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Abstract: A filoop is a generic immersion of a circle in a closed oriented
surface, whose complement is a disjoint union of discs, considered up to
orientation preserving diffeomorphisms. It gives rise to a chord diagram
C which has an interlace graph G, called a chordiagraph.

For a graph G with even degrees, we compute a quantity mg(G) which
yields, for every chord diagram C with interlace graph G, the minimal
genus of filoops with chord diagram C. If mg(G) = 0 then C admits exactly

two framings of genus 0, corresponding to spheriloops.
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After recalling the Cunningham factorisation of connected graphs, we
describe a canonical factorisation of filoops into spheric sums followed
by toric sums, for which the genus is additive. This is analogous to the
factorisation of compact connected 3-manifolds along spheres and tori.

We describe unambiguous context-sensitive grammars generating the
set of all graphs and with mg = 0 and deduce stability properties with
respect to spheric and toric factorisations. Similar results hold for chor-

diagraphs with mg = 0 and their corresponding spheriloops.

AMS Classification: 05C75, 57M15, 57T05, 68Q42, 68R15, 05C10, 53A04, 57K10

Key words and phrases: Curves in surfaces, chord diagrams, interlace graphs, split

decomposition, unambiguous grammar, genus.

1 Introduction

Let F be a smooth surface which is connected oriented and closed, of Euler charac-
teristic 2 — 2g.

Afiloop is a generic immersiony : S' + F considered up to orientation preserving
diffeomorphisms of source and target such that F \ y is a disjoint union of discs.

A chord diagram is a finite cyclic word C in which each letter appears exactly
twice, and a framing is a map ¢ : C — {0, 0} which is bijective in restriction to every
double occurrence letter.

We recall in Proposition 2.3 how every framed chord diagram C,, arises from a
unique filoop y.

To a chord diagram C is associated the interlace graph G of its chords. Such
interlace graphs of chord diagrams will be called chordiagraphs.

We wish to relate the topology of filoops with the combinatorics of their chord

diagrams and interlace graphs, for individual objects and families of objects charac-
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Figure 1: A spheriloop, its corresponding framed chord diagram, and its interlace

graph.

terised by certain properties. Of special interest are the filoops in the sphere, which

we call spheriloops, and their chordiagraphs.

1.1 Homological invariants of filoops and their interlace graphs

The study of spheriloops and their chord diagrams was initiated by Gauss in [16],
observing that their interlace graphs must satisfy parity conditions EN1 & EN2 but
that these were not sufficient. This description was completed by Rosenstiehl in
[23] by adding the homological condition RC and showing these three conditions

characterise chordiagraphs of spheriloops.

Definition 1.1 (Rosenstiehl form & Gaussian graphs). Consider a simple graph G with
adjacency matrix e : Vg x Vg — {0,1}. We define its Rosenstiehl form by r = e + ¢?, and
its restriction to E; defines the Rosenstiehl cocycle r € Z'(G; Z/2) (edges in Figure 1).
We say that G satisfies:

EN1 when every vertex x € V; has an even degree v(x,x) =0
EN2 when distinct non-adjacent vertices x,y € V; share an even number of neigh-
bours t(x,y) =0

RC when the Rosenstiehl cocycle is null in cohomology, namely r € BY(G; Z/2).
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A graph satisfying EN1 and EN2 and RC will be called Gaussian (even if it is not a
chordiagraph).

A bicolouring of y isa map F \ y — {+, o} changing colour when crossing y at
smooth points. Such a bicolouring yields a map y*: V; — {., o} and a colour form
¢yt Vg xXVg—1{0,1}

The filoop is bicolourable if and only if G satisfies EN1, in which case it admits
two bicolourings. For a chord diagram C whose interlace graph G satisfies EN1, we
show in Proposition 2.15 that pairs of bicolourings y*: V; — {-, o} correspond to
pairs of framings ¢* : C — {0, 0}.

Our main Theorems 2.14 and 2.17, relating the topology of filoops to the com-
binatorics of their interlace graphs and chord diagrams will recover, refine and

generalise the results of Rosenstiehl.

Corollary 1.2 (Minimal genus). Fix a chordiagraph G satisfying EN1 with Rosenstiehl
form r. For every chord diagram C with interlace graph G, the minimal genus of
its framings equals the minimum of the half-rank over the space of bicolour forms

¢y : Vg X Vg — {0,1} translated by r:
mg(e) = %min{rank(r +e) | x: Vg = {e,0}}

Fix a chordiagraph G satisfying EN1 and EN2 with Rosenstiehl cocycle r € Z1(G; Z/2).
For every chord diagram C with interlace graph G, the minimal genus of its fram-
ings equals the minimum of the half-rank over the space of coboundaries B'(G; Z/2)

translated by r € Z1(G; 72 /2).

Corollary 1.3 (Spheriloops with prescribed chord diagram). A chord diagram with
a Gaussian interlace graph G admits Card H,(G; Z/2) = 2% framings of genus 0.
Two of them are obtained by integrating the Rosenstiehl form as in Proposition

2.15 so that consecutive letters have the same framing if and only if they have
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different colours. The others differ by locally-constant change of framings on chords

associated to connected components of G.

1.2 Unique factorisations of graphs, chord diagrams and filoops

We first recall Cunningham’s factorisation of graphs and Bouchet’s factorisation of

chord diagrams.

Definition 1.4. A split of a graph G is a bipartition of its vertices V = V,uV; which is
non-trivial (both V; contain at least 2 vertices) such that the edges E(V,,, V;) connecting
V, and Vv, are precisely those of the bipartite complete graph K(U,, U,) on subsets of
vertices U, C Vo and U, C V;.

A connected graph is called prime when it has no splits. A connected graph is
called degenerate when all its non-trivial bipartitions are splits: those are cliques K,

orstars S, =K, ;.

Definition 1.5. A graph-labelled-tree (or GLT) is a set of graphs G, indexed by the
nodes of a tree T, with bijections p,: V, — N(x) from the vertices of G, to the
neighbours of x in T.

The accessibility graph G of such a GLT has vertices the leaves of T, and distinct
vertices u,v € V; are connected when for every node x; of the injective sequence
X1,..., X € Vp joining u = x, to v = x;,,, the vertices of G,, mapped by p, towards x;_,
and x;,, are connected.

The GLT is reduced when: the nodes have degree at least 3, every G, is prime or
degenerate, and for connected nodes x,y € V; we exclude the possibility that G, and

G, are both cliques, or stars linked by a center and an extremity.

The [12, Theorem 3] of Cunningham revisited as [19, Theorem 2.9] by Gioan-
Paul states that a connected graph is the accessibility graph of a unique reduced

graph-labelled-tree.
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Figure 2: A connected (Gaussian chordia)graph and its reduced GLT factorisation.

Bouchet lifted this unique factorisation to chord diagrams by showing in [3] that
a connected chordiagraph, either prime or degenerate, is the interlace graph of a
unique chord diagram up to orientation reversal. Thus starting from the Cunningham
factorisation of a connected graph, one may reconstruct all chord diagrams with
that interlace graph by inserting chord diagrams in the place of chords. The only
ambiguity arising during this reconstruction appears while replacing a chord by a
sub-chord diagram: the choices form a torsor under the rectangular group (Z/2)>.
In particular, two (unoriented) chord diagrams have the same interlace graphs if
and only if they are related by a sequence of mutations, which consist in applying a
symmetry of the rectangular group (Z/27)* to a sub-chord diagram consisting of (at
most) two intervals of the circle.

Our main results in section 3 consist in lifting these unique factorisations to
filoops into spheric-sums and plumbings, whose precise definitions 3.19 and 3.22 can

be sketched as follows.

Definition 1.6 (Sketch). A spheric-sum of filoops consists in performing a connected
sum along discs intersecting each loop in an interval. It corresponds to disjoint
unions of interlace graphs.

