1)’
QS = Q(O7a2_17a37"‘7a2m—1;a2m_1) 1fm> 1,
¢ Q(0,ay —2) if m=1.

Here, if ap = 1 and m > 1 (resp. a3 = 2 and m = 1, ap = 1 and m = 1), we
understand that Q5 = Q(as, ..., a2m_1, a2, — 1) (resp. Q5 = Q(0), QS = @). The
quiver Q¢ is obtained by deleting the first a; arrows from QF.

Remark 2.9. If a € Z and a > 1, the above construction of Q% and QS also works
for the expression as a regular continued fraction of odd length.
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Following the notation used in [MO20], we will use the symbols p,(«) and o,(«)
to denote the numbers of /-closures of Q% and Q2 respectively.

Theorem 2.10 ([MO20, Theorem 4]). Let o > 1 be an irreducible fraction. Then,
the following equations hold:

(2.16) =" pila)g’ (= (@QF)) .

>0

(2.17) = oua)g (=d(@Q3)).

£>0

2.4. Farey neighbors and Farey sums. In this subsection, we recall the defini-
tions of Farey neighbors and Farey sums.

Two 1rreduc1ble fractions £, ¥ are said to be Farey neighbors if ay — bz = 1. Here

we regard oo = £ as an 1rreduc1b1e fraction.

0
For two irreducible fractions £, 2 the operation f is defined as follows:

757

Ty T +vy
a’b’ a+b
If £, % are Farey neighbors, then £f% is called the Farey sum of ¥ and ¥. The

Farey sum of two irreducible fractlons is also irreducible. Farey nelghbors have the
following fundamental properties.

Lemma 2.11. The following assertions hold.

(1) Any non-negative rational number can be obtained from % and % applying 4
in finitely many times.

(2) For any positive rational number a € (0,00), there uniquely exist Farey

neighbors 2, % such that a = 24%. The pair (£,¥) is called the Farey parent

of a, and the Jraction % (resp Y) is called the left parent (resp. the right

parent).

For proof of the above lemma, see [A13, Theorem 3.9] or [KW19(b), Lemma 3.5].
Let o and 3 be two fractions with a, 8 > 1. If aff = [[ci,...,q]], then the

equation
Ralq) + 97 '"Rs(q)
Sa(q) + g 'Sp(q)

(2.18) [aff], =

holds, see [MO2(, Theorem 3].

3. A PROOF OF THE SUFFICIENCY OF THE CONJECTURE

In this section, without the assumption that p is a prime number, we will show that
ab = —1 (mod p) implies Sa(q) = S»(q), that is, the sufficiency part of Conjecture
p

.9 holds. Recall that Sasn(g) = Su(q) for all @ € Q and n € Z.
In the rest of the paper, p means a (not necessarily prime) integer with p > 2,
unless otherwise specified.
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Lemma 3.1. Let %, g be irreducible fractions with a = —b (mod p). We may assume
that % - L%J < %, and hence % = lay, a9, ..., ax) with ag > 2 as a regular continued
fraction. Then we have }Q) = [b1,1,as — 1,a3,...,ax], where by = L%J

Proof. Since the assertion only depends on the decimal parts of % and %, we may
assume that 0 < % < 1% < 1. Then we have b = p — a,

a 1 1
D — aa
p ay + D 2
a
and
b p—a 1 1 1 1
B - B a - 1
b Py 14 1+
p—a p—a —a —aa
p (as — 1) + p 2
a a
If k > 2, we have — a2 _ las, ay, ..., ag], and the assertion follows. O
a
Proposition 3.2. Let %,% be irreducible fractions with a = —b (mod p). Then we
have Sa(q) = Sy(q).
p
Proof. We may assume that 1 < %,% < 2, and % = [l,aq,...,a;] with ay > 2.

Then we have % =[1,1,as — 1,as,...,ax] by Lemma @ With the notation of the
previous section, we have

Q§:Q<Oua2_17a’37"'7ak_1) and QiZQ(a2_17a37"'aak_1)

(by Remark @, we do not have to care about the parity of the length of the regular
continued fraction). Hence we have Q3 = (Q%)Y by (@), and

$1(0) = <) = <l((Q9)") = Q)" = 81(0)
by Theorem and () O

The following lemma is a variant of “Palindrome Theorem” (for example, see
[KL02, Theorem 4]) for continued fractions. We will give a direct proof here for the
reader’s convenience.

Lemma 3.3. Let %, % be irreducible fractions with % = [ay, a9, a3, ..., a,| as a reqular
continued fraction. Set by = L%J Then g = [b1, G, Qp_1, - .., a0] if and only if
ab= (—1)" (mod p).

Proof. Clearly, it suffices to show the case a; = b; = 0. First, assume that § =
[0, ay, . . .,as]. By Lemma @, we have

G )=o) (%) (7 )
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for some k,l € Z. Hence we have

()= (o) (o) (o)

Taking the transpose of both sides, we get

(8= Cr o) (s a) (5 0):
Hence we have
o Go)= (o) () (5 0),

and it implies that £ = [0,a,,...,as] = ;z%’ and hence [ = b. The determinant
of the right side of (B.1) is (—1)", so that of the left side is also. It implies that
ab — pk = (—1)", and hence ab = (—1)" (mod p).

The converse implication follows from the above observation and the uniqueness
of the solution of @ -z = +1 in Z/pZ. O

Proposition 3.4. Let ]‘—;,% be irreducible fractions with ab =1 (mod p). Then we
have Ss(q) = 8;(q).-

Proof. We may assume that 1 < 22 < 2. If ¢ = [l ay,...,0a9,], then & =
p’'p p p
[1, agm, .. .,as] by Lemma @ Hence we have

Qg = Q(GQm - 1)a2m—17 cee, Q2 — 1)\/ = Q(G/Q - 1,(13, ceey Qom — ]-) = (Qg)v
P

by Lemma @ So the assertion follows from Theorem and () O

The following implies the sufficiency of Conjecture @

Theorem 3.5. Let p be a positive integer. For irreducible fractions ¢, % with ab = —1

(mod p), we have Sa (q) = Su(q). o

Proof. The assertion follows from Propositions @, @ and the fact that f¥V(q) =
f(q) for general f(q) € Z|q]. O

We note that, for the numerator R:(q) for £ > 1, a similar result holds. See

Lemma below.
Regarding Q¢ as a finite poset, Oguz and Ravichandran [OR23] intensely studied
S.(q) from purely combinatorial point of view. Among other things, they showed

that S,(¢) is always unimodal. Here we apply their another result. A polynomial
f(q) is said to be palindromic if f¥(q) = f(q).

Theorem 3.6. For an irreducible fraction <, Sg(q) is palindromic if and only if

r?=1 (mod s).

Proof. Let b = (by,...,b) be an integer sequence such that by, by, > 0, b, ... b1 >
0 and k is odd. [OR23, Theorem 1.3 (c)], which was first conjectured in [MSS21],
states that cl(Q(b)) is palindromic if and only if b; = by ;_; for all 1 <i < k.



14 T. KOGISO, K. MIYAMOTO, X. REN, M. WAKUI, AND K. YANAGAWA

Set £ = [ay,...,a2,). By the above mentioned result, the g-polynomial Sg(q) =

cd(Q(az — 1,as, ..., as, —1)¥) is palindromic if and only if
(3.2) a; = Aomio—; for all 2 <i < 2m.
By Lemma , the condition (@) holds if and only if a®> =1 (mod p). O

Corollary 3.7. The following hold.

(1) For an irreducible fraction - such that p is an odd prime, Spin (q) is palin-
dromic, if and only if a = +1 (mod p"), if and only if Sp%(q) = [p"|, =
1_|_q+..._|_qp"—1‘

(2) Forn > 2, Sa(q) is palindromic if and only if a = 1 (mod 2") or a =
21 +1 (mod 2").

Proof. (1) The latter equivalence is clear, so we prove the former. By Theorem @,
it is sufficient to show that a* = 1 (mod p") implies a = +1 (mod p"). If a* = 1
(mod p™), then p" divides (a+1)(a—1). Since p is an odd prime, p does only divide
one of a +1 and a — 1. In fact, if p divides both a + 1 and a — 1, then p divides
2, which is a contradiction. This means that all n copies of p that appear in the
prime decomposition of (a + 1)(a — 1) must come from either a + 1 or a — 1. Thus,
p" divides either @ + 1 or a — 1, equivalently, a = +1 (mod p").

(2) Since 4 cannot divide both a + 1 and a — 1 at the same time, an argument
similar to the above works. O

Combining the above results with Chinese remainder theorem, for a general s, we
can easily detect all r such that St is palindromic (equivalently, r*> =1 (mod s)).

Corollary 3.8. For an irreducible fraction - > 1, Rg(q) is palindromic if and only
if =1 (mod r).

Proof. By ()7 we have Rr(g) = S:=s(q). Hence we have
R:(q) is palindromic <= S:-s(q) is palindromic

«— (r—s)?=1 (modr)
— =1 (mod r),
where the second equivalence follows from Corollary @ U

4. ANOTHER PROOF OF THE SUFFICIENCY OF THE CONJECTURE

In [W22], the fourth author introduced the ¢-deformed integers derived from pairs
of positive and coprime integers. In this section, by using them we give the second
proof of the sufficiency of Conjecture . To do this we need the following inter-
pretation of the conjecture.

Lemma 4.1. Conjecture s equivalent to the following statement.

(%) Let p be an odd prime integer. For two integers a,b with 1 < a < b < p,
Re(q) =Re(q) if and only if ab= —1 (mod p).

Proof. This follows from Lemmas @ and @ 0
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Definition 4.2 ([W22, Definition 4.3]). For a pair (a,b) of positive and coprime
integers we define a polynomial (a,b), in ¢ with integer coefficients by

_ B "
(4.1) (a,b), = (a—r1)g+ Q(g, b—a), ifa < b,
(a—b,b)g+ 5l (r,b—r), ifa>Db,

where 7 is the remainder when b is divided by a in case where a < b, and when a
is divided by b in case where a > b, and also (1,n), = (n,1), := [1 + n], for any
non-negative integer n.

The polynomial (a,b), is convenient to compute [aff],.

Theorem 4.3 ([W22, Theorem 4.4]). If « = 2, 8 = ¥4 > 1 are Farey neighbors,
then

Satiﬁ(Q) = (a7 b)qv Raﬁﬂ(Q) = (xuy)q'
Thus, we have

_ (l’,y)q
[aﬂﬁ]q - <a7 b)q

Any rational number o > 0 is associated with a link L(a) in the 3-sphere S?
which is given by the diagram D(a) below, and such a link is called a rational link
or two-bridge link. If o belongs to the open interval (0, 1), then the diagram D(«)
is given as in Figure [] after the expression of a = [0, ay, ..., a,] with odd n.

a2 an-1

C )
C_ )

FIGURE 1. the diagram D(«) of rational link

where

( a
r 4
XOC- X itazo
-a
N\ N\
O <o

If & > 1, then D(«) is defined by D(«) := D(a™!), and if & = 1, then D(«a) =

For a negative rational number «, a rational link L(«) and its diagram D(«) are
defined in the same way as the positive case. Then we see that the link L(«) is the
mirror image of L(—«). However, for any a € Q, there is some 5 € QN (1, 0c0) such
that L(a) and L(() are isotopy. See, for example, [KL.0O2, Theorem 2]. In this sense,
we may assume that a > 1.

Ll
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As a useful isotopy invariant for an oriented link L in S*, the Jones polyno-
mial V;(t) [J85, K87], which is valued in Z[t*2], is well-studied. Lee and Schif-
fler [LS19] introduced the following normalization J,(q) of the Jones polynomial
Vo (t) == Vi (t) of a rational link L(c):

(4.2) Jo(q) == F Vo () 1=

where £t" is the leading term of V,(¢). This indicates the normalization such that
the constant term is 1 as a polynomial in q. We note that

Ji(q) =1, J(q) =4q.

By Lee and Schiffler [LS19], it is known that the Jones polynomial V_(¢) can be
recovered from J,(q). By [MO2(, Proposition A.1] and the equation (ﬁ), we see
that, for a rational number o > 1, the normalized Jones polynomial J,(q) can be
computed by

(4.3) Ja(q) = qRa(q) + (1 = ¢)Sa(q)-
Using this formula, the fourth author showed the following.

Theorem 4.4 ([W22, Theorem 5.3]). Let (a,p) be a pair of coprime integers with
1 <a<p. Then

(4.4) (a,p)g = Jr(q) +qla—1,7)q,

where r is the remainder when p is divided by a.

The equation (@) corresponds to the equation Jz(q) = R’ — ¢S’ in [MO20, p.45]
under the setting £ = £. In fact, since &' = Sp( ) and R = qRz(q) + Se(q) as
shown in [MO2O p 45], we have &' = (a )q by (@) below and R’ = q(a,p —
a)g+ (@a—rr), = (a,p), by @)@n E below.