A plumbing of filoops consists in performing a connected sum along discs inter-

secting each filoop in a pair of transverse intervals. Essential plumbings correspond
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to splits of interlace graphs.
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Figure 3: Based filoops a and f, their spheric sum a ® 8 and plumbing « < 8.

Corollary 1.7 (Spheric-sum factorisation). A filoop admits a unique spheric-sum
factorisation into filoops with connected interlace graphs: it has the structure of a
plane tree, which can be read off its chord diagram, whose vertices correspond to

the connected components of its interlace graph.

The genus is additive under spheric sums.

Theorem 1.8 (Essential-plumbing factorisation). Fix a filoop y with connected inter-

lace graph G.

A split factorisation of G into a graph-labelled-tree (T, G,) yields an essential-

plumbing factorisation of y into a filoop-labelled-tree (T,y,).

The interlace graph of y, is the local-complement of G, at all its vertices in any
order, which will prescribe the order in which one must perform the plumbings

associated to its incident tree-edges.

The genus of y is the sum of genera of the y,.
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1.3 Generating grammars for Gaussian graphs and spheriloops

The following algorithm, combining the results in the previous section with Corollary
1.3, generates all spheriloops with a fixed connected Gaussian chordiagraph in linear

time on its number of vertices.

Corollary 1.9. Consider a connected Gaussian chordiagraph G. The set of all spher-

iloops whose chord diagrams have interlace graph G are obtained as follows.

1. Compute the Cunningham decomposition (T, G,) of G, and realise every (prime
or degenerate) factor by a (unique) unoriented chord diagram.

2. Compose the chord diagrams according to the tree T in all possible ways (at
most 45~1 choices where k is the number of internal nodes of the tree).

3. Compute the two framings of genus 0, by integrating the Rosenstiehl form as in
Corollary 1.3.

4. Construct the loop from the framed chord diagram as in Proposition 2.3.

In particular, if a connected Gaussian chordiagraph is prime or degenerate, then

it corresponds to a unique loop in the sphere up to homeomorphism.

Figure 4: The unique framing of genus 0 and its corresponding spheriloop.

Finally we characterise the GLT factorisations of connected Gaussian graphs in

4.9 after introducing weighted versions of the conditions EN1, EN2, RC, of which a
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combination are called CL2-graphs. We therefore deduce that connected Gaussian
graphs form a language generated by an arborescent grammar which is context-

sensitive and unambiguous.

Theorem 1.10 (Grammatical generation of Gaussian GLT). The following dynamical

generation algorithm yields all and only connected Gaussian graphs:

Atoms For every (prime or degenerate) graph G, compute its CL2-weightings mod2
and construct a weighted GLT whose tree has only one node decorated by G.
Bonds Choose weighted GLT A and B from those already constructed with leaves f,
and f, connected to control vertices u, € A, and u;, € B, such that the weight
of u, is equal to the degree of f;, and the weight of f, is equal to the degree of
up,, and form the grafting C = K,((4, fo), (B, f5))-
Molecules Among the weighted GLT so constructed, those for which all leaves are con-

nected to control vertices of odd weight and even degree are Gaussian.

When restricting to prime and degenerate graphs in the first step, every Gaussian
graph is generated only once (possibly up to automorphisms depending on the

implementation).

Remark 1.11 (Generating spheriloops). Adapting the first step in algorithm 1.10 by
restricting to chordiagraphs (using Bouchet’s algorithmic description [4] recalled in
Theorem 3.16), yields all Gaussian chordiagraphs. Combining this with Corollary 4.1
provides an algorithm generating all spheriloops exactly once, which is linear on

the number of intersections.

Originality and relations with previous works

A number of ideas and results appearing here have predecessors in the literature.
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Section 2. Most of the results in section 2 were known, but its originality lies in the

topological methods and the concise self-contained presentation.

The motivating result of Rosenstiehl in Corollary 2.23 was obtained by alternative

topological methods in [7] and in [13].

Similar results to Theorem 2.14, Proposition 2.15 and Corollary 1.2 were obtained
by combinatorial methods in [11]. The Corollary 1.2 was also generalised by Turaev
to non-generic loops as well as other related objects, in particular in [30, Theorem
8.5.4].

However our Corollary 1.3 appears to be new (even though it may be possible to
recover it from the more general framework developed by Turaev, and seems related
to the [30, Section 6.2] counting certain filoops weighted by their automorphism

groups).

Section 3. The factorisation Theorem 1.8 achieved in section 3 relies on the combi-
natorial results of [19, 3], and generalises them to filoops to provide a new insight

on their operad structure.

Following Vassiliev’s approach to knot theory (whose invariants explained in [8]
boil down to framed chord diagrams modulo 1T & 4T relations), Arnold explored
in [1] the cohomology of the space of spheriloops (which he considered as a non-
commutative version of the former) and believed that a complete understanding is

out of reach. Several investigations pursued these ideas such as [20, 5].

Our factorisation provides a fathomable description of filoops which leads to
the definition of invariants reflecting their topology and complexity (such as the
number of prime nodes in the factorisation-tree). We hope this may lead to a better

understanding of their classical invariants.
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Section 4. The unambiguous grammatical generation of all Gaussian graphs and
spheriloops presented in section 4 are new (they rely on the novel Proposition 4.9
describing their GLT factorisations and Corollary 1.3 yielding the spheric framings

of Gaussian chord diagrams).

These results are of interest both from the computational and enumerative per-
spective, and may also yield random sampling models for Gaussian graphs and

spheriloops.

Indeed, they provide an efficient method for tabulating spheriloops according
to various refinements on their topological complexity. This problem has gathered

much interest for the classification of knot projections (see [14, 32, 31]).

Besides, the unambiguous grammatical generation of much simpler classes of
graphs and chord diagrams (yielding context-free grammars) have led to their gen-
eration and enumeration, for instance in [26] in relation with real algebraic singular
plane curves.

The enumeration of spheriloops remains an open question, of interest to physical

models of quantum field theory which have been used to conjecture their asymptotic

behaviour [24].

The ideas and results in this paper may contribute to such enumeration, and
improve the tabulations of the related combinatorial objects introduced by Turaev

initiated in [18].

Further directions of research and relations with other works

We aim to apply those results in future work to the asymptotic enumeration of spher-
iloops, the spectral analysis of Gaussian graphs, and the study of their polynomial

invariants. In particular...
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Enumeration. The Remarks 2.25 and 4.7 discuss the algebraic varieties defined by
subsets of the conditions EN1, EN2, RC or the weighted versions thereof. A further
study could make them amenable to the polynomial method explained in [27] to
deduce enumerative properties.

Note that a bicolourable linear chord diagram on [1, 2n] corresponds to a permu-
tation o pairing letters 2i and 20(i) + 1. Hence there are (2")n! bicolourable based
filoops with n intersections. One may try to apply the results in this paper to analyse

the generating function an b(g.n)

- x"y8 for the number b, , of bicolourable filoops
nlan >

with n marked intersections and genus g, and deduce asymptotic properties for the
representation theory of symmetric groups. We refer to [21, Chapter 3] and [30,

Section 6.2] for some approaches to related enumeration problems.

Polynomial invariants. In future work, we will define a “skein algebra” of filoops,
and apply it to recover the criterion of Lovasz-Marx [22] telling when a chordiagram
admits a framing of genus 0. It yields polynomial invariants closely related to the
Bollobas-Riordan Polynomial of filoops [9] and the Arratia-Bollobds polynomial [2]
their interlace graphs. These are also related to the u-polynomial and the skein
algebra defined and studied in [29].

We believe that the structural results in this paper may help to understand their

properties.

Spectral properties. Remark 2.26 expresses EN1, EN2, RC in terms of the graph
Laplacian. How to understand its spectrum in terms of Cunningham’s factorisation?
Would Proposition 4.9 help to deduce properties on the spectrum of Gaussian graphs?

After defining 3.7 the local complementation of a graph, it is compelling to con-
sider the action of the group generated by local complementations involutions (in-

dexed by the fixed set of vertices) on the set of graphs (where it satisfies partial
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commutation and braid relations in Remark 3.8). We wonder what the Schreier
graphs associated to the orbits of this action look like. Do they yield interesting
families of expander graphs? Lemma 3.9 shows how the reduced GLT decomposition
evolves under such operations: this should help in experimenting and solving these

problems.

Factorisations of 3-manifolds Theorem 1.8 is analogous to the unique factori-
sation of compact connected 3-manifolds into connected sums, first along spheres
(by Kneser-Milnor) into prime manifolds, and then along tori (by Jaco-Shalen and
Johannson) into geometric manifolds (which are either atoroidal or Seifert-fibered).
We refer to [28, 25] and references therein. The prime manifolds would correspond
to the filoops with connected interlace graphs, among which the atoroidal manifolds
would correspond to filoops whose interlace graphs are prime and the Seifert-fibered

manifolds would correspond to filoops whose interlace graphs are degenerate.

Knots and singularities. The plumbing pictured in Figure 3 is reminiscent of
the tangle addition introduced by Conway in [10] as an attempt to classify knots
according to their diagrams.

We hope that Theorem 1.8 may help to understand the topology of the lifted knot
7 in the unit tangent bundle SF. This may have application to the work [15] on the

topological study of complex analytic singularites from their real morsifications.
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2 Homological invariants of filoops and their interlace graphs

2.1 Filoops correspond to framed chord diagrams

Let F be a smooth surface which is connected oriented and closed, of Euler charac-

teristic 2 — 2g.

Definition 2.1. A loop is a generic immersion y : S' & F (all multiple points are
transverse double points), considered up to orientation preserving diffeomorphisms
of the source and the target.

This amounts to a 4-valent graph embedded in F up to orientation preserving
diffeomorphisms, with a choice of one of the two Eulerian circuits that self-intersect
transversely at every vertex.

A filoop is a loop which is filling, in the sense that F \ y is a disjoint union of discs.

Each intersection x € y(S') has two preimages x.,x, € S' ordered so that
(¥(x), 7(x0)) forms a positive basis of the tangent plane T, F. Hence a loop yields a

framed chord diagram...

Definition 2.2. A chord diagram is a finite cyclic word C in which every letter
appears twice, considered up to relabelling of the letters. A framing of C is a function

@: C — {0, o} assigning different values to the two occurrences of each letter.

Observe that inverting the orientation of the source S! of y corresponds to invert-
ing the cyclic order of source C of ¢, whereas inverting the orientation of the target

F of y corresponds to exchanging the values of the target {0, oo} of ¢.

Proposition 2.3 (filoops = framed chord diagrams). Every framed chord diagram
@ : C — {0, 00} arises from a unique filoop y : S! — F up to orientation preserving

homeomorphism.
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Figure 5: The filoops with framed chord diagrams aya, and a.bybsa,
and agbpc,apbcy and bypaboa; and  aybpboyCosColeododoslosf o foo  and

Ao DCo0d 00 f 00D oo @0 f 0C0d0Cco-

Proof. The unique framed chord diagram with no chords corresponds to the unique
simple loop in the sphere up to orientation preserving homeomorphism. Now assume
that C is not empty.

Let us first associate to C, an oriented 4-valent connected ribbon-graph M, namely
a 4-valent connected graph whose half-edges are cyclically ordered around each
vertex. Each letter x of C corresponds to a ribbon-vertex of M, that is an oriented
disc with 4 disjoint closed intervals on its boundary labelled by xg,, x; , x5, X7, in that
cyclic order, as in Figure 6. We connect these oriented ribbon-vertices by oriented

ribbon-edges as prescribed by the framed chord diagram.

ﬂf I,
xo_oI )ijo OEE ’
= m =

Figure 6: Constructing the ribbon-graph associated to a framed chord diagram
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Attach discs to the boundary components of M to obtain a closed connected
oriented surface F. The pair M C F is uniquely determined up to orientation pre-
serving homeomorphisms by C,. Moreover the orientation of C selects one of the
two Eulerian circuits of M which are transverse at every vertex, hence a filoop

y:S' > F. O

Remark 2.4 (Homology). Let n € N* be the number of chords in C. The 4-valent map
M with n vertices and 2n edges has Euler characteristic —n so it is homotopic to a
wedge of 1 + n circles.

The topological maps M nD < M uD -» M uU D obtained while identifying the
boundary of f discs D = uD; to the boundary components of M, or equivalently

0M — M U D - F, yields the Mayer-Vietoris long exact sequence in homology:

0 — H,(OM) — H,(M) @ Hy(D) - Hy(F) —
— H,(0M) — H,(M) & H,(D) — H,(F) —

— Hy(0M) — Hy(M) & Hy(D) — Hy(F) — 0

Since H,(M)® H,(D) = 0 = H,;(D) and Hy(6M) — H,(M) & Hy(D) is injective, we deduce
the short exact sequence 0 — H,(F) — H,(6M) - H;(M) — H,(F) — 0.

Over any field K (we will mostly be working over the field 2 elements), this may
be written 0 - K — K/ — K" — K% — 0. In particular we recover the relation

-1+f-Q+n)+2g=0.

Remark 2.5 (Genus of C,). If C has n chords and M has f boundary components,
then F has Euler characteristic 2 — 2g = f — n. The boundary components of M can be
read off C, by travelling along the circle, jumping across each chord that is met along
the way, and pursuing along the circle in the same or opposite direction according

to the framing.
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Figure 7: Reading the boundary components of F \ y, for example on C, =

aooCOdoobocooaodoobo.
2.2 Intersection form of the ribbon-graph

Let us define a couple of functions which will help us understand the relationship
between the topology of a filoop y : S' — F and the combinatorics of its associated
framed chord diagram C,. The goal is to compute the symplectic intersection form

on H,(M; Z/2), whose rank is equal to that of H,(F; Z/2) namely twice the genus of F.

Definition 2.6 (Graphs and Rosenstiehl form). A simple graph G on a set of vertices
Vs is encoded by its adjacency matrix e : Vg x Vi — {0, 1}, which is symmetric and
vanishes on the diagonal.

We define its Rosenstiehl symmetric bilinear formr: Vg x Vg — Z/2 byt = e + €2,

so that:
V(x,y) € Eg, t(x,y)=0+Card N(x)NnN(y) (RCO)

V(x,y) € Eg, t(x,y)=1+CardN(x)NnN(y) (RC1)

A symmetric function V; x V; — Z/2 restricted to E; yields a 1-cochain, which is a
1-cocycle as G has no 2-cells: we call it the associated cocycle in Z!(G; Z/2) and denote

it by the same letter.

Definition 2.7 (Even and Gaussian conditions). We say that a graph G satisfies the

property:
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EN1 when every vertex has an even degree:
Vx € Vg, r(x,x)=Card N(x) =0 (EN1)
EN2 when distinct non-adjacent vertices share an even number of neighbours:
Vx,y €Vg, Xx#Y, e(x,y)=0 = r(x,y)=CardN(x)NN(y)=0 (EN2)

RC when the Rosenstiehl cocycle is null in cohomology, namely r € BY(G; Z/2),

or when:
V(X1, .., X = Xo) € VE, Hll e(Xi_1,x) #0 = le r(x;_,x) =0 (RO)
A graph will be called Gaussian when it satisfies EN1 and EN2 and RC.

Definition 2.8 (Interlace graph of a chordiag). To a chord diagram C we associate its
interlace graph G, with vertices V; the set of chords and edges E; the set of pairs of
intersecting chords.

A chordiagraph is the interlace graph of some chord diagram (those will be
described in 3.2).