As an apphcatlon of Theorem we have:

Theorem 4.5 (W22, Theorem 5.4]). Let (a,p) be a pair of coprime integers with
1 <a <p, andr the remainder when p is divided by a. Then, the following equations
hold.

(4.5) Ra(q) = (a,p — a),.
(4.6) S (q) = (a—r,7),.

By using the above theorem, one can give another proof of Theorem @, that is,
the sufficiency of Conjecture .

Another proof of Theorem . Since ab = —1 (mod p), there is some m € Z with
mp—ab=1. Since 1 < a < b < p, we have 0 < m < a. Thus, (%, 5—_7?1) is the Farey
parents of £. By using Theorem §.3, we have

R% (¢) = (a,p — a)q.

(See also the proof of [KW22, Theorem 3.2].) Combining this equation with (@),
we get Re(q) = Re(q). O
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Remark 4.6. By Corollary @ and (@), (a,b), is palindromic if and only if a* =1
(mod a + b). Combining this observation with Theorem {.3, one can show the
following. For a positive irreducible fractions ¢ whose Farey parent is (£, 5), Se(q)

is palindromic, if and only of 22 = 1 (mod z+y) (equivalently, > = 1 (mod z+y)).

5. THREE OPERATIONS ON THE POSITIVE RATIONAL NUMBERS AND
¢-DEFORMED RATIONAL NUMBERS

In the study of Conway-Coxeter friezes of zigzag-type developed by the first and
the fourth authors [KW19(b), KW19(a)] crucial three operators i, t, it on the positive
rational numbers are introduced. In this section we examine effect of the operators
i,t,iv on Ra(q), Salq).

Let a = 2 > 0 be an irreducible fraction. In the case where a € (0, 1), irreducible
fractions i(a), t(a), (it)(«) in the interval (0,1) are defined as follows [KW19(a)]:

c—z a b
5.1 i = = 1 — = — 1 = -
(5.1 )= 2 (=1-0), w) =2 wfa) =",
where (£, %) is the Farey parent of a. Note that
(5.2) az=1 (modc¢) and b=-a (mod c).

In fact, since z =z +y, c = a+ b and ay — bxr = 1 now, we have
az=a(lr+y)=ar+ay=ar+1+br=14+(a+bx=1+caz.

Hence as operations on QN (0, 1), we have i? = t? = id and it = vi. By Theorem @,
for a € QN (0,1), t(a) = «v if and only if S,(¢) is palindromic.
In the case where a > 1, i(«), t(«), and ir(a) are defined as follows:

(5.3) i() = (i)™, @)= (@),  (it)(a):= (X))

Here we also have i = t? = id and it = ti. Moreover, t(a) = « if and only if R.(q)
is palindromic.

By Lemmas @ and , and the equation (@), one can show that for a positive
rational number o = [0, ag, . .., a,],

0, an, . ..,as,as] if n is odd,

(5.4) (it)(a) =< [0,1,an, — 1,an_1,...,a3,as] if niseven and a, > 2,
0,an-1+ 1,an_2,...,a3,a3] if nis even and a, =1,
0.1,a5—1,as,....a, ifay>2,

(55) 1(@) _ [ , L, a2 , a3, , a ] 1 ag =
0,a3 + 1,ay,...,a,] if ap =1,

0,1,a, —1,an_1,...,a3,as] if nis odd and a, > 2,

(5.6) t(a) =49 [0,an_1+1,an_2,...,a3,as] ifnisoddand a, =1,

0, an, ... ,as,as] if n is even.
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Lemma 5.1. Let a € QN (0,00) whose expression as a reqular continued fraction
is = [ay, as,...,a,]. If n is odd, then

lay,...,an_1,a, — 1] if a, > 2,
B =L la,. .. a, 2] if a, =1 and n > 3,
0] ifag=1andn=1,
~Jla, . an—]  ifn >3,
L] ifn=1
. _ _ 1 .
are Farey neighbors and o = By, where [ | expresses oo = 5. If n is even, then
B: [alw"vanfl]
lay,...,an1,a, — 1] ifa, >2,
v=21 la1,. .., an_2] ifa, =1 and n > 4,

[ ] ifaa =1 andn =2
are Farey neighbors and o = [fry.

Proof. Note that, as a regular continued fraction, each rational number has expres-
sions in both odd and even lengths. It is easy to check that two definitions (the odd
case and the even case) coincide.

We will prove the equation o« = 1y by induction on n. The cases n = 0 and
n = 1 are clear. Now, we suppose that the statement holds for n — 1. We only show
the case n > 3 is odd and a,, > 2; the proofs in other cases are similar. Not that we

have 8 = [a1,...,ap_1,a, — 1] and v = [a1,...,a,—1] now. Set [ag,...,an_1] = %,
l[ag, ... an_1,a, — 1] = 78"—;

By induction hypothesis, (£, g—:) is the Farey parents of Zig: = lag,as,...,an].
Since f = U 4 = it and ' — ps’ = 1, B and 7 are Farey neighbors.
Moreover, it follows from induction hypothesis that we have

/ /
By = al(r—i—rr—z:s—l—s =a; + rir’ —a1+m = [ay,aq,...,a,] = a.
s+ s
O

For a quiver @ of type A, let denote by Q™" the quiver obtained from ( by
m-rotation. Since ) ~ Q™" as quivers, their closure polynomials are same;

(5.7) Q) = cl(Q™).
For a € Q N (1, 00), the equations (5.4), (5.) and (b.d) imply that
(5.8) by = (@%)Y,
(5.9) Qﬁ)(a = (@)™,
)

(5.10) t(a =@ QR = (QR)Vret,
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Except for the denominator of i(«), the denominator and numerator polynomials
of g-deformations of i(«a), (), (it)(a) are computed from that of o and its Farey
parent as follows.

Theorem 5.2. Let « € QN (1,00) and (B,7) be its parents. Then, the following
hold.

(1) Ri(a)(Q) - Rt(a)(Q) = RZ( ) and R (iv) oz)( ) = Ra(Q)'

(2) Sive) (@) = Ra(q), and Syay(q) = RY(q).

% (1) By the equations () and (@) these follow from (@), (@), and

( :

(2) We write a as « = [aq,as, ...,as,]. Then, it follows from Lemma @ that
B =lai,...,a3m 1], Since a™t = [0,ay,...,as,] € QN (0,1), we have (it)(a"') =
[0, aom, - ..,a1] by (@) Thus, (ivt)(a) = [agm,...,a1]. Hence, Theorem @ and
(@) imply that

Stir)(a)(q) = c(Q(0, agm—1 — 1, a2m—2, . ..,a2,a1 — 1))
= CI(Q(O> Aom—1 — 17 A2m—2, - -+, 02, 01 — 1)rot)
=c(Q(a1 — 1,az,...,a9m 2, G2m1 — 1))
= Rs(q)-
Finally, we consider S;)(¢q). Suppose that as, > 1. In this case, it follows
from Lemma that v = [a1,...,62m-1, 02, — 1]. By (b.6), v(a) = [1,a2m —
1,am_1,--.,a1]. Thus, we have

Y

)

)’
)rot)
)

= CI(Q Qom — 27a2m717 y A2, A1 — 1
= CI(Q(G’I - 17 as, . s Aom—1, Q2m — 2 )
=Ry (q)

In the case where as,, = 1, by the same argument the same equation is derived. [J

For a rational number o with 0 < o < 1, the g-deformations of i(«),v(«) and
(it)(a) behave as follows.

Proposition 5.3. For a rational number o € Q N (0,1), we have the followings.

(1) Se)(@) = SY(q) = Si)(q) = Ra-1(q).
(2) ;5;(04) (q) :t 7?01—1((]) —80-1(9); Ri)(q) = Ra-1(q) = R,-1(q), where (8,7) is
€ parent oj «.

Proof. (1) The first (resp. second) equality follows from (@), (@), and Proposi-
tion (resp. Proposition B.2). To see the third equality, express i(a) = 2 as an

irreducible fraction. Then we have a = *=* and a !l = —=-. So the equality follows

from ()
(2) The first equation immediately follows from (@) Since i(iv(a)) = v(a) and
(it(a))™! =it(a™), replacing a by it(a), the first equation yields

Re(0)(@) = Riiv)(a-1) (@) — Stieya—1y(q)-
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Applying Theorem , we have Ry (q) = Ra-1(q) — Ry-1(q). O
As an application of Proposition @ we have:

Theorem 5.4. Let « € QN (1,00), and express it as a reqular continued fraction
a=lay,ag, ..., a,).
(1) If ay = 1, then
Sia)(q) = 5ﬁ2+1><a—1>+a-2 ().

(2) If ay > 2, then
Si@)(@) = Suriansa2(9)-

a—1

Proof. Set o = ¥ with 1 <a <. Then, Si)(q) = S_=_(q), and hence by Proposi-
tion

(5.11) S=(q) =8 (q)
for ' € Z such that 2’ = —z (mod = — a) and -2 = | =]
(1) Since a; = 1, we have - = [ay, ..., a,], and 0 <a as(r —a) < x —a. As
x’ one can take 2’ := —x + (ay + 3)(z — a) Thus by (b.11) we have
Sz (q) = S itwroe—a (Q)

r—a
r—a

=8t (@)

a—1

= SX@H)(a—ma—z (q)-
a—1

(2) Since a; > 2, we have ¥ —a; = [0,az,...,a,] and 0 < z —aa; < a. In this
case one can take 2’ := —x + (a; + 2)(x — a). Then, by the same argument of the
proof of Part (1), the assertion is derived. O

6. A FORMULA FOR COMPUTING CLOSURE POLYNOMIALS OF TYPE A

On the one hand, for an irreducible fraction o > 1, the denominator and numer-
ator polynomials of |a], are given by closure polynomials of some quivers of type
A (see Theorem ) On the other hand, from a representation theoretical view-
point, the closure polynomial of a type A quiver () counts subrepresentations of “the
full interval representation” of () in which a field k corresponds to each vertex and
the identity map corresponds to each arrow. In this section, we give an expression
to calculate cl(Q) that explicitly gives the number of subrepresentations of the full
interval representation.

Let @ be a quiver of type A, that is, the underlying graph of Q is A, =1 —2 —
3 —---—n. A representation of () over a field k is a system M = (M, a)acqo.ac0:
(M = (M,, ) for short) consisting of k-vector spaces M, (a € @), and k-linear
maps Qo : Mya) = M) (o € Q1). The dimension of M is the sum of k-dimensions
of M,. A representation M’ = (M, ¢! ) is said to be a subrepresentation of M if M/
is a subspace of M,, and ¢}, = @s|a:. For two representations M = (M,, ¢,) and
N = (N, ), a morphism of representations f : M — N is a family f = (fa)acq,
of k-linear maps f, : M, — N, such that 1, fsa) = fi(a)pa for any arrow a.
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The category of finite dimensional representations of ) is denoted by rep(Q). It
is well-known that there is an k-linear equivalence between rep(() and the category
of finitely generated k@-modules, where k(@) is the path algebra of (). For a vertex
i € Qo, we denote by S(i) the corresponding simple k@-module. For a k@Q-module
M, we also denote by rad(M), top(M), and soc(M) the Jacobson radical, the top,
and the socle of M, respectively. The support of M is the set of composition factors,
which is denoted by supp(M). In this subsection, any objects of rep(Q)) are freely
regarded as objects of mod kQ). For representations of quivers, see [ASS06, Chapters
IT and ITT] for more details.

By the Gabriel theorem (for example, see [ASS06, Chapter VII, Theorem 5.10]),
there is one-to-one corresponding between indecomposable objects of rep(Q)) and
positive roots of A, that is, pairs (7, j) with 1 <4 < j <n. In this correspondence,
each pair (7, 7) is assigned with the interval representation I[i, j] = (M,, ¢, ), where

Mo k ifi<a<y, 1 ifi <s(a)and t(a) < 7,
| {0} otherwise, “ 1 0 otherwise.

Following this notation, I[1, n] is called the full interval representation of (). Then,
it follows from the definition of the closure polynomial that the coefficient of ¢* of
cl(@) is equal to the number of ¢-dimensional subrepresentations of I[1, n].

Throughout this section, we fix a type A quiver @) = @Q(a) for some tuple a =
(ay,az,...,as) € 7%, which has n vertices, and denote by I(a) the full representation
of Q(a). Tt is clear that p;(Q(a)) = dim soc(I(a)), which equals to the number of
sinks of @(a). Note that the Jordan-Hélder theorem implies that any coefficients of
cl(Q(a)) are greater than or equal to 1. This yields that, for any irreducible fraction
a > 1, any coefficients of the polynomials R, (¢q) and S,(q) are greater than 1. We
also remark that the top and the socle of I(a) is given by

top(T @S 1+a;+ag+ -+ ag_1)
k>1
De@SU+ai+a+-+an) ifa #0,

soc(l(a))) = k=t
M =Y st st a0

k>1
Now, we choose 1 < k; <ky < ---<kiand 1</l </ly <---</ly to be

top(I(a)) = S(k1) @ - @ S(ky),
soc(I(a)) = S(6)) @ - - & S(Ly).