Definition 2.9 (Intersection form of a framed chordiag). To a framed chord diagram
C, with interlace graph G, we associate its intersection form i,: Vg x Vg — Z/2
defined by:

iy(x,y) = e(x,y) + Cardiz; € Cy | zj € (X0, X0) A Z1/j € (Voo Yo} (GO)

Note that a chord z € C contributes 1 mod 2 to i,(x, y) — e(x,y) when its endpoints
both lie in (x4, xy) U (s, Yo) but do not both lie in (x, xg) N (Vs Vo), O equivalently
when it intersects at least one of the chords x or y and its endpoints both lie in the
union of intervals (x, xXy) U (Vso» Yo)-

The restriction of i, to E; yields the intersection cocycle still denoted i, € Z(G; Z/2).
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dy 2 by

(o)
. a ®
[ aO
o foo
fo de
€ boo Co

Figure 8: A filoop, its framed chord diagram, and its interlace graph with the inter-

section cocycle.

Definition 2.10. In the surface M C F, we define for every intersection x € y the
loops a, and S, running along y from x, to x, and x, to x, respectively.

Since y = a, 8, in 7;(M, x), we have [y] = [a,] + [B,] In H,(M;Z/2).

Proposition 2.11 (Basis and intersection of H,(M; Z/2)). The collections of n + 1
cycles [a,],[y] and [B,], [y] form two bases of H,(M; Z/2). We will use the former as
our preferred basis.

In that basis, the symplectic form on H,(M; Z/2) can be expressed in terms of C,

as:

[y]- [ay] = Card N(x) [a,]- [ny] = iqo(x’ y)

Proof. The proof can be found in [17, Page 232 to 236]. Let us briefly explain how to
compute the intersection form in this basis using C,. Observe that the algebraic and
geometric intersection numbers coincide modulo two.

The chords of C that interlace x € C correspond to the other intersections of
y which appear once along «,, and their parity is [y] - [a,]. For x,y € C, consider
slight parallel translations of «, to the left and of «, to the right of y and observe
(depending on whether x and y are interlaced) that their intersection number has

the same parity as the quantity defining i,(x, y). O
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Lemma 2.12. If two framings ¢, ¢’ of a chord diagram C differ only at z € V, then
their associated intersection forms are related by i, (x,y) = i,(x,y) whenx =z =y

or x # z # y, and:
Vx € Vg \{z}, iy(x,2) —i,(x,2z) = Card N(x) \ {z} = Card N(x) — e(x,z) = [a,] - [B;]

Proof. The first two equalities follow from Proposition 2.11 and the last is represented
in Figure 9. In particular, the last intersection takes the same value with respect to ¢

or ¢’ O

Figure 9 {yj € (Zoo’ZO) /\yl/j € (xoo’xo)} A {yj € (xoo’XO) Ayl/j € (ZO’Zoo)} = N(X) \ {Z}

2.3 Bicolourings and bilinear forms

Corollary 2.13 (Bicolourable). Proposition 2.11 implies that for every filoopy c M C
F corresponding to a framed chord diagram C, with interlace graph G, the following

are equivalent:

The graph G satisfies condition EN1: Vx € Vi, Card N(x) = 0.
In H,(M; Z/2), the cycle [y] is symplectic-orthogonal to all [«,].
In H,(F; Z/2) the class of the filoop y is trivial.

1111

The filoop y ¢ F admits a bicolouring, that is a colour map F \ y — {., o} that
changes colour when crossing y at smooth points, and it is unique up to global

change of colours.
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A graph, chord diagram or filoop satisfying these conditions will be called bicolourable.

Theorem 2.14. Consider a bicolourable framed chord diagram C,,.
If x,y € V are not connected by an edge then i,(x, y) = e*(x,y) = Card N(x) N N().
The cohomology class of i, € Z'(G; Z/2) is independent of the framing ¢.
Each cocycle in this cohomology class arises from 2% framings, where b, =
dim H(G; 7 /2).
(In particular i, determines ¢ up to frame inversions on connected components

of G)

Proof. On the one hand, for distinct x,y € C with e(x,y) = 0, one may change the
framing at x or y so that (x,, Xo) and (v, xo) are disjoint, and thus i,(x, y) = Card N(x)n
N(y) = t(x, ).

On the other hand Lemma 2.12 implies that if two framings ¢, ¢’ differ only at
z then the cocycles i,, i, € Z'(G; Z/2) differ by the coboundary d§, of the indicator
function g, : Vi — {0,1} of x. Hence the cohomology classes [i,] € H 1(G;z/2) do not
depend on the framings ¢.

Moreover the Z/2-vector space B!(G; Z/2) of 1-coboundaries is generated by the
dd, for x € V with one relation of the form ] dé, for each connected component of
G. Hence in the cohomology class [i,], each cocycle arises from exactly 2’ framings
(related to one another by changing orientations of all chords in unions of connected

components of G). O

Proposition 2.15 (Bicolourings = framings). Consider a bicolourable chord diagram
C.

To a framing ¢: C — {c0,0} we associate two bicolourings y: V; — {,0} by
choosing one for the corresponding filoop F \ y and colouring each intersection x € y
according to the region in the direction of the sum of the tangent vectors y(x.,) +7(x).

They differ by a global change in colour.
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To a bicolouring y: V; — {s,0} we associate two functions ¢: C - {c0,0} by
choosing the value on some letter, and extending so that consecutive letters have the
same value if and only if they have different colours. These functions are framings
and they differ by a global frame inversion.

Seen as functions along the circle with letters of C, the bicolouring y is the skew-
derivative of the framing ¢, and we just integrated the two skew-primitives. This
yields a correspondence between bicolourings y : V5 — {+, o} and framings ¢ : C —

{00, 0} up to global inversion.

Proof. We first show that the integration y ~— ¢ yields framings. This is because
between two occurrences of any letter x € C, there is an even number of letters in
total, hence an odd number of consecutive pairs; and an even number of alternations
in colours, hence an odd number of repetitions in colours. Consequently the two
occurrences of x have different framings.

Now we show that it is indeed inverse to the derivation ¢ ~— y. For this observe
that while traversing the intersections of the filoop associated to C,, the variation
of framing is related to the variation of colours as claimed. In particular while
constructing the filoop from the framing (C, ) as in 2.3, one could consistently use
only the bicolouring (C, y) by attaching the bicoloured crosses so as to match the

colours of their regions. O

Definition 2.16 (Bicolouring form). Consider a graph G with a bicolouring y: V5 -
{s,0}

The colour form ¢, : Vg x Vg — {0,1} is defined as the differential of the indicator
functions on V, or V,, and its restriction to the edges is called the colour coboundary

dy € BX(G,Z/2).

Theorem 2.17 (Bilinear forms). Consider a bicolourable framed chord diagram C,.

Its associated intersection form t,, colour form ¢, and Rosenstiehl form r are
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related by:
i,—c, =e+e?

Hence the intersection form can be computed from the bicoloured graph. We also
recover the fact that i, determines ¢,, whence ¢ up to inversions on connected
components of the interlace graph.

In particular when G satisfies EN2, namely ¢? vanishes on the non-edges, the
intersection form can be computed from the graph and its colour coboundary dy €
BY(G,7/2).

Proof. Note that changing the framing ¢ at a chord z corresponds to changing colour-
ing y of this chord z, hence to changing the colour form dy by the coboundary dé,.
Hence the quantity i, —c, is invariant by a change of framing, and we may thus
choose them to alternate as reading the letters of C, so that all colours are equal and
¢, =0

We must now prove that such an alternating framing satisfies i, = e +e¢”. For
chords that are not interlaced this follows from Proposition 2.14. Consider interlaced

chords x, y, and recall that:
i(x,y) =1+ Card{z; € Cy | zj € (X, X0) A Z1/j € V05 Yoo}

Hence must show that Card{z; € C, | z; € (X, Xo) A 21/} € (¥9, Yoo)} = Card N(x) N N(p),
and by partitioning those sets, cancelling those in common and those with even

cardinal, we want:
Card{z; € Cy, | zj € (X0, Vo) A Z1/j € (Voo» Xo)} + Cardiz; € Cy | Zj € (Yoo» Xo) A 21/ € (X0, Y0)}
= Card{z; € Cy, | zj € (Yoo, X0) A zyj € Vo> X0 )}

These three sets yield a partition of the chords having one endpoint in the open
interval (y., xy). Since ¢ is alternating, this open interval (y, x;) contains an even
number of letters, so the sum of these three cardinals is = 0, and this concludes the

proof. O
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Corollary 2.18 (Cohomology). Consider a bicolourable chord diagram C with inter-
lace graph G.