Here, we put
={(ki,..., ki) €Z°|1<iy <---<ig <t seN}L
A subquiver of Q(a) of the form

9_>o...o_>o<_o...o<_g

P1 arrows P2 arrows



22 T. KOGISO, K. MIYAMOTO, X. REN, M. WAKUI, AND K. YANAGAWA

is called a (p1, p2)-valley. For (p1,ps)-valley, we define a polynomial val,(py, p2) by

valq(pl,pz) = cl(Q(0,p1, p2))-

Observe that the equation val,(p1, p2) = val,(ps, p1) holds by (@) and this can be
calculated through the following.

Lemma 6.1. For (p1,ps)-valley with p; > pa, we have

p2+1 p1+1 p1+p2+1
valy(p1,p2) =1+ quk—l-(m—kl) Z q" + Z (p1+pa+2—k)g"
k=1 k=pa+2 k=p1+2
Proof. This lemma follows from direct computation. 0J

Now, we define a sequence of pairs of integers as follows:

. L (&1-1,&2-1,...,&5—1) ifal#O,
®) Computea—l.—{ (ag —lya3—1...;a5—1) ifa; =0.

(ii)) We put
( (0,a—1,0) ifa; #0and s is even,
(0,a—1) ifa; #0and s is odd,
(b1, b, bom) = (a—1,0) if ay = 0 and s is even,
(a -1) if a; =0 and s is odd.

(111) We set ja = {(bl, b2), (bg, b4), cey (bszl, bgm)}

Proposition 6.2. The number of {-dimensional subrepresentation of rad(I(a)) co-
incides with the coefficient of ¢* of

valq(bl, bg) . Valq(bg, b4) s Valq(bgm_l, bgm).

Proof. We show the case that a; > 0 and s is even: the proof of other cases are
similar. In this case, m =t + 1 and the quiver Q(a) is of the form:

l<o--roé—0k 00030400404 ko

vV Vv Vv
bs arrows bs arrows by arrows
—+0—50::0—=304-0:::04—04 k3 =k —+0—=>0---0=n.
vV Vv vV
bs arrows bg arrows b2 —1 arrows

This yields that rad(I(a)) is decomposed as
rad(I(a))) =1[1,k — 1] & Iki + L ks — 1] B --- @Ik + 1,k — 1] @ I[k, + 1, n].

Thus, each subrepresentation N C rad(I(a)) is the direct sum of subrepresentations
Ny CIl, k=1, N; CI[ki+ 1, kipy —1] (i = 1,...,t—1), and N; C I[k;+1,n]. Since
the numbers of subrepresentations of I[1, ky — 1], I[k; + 1, k;iny — 1] (i = 1,...,t — 1),
and I[k; + 1,n| are equal to val,(b1,bs), valy(boit1,b2i12) (¢ = 1,...,t — 1), and
valy(basm—1, bam ), respectively, the assertion follows. O

For each k; (i =1,...,t), a polynomial A,(k;) is defined as follows.
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(i) Suppose that a; > 0. In this case, we define A, (k;) by
gl TG — ) [k — lia)g if 0 # 18,
Ay(ki) = q"[ke — ), if i =1,
¢l — R, if i = t.
(ii) Suppose that a; = 0. In this case, we define A, (k;) by
¢ Gy — RiaglRi — Glg 0 #£ 1t
Ag(ki) == q q"[ka = ], ifi=1,
¢ Tl — Ky, if i =t
For each k;, take a subset
{5 o) =12, e} C Ja

such that any (vg;i)l, vé’;i))-valley is not adjacent to vertex k;. Then, we set

Tk,

Ak 1= Ay ) T[val(ufi2,.0857).

Jj=1

Lemma 6.3. The coefficient of ¢* ofﬁq(ki) coincides with the number of (-dimensional
subrepresentations N of I(a) such that S(k;) € supp(N), but S(k;) ¢ supp(N) for
i 7.

Proof. We only show the statement when a; > 0 and s is even; the proofs in other
cases are similar.

Let N, be the largest dimensional subrepresentation of I(a) such that S(k;) €
supp(NV), but S(k;) ¢ supp(N) for ¢ # j. It is sufficient to show that the coefficient
of ¢¢ of Ay(k;) coincides with the number of (-dimensional subrepresentations of
N(x,)- Observe that I[k;_; 4+ 1, k11 — 1] C N,y and every subrepresentation of N,
must have I[(;, ¢;,1] as a subrepresentation whose dimension is ;1 — ¢; + 1. Here,
if k;_1 (resp. k;y1) is not in Q(a)o, then we replace k;_1 + 1 by ¢ (resp. ki1 — 1 by
li11). Now, we consider an isomorphism

H[ki—l + ]_, ki—i—l - 1]/H[€zaez+l] ~ ]I[k’z'_l + 1,61 - 1] D ]I[gi—i-l + 1, ki+1 — 1]

Since the number of ¢-dimensional subrepresentations of I[k;—; + 1,¢; — 1] (resp.
I[l;11 + 1, ki1 — 1]) corresponds to the coefficient of ¢* of [¢; — k;i_1], (resp. [kiy1 —
i11],), the number of ¢-dimensional subrepresentations N’ of I[k;_1+1, k;+1 —1] such
that S(k;) € supp(N’) is the coefficient of ¢ of A,(k;). Remaining subrepresentations
that must be counted come from subrepresentations of rad(I(a))/(I[k;_1 + 1, ki1 —
1]/S(k;)). Therefore, the assertion follows from Proposition @ O

Next, for two k;, < k;,, we define
AQ(ki1)AQ(ki2)
Ak ki) == { b = Kip—alg[kiv1 — i 1alg
Ag(kiy ) Ag(kiy) otherwise.

1f22:ll+1,
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Inductively, for k;, < k;, < --- < k;,, we define

A (kzn klza s k r—1>AQ(kir) if 7:7’ _ ir—l + 1’
Aq<ki1> ]{77;2, cee ]{er) = q[glrr - kir—l]q

Ay(kiy s kiy, oo ki—1)A(ks,)  otherwise.

Take a subset

iekin) (g ek
such that any (véj 11 7), véj 1 -

Then, for r =1,...,t, we set
T(ky,....kr)
A k1,....kr k1,....kr
Ak, k) = Dglkr, k) T val(wliy ) by,
j=1

Theorem 6.4. The equation
(6.1) @)= [ valybi b))+ DY Aglki... ki)
(bibiy1)ETa (Kiqsskis)ETa

holds.

Proof. By Proposition , the first term of the right-hand side of (@) counts /-
dimensional subrepresentations of rad(I(a)). Therefore, counting the cases where
each S(k@ (1t = 1,...,t) belongs to the support is sufficient. By the proof of

Lemma

, the number of /-dimensional subrepresentations N of I(a) such that

S(kiy)s-..,S(ki,) € supp(N) but S; & supp(N) for j # ki, ..., k;, is the coeflicient

of ¢* of Ay(ki, ..., k; ). Thus, the assertion follows.
Example 6.5. (1) Let a = (1,3,1,1). Then, the quiver Q(a) is of the form
Qa)=1+«+—2-—3—4—5+—6—T7,
and ((by1,bs), (b3, bs), (bs,b6)) = ((0,0),(2,0),(0,0)). So, we compute
val, (0, 0)val,(2,0)val, (0,0
Ay(2) = ¢°[1]q[1]val,(
Ay(6) = ¢°[3]qvaly(

AN q() q()_?
B0 =", —

) =¢" +3¢" +4¢° + 4¢* + 3¢ + 1,
0,0) =¢° + ¢’
0,0) = ¢ +2¢° + 2¢* + ¢,

Thus, we have
cd(Q(a)) = q" +2¢° +4¢° +5¢* +5¢> +4¢> + 3¢ + 1.
(2) Let a = (0,3,1,5,1). Then, the quiver Q(a) is of the form

Qla)=1—2-—>3—4«—5—6—7—8—9 — 10— 11,

U

s
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and ((b1,bs), (b3, bs)) = ((2,0), (4,0)). So, we compute
val,(2,0)val,(4,0) = ¢® +2¢" + 3¢° + 4¢° + 4¢* + 4¢> + 3¢* +2¢ + 1,
A1) = g*valy(4,0) = "+ ¢* + 4" + ¢ + ¢° + ¢,
A5)=q"Bly=a"+ "+,
0) = ¢” +2¢° +3¢" + 4¢° + 4¢° + 3¢* +2¢° + ¢,

A,(11) = g5 qual (2

A (1,5) = (q[)?)]q a(5) )
Ag(1,11) = Ay (DAG(11) = ¢+ ¢° + ¢* + ¢+ ¢,
A, (5,11) = %A]Z(m S U

Thus, we have

d(Q(@) = ¢" +3¢" +5¢° + 7¢° + 84" + 9¢° + 9¢° + 8¢" + 6¢° + 4¢> +2¢ + 1.

7. SPECIAL VALUES OF THE ¢-DEFORMED RATIONAL NUMBERS

In [MO20, Proposition 1.8], it is shown that both S,(—1) and R,(—1) belong to
{0, £1}. From this, we see that for an irreducible fraction %, s is even if and only if
St (q) is divisible by [2]; = 1+ ¢. In this section, we extend this observation. Set

—1+V73
- 5 ,
Theorem 7.1. For a rational number o, we have Rq(w), So(w) € {0, +1, +w, +w?}.

Proof. First, we assume that o > 1, and write o« = [[¢1, ..., ¢]]. By Proposition @,

T e )

It is easy to check that M, (c)|s=. for a positive integer ¢ is one of the following

forms:
( 0 —w?
X = (1 0 ) ifc=0 (mod 3),

_ 1 -1 .
M;(0)]g=w =4 Y = (1 0 > ifc=1 (mod 3),

—w? —w\ .. _
\Z.—( 1 0) ifc=2 (mod 3).

Let G be the subgroup of GL(2, C) generated by X, Y and Z. A direct computation
shows that the X2 = Y% = Z3 = F,. Set

0w e
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Then, easy calculation shows that A is closed under the natural action of G. Thus,
for any W € G, all entries of W, especially R,(w) and S,(w) for a > 1, belong to
the set {0, +1, +w, +w?}.

Let us consider the case o < 1. By (@), we have

(7.2) (?f(g))) = (%2 h 2) (7‘;3:((5))) |

2 _ .2
It is easy to check that the set A is closed under the multiplication of aé) iu ),

so we can show that (?::((5; ) € A implies <7§§((:j)) ) € A. Since a+n > 1
for sufficiently large n, the desired assertion follows from repeated use of the above
implication. [l

Since the leading coefficient of [n], = 14+ ¢+ --- 4+ ¢" ' is 1, when we divide
f(q) € Z[q] by [n],, the quotient and the remainder belong to Z[g|. It is clear that
if St(q) can be divided by [3], = 14 ¢ + ¢*, then s = Sx(1) is a multiple of 3. The
following states that the converse is also true.

Corollary 7.2. The following assertions hold.
(1) If s = 8=(1) is a multiple of 3, S=(q) can be divided by [3],. Moreover, for
an irreducible fraction %, we have
0 if s=0 (mod 3),
Sr(w) =19 1,w,w? ifs=1 (mod 3),
—1,—w,—w? ifs=2 (mod 3).

\ ?

(

(2) Similarly, we have

(

0 ifr=0 (mod 3),
Re(w) = 1,w,w? ifr=1 (mod 3),
—1,—w,—w? ifr=2 (mod 3).

\

Proof. (1) Note that w? = —(w+1). By Theorem Ell, the remainder of the polyno-
mial Sr(g) divided by [3], is ag + b for a,b € {0, £1} with (a,b) # (1,-1), (=1, 1).
Since s = 8z(1) = a+b (mod 3), the assertion easily follows.

(2) While Rx(q) € Z[g,q"'] has terms of negative degree for = < 0, we have
f(q) == ¢*"R=(q) € Zg] for n>> 0. Since f(1) = R=(1) =7 and f(w) = R=(w), we
can use the argument of the proof of (1). O

Example 7.3. Even if we fix s, Sz (w) depends on r. For example, we have Sz (w) =
—w?, Si(w) = —w, Su(w) = —w?, Sis(w) = —1, and so on.

Corollary 7.4. For an irreducible fraction %, s = r (mod 3) if and only if R+ (w) =
St (w).

E]

Proof. By (@), we have Rr_1(q) = ¢~ '(R=(q) — Sx(q)). By Corollary @, we have
R:(w)=8:(w) <= Ris(w)=0 <= r—sisamultiple of 3.




ARITHMETIC ON ¢-DEFORMED RATIONAL NUMBERS 27

So we are done. O
In the rest of this section, ¢ means y/—1.

Proposition 7.5. We have R, (i), S,(i) € {0,£1, i, £(1 +4), £(1 — i)}, and the
remainder of S,(q) divided by ¢* + 1 is ag + b for a,b € {0, +1}.