The alternating framings ¢, of C have intersection form i, equal to the Rosenstiehl
form.

Thus all intersection cocycles i, are cohomologous to the Rosenstiehl cocycle r in

Z\(G; 7 /2).

Corollary 2.19 (Minimal genus). Fix a bicolourable chordiagraph G with Rosenstiehl
form r.

For every chord diagram C with interlace graph G, the minimal genus of its
framings equals the minimum of the half-rank over the space of bicolour forms

¢y : Vg X Vg — {0,1} translated by r:
mg(e) = %min{rank(r +e) | x: Vg = {s,0}}

Remark 2.20. A bicolourable linear chord diagram C corresponds to a permutation
o pairing letters 2i and 20(i) + 1. Hence, there are (2")n! bicolourable based filoops
with n intersections.

In a future work we will relate the algebraic combinatorics of permutations
(factorisation into disjoint cycles, composition law) with the algebraic topology of

bicolourable filoops (connected sums).

2.4 Lagrangian loops and spheriloops

Corollary 2.21 (Lagrangian). Theorem 2.17 implies that the following conditions
are equivalent.

The first and last only involve the graph G, while the others are valid for every
framed chord diagram C, with interlace G, corresponding to a filoop y C M C F with

intersection form iy

< The graph G satisfies conditions EN1 and EN2: Vx,y € V, Card N(x) N N(y) = 0.
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In H,(M; Z/2), the cycles [y], [«,] are two by two symplectic-orthogonal.
In H,(F; Z/2) the class of the loops y, a, are all trivial.

t 11

F\ y admits a bicolouring, such that non-interlaced intersections have the same
colour.

< The Resenstiehl form r = e + ¢? of the graph G vanishes on non-edges.

A graph, chord diagram or loop satisfying these conditions will be called La-
grangian.
Corollary 2.22 (Minimal genus). Fix a Lagrangian chordiagraph G with Rosenstiehl
cocycle r.

For every chord diagram with interlace graph G, the minimal genus of its framings
equals the minimum of the half-rank over the space of coboundaries B(G;Z/2)

translated by r € Z1(G; 7 /2):
mg(e) = %min{rank(r +dy | x € Z°%G;Z/2)}

Corollary 2.23 (Rosenstiehl). A chord diagram admits a framing of genus zero if
and only if its interlace graph is Gaussian. Such chord diagrams will thus be called

Gaussian.

Corollary 2.24 (Spheriloops). A chord diagram C with a Gaussian interlace graph
G admits Card Hy(G; Z/2) = 2b framings of genus 0. Two of them are obtained by
integrating the Rosenstiehl form as in Proposition 2.15, and the others differ by

locally constant change of framings.
We will construct all spheriloops with a given interlace graph in Corollary 4.1.

Remark 2.25 (Variety of Lagrangian graphs). Let us work over the field Z/2 with
two elements.
The set 8&(n) of simple graphs e on n labelled vertices is a vector space of dimen-

sion (’;‘)
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The subset of bicolourable graphs B&(n) is described by n linear equations }, e, =
0 sharing only 1 non-trivial relation ). >’, ¢; = 0, so it is a vector space of dimension
(n;l)

The space of bicolourings forms a trivial vector bundle B€(n) - BE(n) with fibers
B'(K,) of dimension n — 1, and of total dimension (7).

The subset £&(n) c BE(n) of Lagrangian graphs is an algebraic subvariety de-
scribed by the (’21) degenerate cubic equations (1 — ¢;;) 3, e ;-

We may restrict the trivial vector bundle of colourings over Lagrangian graphs

to obtain a trivial vector bundle £€(n) — £&(n) with fibers B}(G) of dimension n — 1.

Remark 2.26 (Laplacian of Lagrangian graphs). A simple graph G can be encoded
by its Laplacian matrix b, obtained by subtracting the adjacency matrix e from the
diagonal matrix of degrees e*(x, x).

The symmetric bilinear form del = —b + 21 Vg x Vi — Z satisfies for all distinct

x,y € Vg
del(x,x) = Card N(x)?> and bel(x,y) = e(x,y)(Card N(x)+1+4+Card N(y))—Card N(x)nN(y)

so one may reformulate the conditions EN1, EN2 and RC graph classes in terms of

del, in particular for bicolourable graphs we have bel = — b+ =ete? =1

3 TUnique factorisations of graphs, chord diagrams and filoops

For us, a graph G is a relation on a finite set of vertices V; which is symmetric and
nowhere reflexive. It is represented by its adjacency matrixe: V xV — {0,1} which
is symmetric and restricts to zero on the diagonal. Those are often called undirected
simple graphs (no loops or multiple edges).

For U c Vg, we denote by N(U) = {x € Vg \ U | 3y € U, e(x,y) = 1} its set of
neighbours and by G[U] the corresponding induced graph whose adjacency matrix

is the minor ey of e.
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3.1 Split decomposition of graphs

Let us briefly recall Cunningham’s split decomposition of graphs revisited by Gioan—

Paul [19].

Definition 3.1. The toric sum of two graphs G, and G, along non-empty subsets of
their vertices U, c V, and U, C V,, is the graph (G,, U,) X (G,, U;) obtained from the
union G, U G, by adjoining all edges of the complete bipartite graph K(U,, U,).

Conversely, a split of a graph G is a bipartition of its vertices V = V, u V; which is
non-trivial (both V; contain at least 2 vertices) such that the edges E(V,, V;) connecting
V, and V; are precisely those of the bipartite complete graph K(U,, U,) on subsets of
vertices U, C V,and U; C V;.

A connected graph is called prime when it has no splits. In particular, it must have
> 4 vertices. For example the house, gem, domino and (n > 4)-cycles in Figure 10 are
prime.

A connected graph is called degenerate when all its non-trivial bipartitions are

splits: those are cliques K,, or stars S, = K; ,_;. In particular every graph with < 4

<]

Figure 10: A split of a graph. The house, gem, domino and (n > 4)-cycles are prime.

vertices is degenerate.

The toric-sum factorisations (or splits) do not overlap, and form the (internal)
edges of a tree: this provides a unique factorisation into a reduced graph-labelled-tree
which we now introduce.

The vertices of a tree are partitioned into leaves and nodes, of degree = 1 and > 1

respectively.
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Definition 3.2. A graph-labelled-tree (or GLT) is a set of graphs G, indexed by the
nodes of a tree T, with bijections p, : V, — N(x) from the vertices of G, to the
neighbours of x in T.

The accessibility graph G of such a graph-labelled-tree has vertices the leaves of T,
and distinct vertices u,v € V; are connected when for every node x; of the injective
sequence x,,...,x; € Vy joining u = x, to v = x;4,, the vertices of G, mapped by o,
towards x;_; and x;,, are connected.

The graph-labelled-tree is reduced when: the nodes have degree at least 3, every G,
is prime or degenerate, and for connected nodes x,y € V; we exclude the possibility

that G, and G, are both cliques, or stars linked by a center and an extremity (as in

A

Figure 12).

Figure 11: The accessibility graph of a reduced graph-labelled-tree.

The following [19, Theorem 2.9] by Gioan-Paul revisits [12, Theorem 3] of Cun-

ningham.

Theorem 3.3. A connected graph is the accessibility graph of a unique reduced

graph-labelled-tree.

Remark 3.4 (Fusion). The reducibility conditions for a GLT ensure the uniqueness
in the theorem.

Indeed, consider adjacent nodes x,y in T. If G, = K,, and G, = K,,, are cliques then
one may contract them into a clique G, = K,;4,_1. If G, = S, and G, = S, are stars

with p;1(y) the center of G, and Py 1(x) an extremity of G, then one may contract
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them into a star S,,,,,—;- This yields a new GLT (whose tree is the contraction T/(x, y))

with the same accessibility graph.

><p - 2

Figure 12: Contraction of cliques and stars

Existence of a reduced GLT. Every connected graph G is the accessibility graph of a
tree with one node decorated by G. Now consider any GLT factorisation (T, G,) of G,
and observe that every internal edge of T yields a split of G. If a factor G, admits a
split corresponding to a factorisation G, = (G, U,) X (G;, U;), then define fori = 0,1
the graphs Gl.’ = ({x;},{x;}) X (G;, U;), and split the node decorated by G, in two nodes
decorated by the G; connected by an edge between the u;, as in the left of Figure 13.
Pursue these factorisation until all factors are prime or degenerate, and then fusion

stars or cliques to obtain a reduced GLT factorisation. O

Figure 13: Interpreting a split-factorisation as a graph-labelled-tree with 2 nodes.

Remark 3.5 (Algorithmic). The reduced GLT factorisation of a connected graph can
be computed with polynomial (space & time) complexity in its number of vertices.

We refer to [6] for the latest linear time algorithm and a short survey of the literature.

When a connected graph has a distinguished vertex called the root, its GLT fac-
torisations have a distinguished leaf now called the root. (This yields a rooted node,

and a root in each factor graph.)
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Definition 3.6 (Composition). For a rooted graph-labelled-tree 7, whose leaves f; are
bijected with n other rooted GLTs 77, ..., 7, we define the composition (T, ..., T,)
by grafting each root r; of 7; on the corresponding leaf f; of 7.

This yields a well-defined composition of their rooted connected accessibility
graphs, which is a simultaneous toric-sum of (G; \ {r;}, N(r;)) according to the pattern
(Go, 1o)-

When 77 is a complete graph, we call this the komposition of the 7, and for n = 2

we denote this operation on accessibility graphs by (G, ;) 2\ (G,, 7).
— —> »—A—< <« —

Figure 14: An operad composition (which in particular a komposition).

Definition 3.7 (Complement and local complement). Consider aset V withU c V
and ¢ € V, and let us recall involutions on the set of graphs over V. Let G be a graph
over V.

The complement of G on U c V is the graph obtained by complementing the
off-diagonal entries in the adjacency matrix of its induced subgraph G[U]. The local
complement of G at ¢ € V is its complement on U = N(c) denoted G * ¢, and observe

in particular that Ng,.(c) = Ng(c).

Remark 3.8 (Complementation relations). Consider the set £&(V) of simple graphs
over aset V. The local complementation involutions x v € &(&(V)) satisfy the variable

relations:
Commutation Ife(x,y) =0thene xx*xy=-e *xy* x.
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Braiding Ife(x,y)=1thene «xxxy+xx=e %y % x * ).

Lemma 3.9 (Local complements and GLTs [3, Lemma 2.1]). Consider a GLT (T, G,)
with accessibility graph G. The local complementation of G at ¢ € V; induces an
isomorphism of T and a local complementation of each factor G, accessible from c
at its control vertex leading to c.

In particular local complementations preserve the classes of prime and degener-
ate graphs. (Note that complementing K, yields S,, whereas complementing S,, yields

S, 0rkK,.)

Lemma 3.10 (Subgraphs & Connectivity). Let G be the accessibility graph of a GLT
(T, Gy).

The graph G is connected if and only if every factor G, is connected ([19, Lemma
2.3D.

Every factor G, appears among the induced subgraphs of G ([19, Corollary 2.6]).

The last lemma enables to extend the Cunningham decomposition to disconnected

graphs.

Corollary 3.11 (Forests). We define a graph-labelled-forest (or GLF) as a disjoint
union of GLTs, and called reduced when each of its GLT components is reduced and
has connected factors.

Every graph is the accessibility graph of a unique reduced GLF.

3.2 Chord diagrams with a prescribed interlace graph

Remark 3.12 (Deletion). For a chord diagram with chord set V, its subdiagram
induced by U c V is obtained by deleting the chords in V \ U. These operations map

naturally to interlace graphs.
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Lemma 3.13 (spheric sum). For linear chord diagrams A and B, we define their
spheric sum as the linear chord diagram C = AB. It has interlace graph G- = G4 U Gp.

The interlace graph of a chord diagram is disconnected if and only if it is a
spheric sum of non-trivial chord diagrams. (The spheric sum factorisations of a chord
diagram form a plane tree, whose edges correspond to the connected components of

the interlace graph.)

Proof. Suppose that a chord diagram C has a disconnected interlace graph G.. By in-
duction, one of the connected components of G- corresponds to a sub-chord diagram
A C C consisting of a single interval. Hence denoting by B c C the complementary

interval we have C = AB. O

Definition 3.14 (Composition and Mutation). For a rooted framed chord diagram C,
whose non-rooted chords are bijected with n rooted framed chord diagrams C, ..., C,,
we define the composition Cy(Cy, ..., C,) as in Figure 15, using the framings to avoid
any ambiguity during insertions.

Changing framings yields mutation-equivalent framed chord diagrams (see figure
16).

The interlace graph of such a composition is equal to the composition of the

interlace graphs.

Figure 15: Composition of framed rooted chord diagrams: inserting diagrams inside

chords.
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e s s s

Figure 16: Action of (Z/2)? by mutations of a sub-chord diagram defined by a pair

of intervals.

For any word W, we denote by W~! the word read backwards (regardless of a

possible framing).

Definition 3.15 (Local complement). Consider unoriented chord diagrams over
a set of chords V. The local complementation of a chord ¢ € V acts on them by
CAcB ~— cAcB™L.

It maps functorially to the local complementation of their interlace graphs G ~—

G xc.

The interlace graphs of chord diagrams will be called chordiagraphs. The previ-
ous constructions show that they are closed by induced subgraphs, disjoint union,

composition, and local complements.

Theorem 3.16 (Characterisations of chordiagraphs [4]). A graph is a chordiagraph if

and only if none of its local equivalents contains an induced subgraph isomorphic to

E

Figure 17: Local complement. Forbidden subgraphs in local equivalents of chordia-

one of the following:

graphs.
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Comments on the proof. By the previous sections it suffices to know which primes
graphs are not chordiagraphs, and actually to give one representative in each of

their local equivalence classes. O

Now let us explain, following [3] and [8, section 4.8.5], how Cunningham’s fac-
torisation of connected graphs provides a description of all chord diagrams with a

given interlace graph.

Theorem 3.17 (Realising chordiagraphs). A connected chordiagraph, either prime
or degenerate, is the interlace graph of a unique chord diagram up to orientation

reversal.

Proof. The proof is easy for degenerate graphs and the chord diagrams are depicted
in Figure 18.

For prime graphs we refer to [3, Statement 4.4], as well as [4, Theorem 5] providing
the first algorithm of polynomial (space-time) complexity which given a graph,
determines if it is prime and a chordiagraph, and when so computes the unique

corresponding chord diagram. O

$od MTH M E

Figure 18: Chord diagrams associated to degenerate graphs.

Corollary 3.18 (Cunningham’s factorisation & Bouchet’s realisation). Let G be a

connected graph. The chord diagrams with interlace graph G are obtained as follows.

1. Compute the Cunningham decomposition (T, G,) of G; for every factor G,, check
if it is a chordiagraph, and if so compute its unique unoriented chord diagram
([4, Theorem 5]).
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2. Compose the chord diagrams according to the tree T by inserting chord dia-
grams in the place of chords (Figure 15) in all possible ways (at most 4“~! choices

where k = Card(nodes of T)).