Proof._1t suffices to show the first assertion. The proof is similar to that of The-
orem [7.1. First, assume that a > 1. It is easy to check that M (c)|,=; is of the
form

p .
Xy = ((f é) ifc=0 (mod 4),
X = (1 _01) ifc=1 (mod 4),

Xy = (1J{Z _OZ) if c=2 (mod 4),

My (O)lg=i =

q

11 e
\Xg = (1 0) ifc=3 (mod 4).

A direct computation shows that X§ = X? = X3 = X1? = F,. Let G’ be the
subgroup of GL(2,C) generated by Xg, X7, X5 and X3. The set

s i) 0) Q) 1) ot ene

is closed under the natural action of G'. Hence all entries of any element in G’ belong
to {0,+1,+4,+(1 + ), £(1 —i)}. Since R,(i) and S,(¢) are entries of a suitable
element of G', we are done.

For the case a < 1, we can use the same argument as the last part of the proof of
Theorem l’ill O

Theorem 7.6. For an irreducible fraction %, the following are equivalent.
(1) s is a multiple of 4,
(2) S:(q) is divisible by [4], = ¢ + ¢ +q+ 1,

(3) St(q) is divisible by ¢* + 1.

Proof. (1) = (2) : Let g(q) € Z[q] be the remainder of St (¢) divided by 1+ ¢*, that
is,

S:(q)=fa)- A+¢*)+9(e)  (f(q) € Zlgl, deg(g) < 1).

Since [4], = (1+¢)(14+¢*) and Sz (—1) = 0 by [MO20, Proposition 1.8], it suffices to
show that St (g) is divisible by 1+ 2 (equivalently, g(¢q) = 0). For the contradiction,
assume that g(q) # 0. Propositionq@ states that g(q) = +1, £q, =(1+¢q), £(1 —q).
However, since ¢g(1) = s — 2f(1) and s is a multiple of 4, g(1) is even, and hence
g(q) # £1,+q. Finally, we have g(q) = +(1 + ¢q), =(1 — q).

In what follows, for f(q) € Zlg], (f(¢)) denotes the ideal of Z[q] generated by
f(q), and Z[q]/(f(q)) denotes the quotient ring. For the canonical surjections 7 :
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Zlq) — Z[q)/ (1 +q) and 7y : Zlq] — Z[q]/(1 + ¢*) (if there is no danger of confusion,
we denote m;(f(q)) by f(q)), consider the ring homomorphism
¢: Zlq] > f(a) — (m(f(9), m(f(9)) € (Zlg)/ (L + q)) x (Zla]/ (1 +¢%)) -

Since Z[g] is a UFD, and 1 + g and 1 + ¢* are coprime, we have ker(¢) = ([4],). In
the present situation, we have

¢(S:(q)) = (0, 9(q)).
Recall that ¢g(q) = £(1 + q), £(1 — gq), but we have

$(E1+0q) = O0,£1+q) or ¢(£(g+q"))=(0,F(1-q).
Hence, we have either
(1 +q) = Sz(q) € ([4ly) or  E(q+¢°) —S=(q) € ([4],).

In both cases, £2—8x (1) € 4Z, and it means that S: (1) = 2 (mod 4). It contradicts
the assumption that SSz(l) € 47Z. ’

(2) = (3): Obvious.

(3) = (2) : It Sr(q) is divisible by 1+ ¢, then there is some f(q) € Z[q] such that
Sr(q) = (1+¢%)f(q). Tt follows that s = Sz(1) = 2f(1) is even, and hence S (q) is
also divisible by 1+ ¢. Since [4], = (1 + ¢)(1 + ¢*), the assertion follows. O

The next result can be proved by an argument similar to the corresponding results
for ¢ = w.

Corollary 7.7. The following assertions hold.

(1) We have
(0 if s=0 (mod 4),
Sg(i) =< +(1+4),£(1—4) ifs=2 (mod4),
| +1,+i ifs=1 (mod 2),
and )
0 ifr=0 (mod 4),
Re(i) =4 £(1+1i),=(1—4) ifr=2 (mod4),
(1, +i ifr=1 (mod 2).
(2) For an irreducible fraction ©, we have s =1 (mod 4) if and only if R: (i) =
S (i).

s

Example 7.8. It is clear that the analog of Corollaries @ and @ does not hold
for primitive n-th roots of unity with n > 5. In fact, since S%(q) =@ +2¢* +q+1,

we have Sg (¢) # 0, where ( is a primitive 5th root of unity (i.e., a root of ¢* + ¢ +

q®> + q + 1). Moreover, using a computer system, we see that S% (q) is irreducible
over Q, while 35 is a composite number.

Conjecture 7.9. If p is a prime integer, then S%(q) is irreducible over Q.

Using the computer program Maple, we checked the conjecture for prime numbers
up to 739. The following is another piece of evidence.
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Theorem 7.10. Let p be a prime integer. If S%(q) is reducible in Qlq| (i.e., Con-
jecture does not hold), all of its factors have degree at least 7.

Proof. Consider the factorization
k
S=(q) =[] fi(@)
j=1

in the polynomial ring Q[g]. It is a classical result that we can take f;(¢) from Z[q]
for all j. Assume that & > 2. Since f;(1) € Z for all j and p = S%(l) =TT, (D)
is a prime number, we may assume that f;(1) = p and f;(1) =1 for all j > 2.

Since both the leading coefficient and constant term of S%(q) are 1, those of f;(q)
are £1. Since all coefficients of Sa(q) are positive, if ¢ = o is a real root of the
equation 8%(q) = 0 then o < 0. Clearly, the same is true for each f;(¢q), so both the
leading coefficient and constant term of f;(¢q) are 1 (note that f;(1) > 0 now).

If p = 2,3, the assertion is clear. So we may assume that p > 5. Since p =
Sa(1) is odd, Sa(—1) = H?:l fi(=1) = £1. Since f;(—1) € Z for all j, we have
fj(=1) = £1, and hence the remainder of f;(q) divided by ¢ + 1 is 1. Similarly,
we have s (i) = H?:l f;(i) = £1,£i by Corollary [7.7. Since f;(i) € Z[i] for all
j, we have f;(i) = £1, £, and the remainder of f;(q) divided by ¢* + 1 is £1, +q.
Since p = S%(l) is not a multiple of 3, Sa (w) = H§:1 fi(w) = £1, +w, +w?. Since
fi(w) € ZJw] for all j, we have f;(w) = %1, +w, +w? by Corollary I’ﬁ, and the
remainder of f;(q) divided by ¢* + ¢+ 1 is 1, £¢q, (1 + q).