In particular, two (unoriented) chord diagrams have the same interlace graphs if

and only if they are related by a sequence of mutations.

3.3 Unique factorisation of filoops into spheric and toric sums

Aloopy: S' % F, based at a framed self-intersection c¢; where j € {0, o0}, or equiva-
lently pointed at a smooth point c;.f just after c;, corresponds to a linear framed chord

diagram C = Ac,/;Bc;.

Definition 3.19 (spheric sum). Consider loopsa: S! & F,and §: S! Fg based at
framed self-intersections a; and b; where i, j € {0, co}, corresponding to the linear
framed chord diagrams A = Uqa,;Vq; and B = Xb;,;Yb;. Choose discs D, C F, and
Dg C Fj intersecting the images of « and g along intervals just after the points a(a;)
and §(b;) in direction of a(a;) and E(b i)

The spheric sumy = a ® 8 is the based loop obtained from (F, \ D) U (Fz \ Dg) by
identifying its oriented boundary components so as to match the cooriented pairs
of points @ n 6D, and 8 N dD,. It corresponds to the framed linear chord diagram

C=AB = Ual/lValel/JYbJ

P ZON O Z PN

Figure 19: The (i, j)-spheric sums of loops for all (i, j) € {0, c0}>.

Remark 3.20 (Genus). A spheric-sum of pointed filoops « and $ has g(a ® ) =
g(a) + g(B).
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Corollary 3.21 (Spheric-sum factorisation). A filoop admits a unique spheric-sum
factorisation into filoops with connected interlace graphs: it has the structure of a
plane tree, which can be read off its chord diagram, whose vertices correspond to

the connected components of its interlace graph.

Proof. The spheric-sum of linear framed chord diagrams descends to linear chord
diagrams as in 3.13. Hence a filoop is a non-trivial spheric-sum if and only if its

interlace graph is disconnected. O

Definition 3.22 (Plumbing). Consider a pair of filoops a: S' & F, and g: S' & F;
based at self-intersections a and b, corresponding to framed rooted chord diagrams
a,UayV and b Xb,Y.

Their plumbing is the filoop « < g defined by the framed chord diagram UX~'V-1y,
whose topological construction is depicted in Figure 20.

It is obtained by removing disc-neighbourhoods of the based points D, c F, and
Dy, C Fg and attaching the boundary components of (F, \ D,) U (Fg \ Dg) by a cylinder
which contains two non-intersecting segments connecting the pairs of endpoints

(andDy) L (B NADg).

/\ ,/\
\
a Ao \ ¥y S
RARS
/ X—l\
>
‘x\\ ”1 ‘\\\”¢
A
[ | L1
ViU Viiu
hA hA
Az’, \‘~ Az’, \‘~

Figure 20: Based filoops «, 8 and their plumbing « =< . (The dotted lines may have

intersections.)
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Definition 3.23 (Smoothing, Trivial, Essential). The plumbing of framed rooted chord

diagrams A = a,,Ua,V and B = b Xb,Y will be called:

smoothing « at a when XY has 0 chords, and denoted « < a
trivial when UV or XY has 1 chord

essential when the roots a and b have > 1 interlaced neighbours.

Note that a non-essential plumbing can be expressed using (one or two) spheric sums,

and conversely a spheric sum can be expressed with a non-essential plumbing.

Remark 3.24 (Genus). An essential plumbing of based filoops « and 8 has g(a < ) =
g(a) + g(B).

Lemma 3.25 (Plumbing interlace graphs). Consider a pair (4, a) and (B, b) of (framed)
rooted chord diagrams, whose interlace graphs (G4, a) and (Gg, b) have rooted GLTs
(T 4,a) and (I, b).

The smoothing y =< a has interlace graphs G, =< a = (G4 * a) \ a. Its GLTs are
obtained by complementing the rooted GLTs (7 4, a) and deleting the root.

The plumbing « =< 8 has interlace graph (G4, a) < (Gg,b) = (G4 < a,N(a)) X (Gg =
b, N(b)). Its GLTs are obtained by complementing the rooted GLTs (J 4, a) and (7, b)
and grafting the results along their roots (or composing them into a rooted tripod

(K3,c) and deleting the root).

Proposition 3.26 (Plumbing and splits). Consider a filoop y with a connected interlace
graph G.
The filoop y is a non-trivial essential skew-plumbing if and only if G admits a

split.

Proof. If y is a skew plumbing of « and g, then a GLT for its interlace graphs is
obtained from the rooted GLTs of « and § by complementing and grafting them at
the roots. By Lemma 3.9, local complementation preserves the trees, the grafting

yields a split of a connected graph provided the skew plumbing is essential.

Arnold Mathematical Journal, Vol.12(3), 2026 83


http://dx.doi.org/10.56994/ARMJ

Christopher-Lloyd Simon

Conversely if G has a split, then by Corollary 3.18 the chord diagram C associated
to y is of the form UXVY where UV and XY are sub-chord diagrams having > 2
chords, with chords between U&V and between X&Y (by definition of a split for
the connected graph G). Hence the framed chord diagram C,, is a skew-plumbing of

a,UagV~!and b, X~1h,Y. O

Theorem 3.27 (Plumbing factorisation). Consider a filoop y with a connected inter-

lace graph G.

A split factorisation of G into a graph-labelled-tree (T, G,) yields an essential-

plumbing factorisation of y into a filoop-labelled-tree (T, y,).

The interlace graph of y, is the local-complement of G, at all its vertices in any
order, which will prescribe the order in which one must perform the plumbings

associated to its incident tree-edges.

The genus of y is the sum of genera of the y,.

Corollary 3.28 (Mutations). Consider a filoop y. For a plumbing factorisation y =
a =< B which is neither smoothing nor trivial, we define its mutations as the filoops

axp,a < p,a < B obtained by inverting the orientation and framing of « or .

The mutation is called essential or non-essential in accordance with the plumbing
factorisation. Its non-essential mutations are given by the edges in its spheric-sum
factorisation tree. Its essential mutations are given by the edges of the trees appearing

in its essential-plumbing factorisation.
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4 Generating grammars for Gaussian graphs and spher-

iloops

4.1 Spheriloops with a prescribed interlace graph

Let us combine Corollary 3.18 and 2.24 to describe all spheriloops corresponding to

a given connected Gaussian chordiagraph.

Corollary 4.1. Consider a connected Gaussian chordiagraph G. The set of spheriloops

whose chord diagrams have interlace graph G are obtained as follows.

1. Compute the Cunningham decomposition (T, G,) of G, and realise every (prime

or degenerate) factor by a (unique) unoriented chord diagram.

2. Compose the chord diagrams according to the tree T in all possible ways (at

most 41 choices where k is the number of internal nodes of the tree).

3. Compute the two framings of genus 0, by integrating the Rosenstiehl form as in
Corollary 2.24

4. Construct the loop from the framed chord diagram as in Proposition 2.3.

In particular, if a connected Gaussian chordiagraph is prime or degenerate, then

it corresponds to a unique loop in the sphere up to homeomorphism.

Remark 4.2 (Minimal genus framings of bicolourable graphs). We may apply the
algorithm in Corollary 4.1 to a connected chordiagraph G satisfying only (EN1), and
adapt step 3 using 2.19 to find all (bicolourable) loops of minimal genus with interlace
graph G. The step 3 would then consist in computing the rank of all matrices r + ¢ for

¢ ranging among colouring forms of the graph.

Example 4.3 (From Gaussian chordiagraphs to spheriloops). The images 21 and 2

show connected Gaussian graphs (which one may construct dynamically according
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to Theorem 4.10), and their reduced GLT decompositions (one may automatise this

following Remark 3.5).

The vertices of the accessibility graphs have been coloured by integrating the
Rosenstiehl cocycle, and this colouring is used to find the framing of the chord

diagram at the next step.