Set g(q) = q(¢+1)(¢*+1)(¢*+q+1), and consider the natural ring homomorphism

U Zlgl/(9(q)) — Zlg)/(q) x Z[q]/(qg+ 1) x Z]q)/(¢* + 1) x Z[q]/(¢* + ¢+ 1).

Since Z[q] is a UFD, U is injective. Let us find polynomials in Z[g] whose images
under ¥ are characteristic.
For t(q) := (¢+1)(¢*+1)(¢* + ¢+ 1), we have ¥(t(q)) = (1,0,0,0) and #(1) = 12.
For
ui(q) = a(¢* + g+ 1), ux(q) = (¢ +q+1),
q q

usz(q) = ¢*(¢* +q+ 1), wilq) = q(g*+q+1)>%
we have
\Ij(ul(Q)) = (67 _Tv _Tv 6)7 \D(UZ(Q)) = (67 Ta —q, G)a
\Ij(ui’)(Q)) = (67 —T, Ta 6)7 \I](u4(Q)) = (67 _Ta —q, 6)7
and ug(1) =3 for k =1,2,3, us(1l) = 9. For

we have
\D(Ul (Q)) = (67 6) 67 q)a qj(”Q(Q)) = (67 67 67 —T), \IJ(US(Q)) = (67 67 67 _T - 6)
and vy (1) = v3(1) =4, ve(1) = 8.

The possible values of WU(f(q)) have been determined above, and the leading
coefficient of f;(¢) is 1. Hence, if deg f;(¢) < 6, we have

fi(q) = c19(q) +t(q) + cour(q) + czui(q)
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for some ¢; = 0,1, ¢cp,c3 = £1, k=1,...,4and | = 1,2,3. If j > 2, f;(¢) must
satisfy the following conditions:

o f(g) £ 1and f;(1) =1
e The leading coefficient is 1.

However, easy calculation shows that no choice of ¢y, ..., 3, 7, k satisfies these con-
ditions. Finally, we consider fi(q). We have

p=fi(1) <g(1)+t(1) + up(l) + v(1) <124+ 12+ 9+ 8 = 41.
However, Conjecture @ has been checked in this range by using Maple. 0

8. APPLICATION TO JONES POLYNOMIALS OF RATIONAL KNOTS

Using the results in the previous section, we study the special values of the Jones
polynomial V,,(¢) and the normalized one J,(q) of a rational link L(«).
For a general link L, it is a classical fact that

Vi(l) = (=2)0,

where ¢(L) is the number of the components of L. On the other hand, for an
irreducible fraction %, it is well-known that ¢(L(%)) = 1,2, and ¢(L(%)) = 1 if and
only if r is odd. Hence we have

V(1) = —2 if r is even,
S )1 ifris odd.

We can explain this equation using ¢-deformed rationals.
Recall the equation (4.3), which states that the normalized Jones polynomial
Jo(q) of a rational link L(«) can be computed by the following formula:

Jo(q@) = ¢ Ralq) + (1 —q) - Su(q)-

By an argument similar to the previous section, we can show that

(si00) === ()= ()

(this is a refinement of [MO20, Proposition 1.8]). Hence we have

2 if r is even
8.1 Ve(l)| = |J-(=1)| = ’
(8.1) | S( )= $< ) {1 if r is odd.

Next, we will consider the special values of J,(¢q) at ¢ = i,w, —w. Many parts of
the following results should be well-known, but we are interested in the relation to
g-deformed rationals.

Theorem 8.1. For an irreducible fraction = > 1, we have
Jr(w) € {£1, +w, +u’},
if v is not a multiple of 3, and

Jr(w) € {£(1 —w), Fw(l —w), +uw?(1 —w)},
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if v is a multiple of 3. In particular,

V3 ifris a multiple of 3,
1 otherwise.

(8.2) Vi (—w)| = |J: (@)] = {

Proof. The assertion easily follows from (the proof of) Theorem @ By (), we

have
_ Rr (w) Rr (w)
Jr(w) = (w 1 —w) (Sg(w)) and <S;(w) €A,
where A is the set given in (EI) So the assertion follows. O

Remark 8.2. For a general link L, Lickorish and Millett ([LiM86, Theorem 3]) showed
that

(8.3) Vi (—w) = £ifH1(1/30)4,

where d = dimH,(X(L); Z3) with X(L) the double cover of the 3-sphere S* branched
over L.
By (@), we have

Ve(—w) = :l:(—w)th (w™)
-1 __ 2  — . .
(note that w™! = w?® = @). Hence, comparing (@) with (@), we have

1 if r is a multiple of 3,

dimH, (S(L(r/s)); Zs) = {

0 otherwise.

The next result can be proved similarly to Theorem @, but we use Proposition @
this time.

Theorem 8.3. For an irreducible fraction = > 1, we have

0 ifr=2 (mod 4),
Jr(i) =< £(1+i),£(1—4) ifr=0 (mod4),
+1, %4 ifr=1,3 (mod 4).

Remark 8.4. For a general link L, Murakami [M86] (see also [LiM86, Theorem 1])
showed that

V(i) = (—V/2) =1 (DAL if Arf(L) exists,
A 0 otherwise.

Comparing this equation with Theorem , we see that Arf(L(%)) exists if and only
if r #£ 2 (mod 4). We were unable to find this statement in literature, but it must
be possible to prove it directly.

For a general link L, it is known that Vj(w) = (—1)“®~1. Hence, for a rational
link L(£%), we have Vr(w) = (—1)""" and hence

(8.4) Jr(—w) € {#1, +w, £w?}.
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We can give a new interpretation to this equation using ¢-deformed rationals. Note
that M (c)|4=—., is of the form

2
Xy = <O v ) ifc=0 (mod 6),
: _1) ifc=1 (mod 6),

L—w w) if c=2 (mod 6),

ifc=4 (mod 6),

(
(
Xy = (1_“””“’2 _w2> ifc=3 (mod 6),
(
(

2
o'i - ) ifc=5 (mod 6).

By (@), for a = [[ey, ..., ¢]], we have
(Ja(—w) *) = (—w 1 +w) . (Mq’(cl)M’(cz) . ~~M’(cl)) P—

q q

where (J,(—w) *) and (—w 1+ w) are 1 x 2 matrices, and - means the product of

matrices. Easy calculation shows that (—w 1+ w) = —w (1 w) and there exists
G € {£1, fw, +w?} such that

for each 0 <1i < 5. So we can show (@) by induction on .

Remark 8.5. In the above notation, the matrix X3 is not diagonalizable, and hence
X% # E, for all positive integers n. It means that the subgroup of GL(2, C) generated
by X3 is infinite, and hence {S,(—w) | @ € Q} is an infinite set.
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