The images 22 and 1 show their essentially unique associated framed chord
diagrams computed as in Corollary 4.1, and the corresponding spheriloops drawn

according to Proposition 2.3.

Figure 22: The unique framed chord diagram and its corresponding spheriloop.
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4.2 The generating grammar of Gaussian graphs

Definition 4.4 (Weights). Consider a graph-labelled-tree 77 = (T, G,), and let us assign
weights to the vertices of its factors G,, whose values will mostly import mod2.

A leaf v of T is immediately accessible from a vertex u of the factor G,, when
for every node x; of the injective sequence x,, ..., x; € V; joining x, to v = x4, the
vertices of G,, mapped by p,, towards x;_; and x;,; are connected (we immediately
leave G,, through the edge p, (u) = (x9, x1)).

The weight of the vertex u in G, is the number of leaves in T immediately acces-

sible from u.

Definition 4.5 (Weighted Rosenstiehl). We define the weighted conditions EN1, EN2
and RC.

Consider a simple graph e: V xV — {0,1} with a diagonal matrixw: VXV — Z
of weights (Whose entries will mostly import mod2). For U c V denote w(U) =
> lu € U] w(u).

We re-define the symmetric bilinear formr: V3 xV; -» Zast = e+ewe so that:
Vx,y € Vg, t(x,y) =e(x,y)+w(N(x) N N(y))

and the conditions EN2, RC remain the same as in Definition 2.6, whereas EN1
becomes:

VxeVs: wx)=1= e*(x,x)=0

where the equality w(x) = 1 is to hold in the working domain (namely Z or Z mod 2).
A graph satisfying the Z/2-weighted conditions EN2, RC will be called CL2.
A CL2 graph satisfying the Z-weighted condition EN1 will be called CL2L1.

Example 4.6 (Decorations). In the figures of example 4.3, the factors labelling the
nodes of the trees have decorated vertices and edges according to Definitions 4.4
and 4.5.
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Remark 4.7 (Algebraic variety of CL2-graphs). Let us work over the field Z/2. The
vector space WE&(n) of weighted simple graphs (iv, ¢) on n vertices is a vector space
of dimension n + (}) = (”;1) containing the algebraic subset ¢£,(n) of CL2 graphs
described by the equations (EN2), (RC).

The projection W&(n) — &(n) restricts to a linear fibration €£,(n) — £(n). Indeed,
for a fixed graph e, the EN2 conditions yield (’;) — Card(E) linear equations in w, and
the RC conditions yield b; = dim H,(G) linear equations in w. Since b, = by+Card(E)—n,
this is a total of (";1) + by equations, which may share many relations depending on
e.

As in Remark 2.25, for fixed weights w, condition EN2 yields (Z’) singular cubic
equations in e, the condition RC yields ZZ (’;)(k — 1)! < 2n""! polynomial equations e

of degree < n + 2.

Example 4.8 (CL2 graphs). Let us determine the CL2 weightings on various graphs.

On a graph with no edges, all weightings are CL2. This applies in particular a
single vertex K;.

On a tree, the CL2 weightings are those assigning weight 0 to all internal nodes.
This applies in particular to the edge K,, and the star S ,.

On the complete graph K, with n > 2 vertices, the CL2 weightings w are those for
which the total weight W = ) w(x) is = 1. Indeed we have t(x ~ y) = W—w(x)—w(y)+1
and its integral along a cycle is = (W + 1) x len(cycle). This applies in particular to the
3-cycle K.

A cycle of length n > 3 admits a CL2 weighting only when » is even, in which case
w = 0. Indeed a CL2 weighting must assign weight 0 to all vertices by EN2, whence
r(x ~ y) =1 so we must have n = 0 by RC.

On a bipartite graph (namely whose cycles have even length), the weighting w = 0
satisfies CL2.

The house graph and the gem graph do not admit any CL2 weightings. The domino
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graph, which is bipartite, admits a unique CL2 weighting, namely w = 0.
Among the graphs in Figure 17 characterising the (non) chordiagraphs, only the

bipartite one admits a CL2 weighting and it is unique, namely w = 0.
Proposition 4.9. Consider a GLT factorisation (T, G,) of a connected graph G.
G satisfies EN1 if and only if all the Z-weighted-factors G, satisfy EN1.
G satisfies EN2 if and only if all the 7 /2-weighted-factors G, satisfy EN2.
G satisfies RC if and only if all the Z/2-weighted-factors G, satisfy RC.

Consequently if G is bicolourable, then it is Gaussian if and only if all factors G, are

CL2.

Proof. Firstrecall from Lemma 3.10 that G is connected if and only if every factor G,
is connected, and that every factor G, appears among the induced subgraphs of G.

Now consider two leaves of (T,G,). They are connected by a unique geodesic
x1,..., X;, Which singles out a pair of vertices u;,v; in each graph G, decorating its
nodes x;.

Suppose that the two leaves are disconnected. If there is more than one disconnect-
ing node then they have no common neighbours. If there is a unique disconnecting
node x;, then their common neighbours are the leaves immediately accessible from
the common neighbours of the vertices u;,v; in ij, and their cardinal is r;(u jsUj)-
This proves the claim for the condition EN2.

Suppose that the leaves are connected. Their common neighbours are the disjoint
union over the nodes x; along the geodesic that connects them of the leaves that
are immediately accessible from the common neighbours of the vertices u;, v i in ij,
and their cardinal is Z}. t;(uj,v)).

Finally consider a cycle of the accessibility graph G, and observe that in the GLT

it decomposes as a connected sum of local cycles in the graphs G, . The condition RC
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for the global cycle in G is thus equivalent to the sum of the conditions RC for the

local cycles in the weighted graphs G, . O

The following theorem, which is a Corollary of 3.3 and 4.9, says that connected
Gaussian graphs form a language generated by an arborescent grammar which is

context-sensitive and unambiguous:

o,o non-terminal symbols are leaves in CL2-weighted (prime or degenerate) graphs,
o — o branching rules are constrained by matching weights and internal degrees,

« —« terminal symbols are (prime or degenerate) CL2L1-weighted graphs.

Moreover this generation is unique when all primitive and terminal graphs are

prime or degenerate.

Theorem 4.10 (Grammatical generation of Gaussian GLT). The following dynamical

generation algorithm yields all and only connected Gaussian graphs:

Atoms For every (prime or degenerate) graph G, compute its CL2-weightings mod2

and construct a weighted GLT whose tree has only one node decorated by G.

Bonds Choose weighted GLT A and B from those already constructed with leaves f,
and f, connected to control vertices u, € A, and u, € B, such that the weight
of u, is equal to the degree of f;, and the weight of f, is equal to the degree of
up,, and form the grafting C = K,((A4, fo), (B, fb))-

Molecules Among the weighted GLT so constructed, those for which all leaves are con-

nected to control vertices of odd weight and even degree are Gaussian.

When restricting to prime and degenerate graphs in the first step, every Gaussian
graph is generated only once (possibly up to automorphisms depending on the

implementation).
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Remark 4.11 (Generating spheriloops). Adapting the first step in algorithm 4.10 by
restricting to chordiagraphs (using Bouchet’s algorithmic description [4]), yields all
Gaussian chordiagraphs.

Combining this with Corollary 4.1 yields all spheriloops.

Corollary 4.12 (Constructing Gaussian graphs). The following construction yields a

GLT factorisation of a Gaussian graph from any CL2-weighted graph.

1. Choose a graph G, with a CL2 weighting and construct a graph-labelled-tree

whose tree has only one node and is decorated by G,

2. For every leaf connected to a vertex of even weight, compute the total weight
of its neighbours: if it is odd then attach a clique K; and if it is even then attach

a star S; , by its center.

If G, has n vertices and the CL2-weighting has k even weights then the result has
n + 2K vertices.

If G, is already Gaussian then we recover the graph G, so all Gaussian graphs
appear trivially from this construction. However if we impose G, to be prime then
only the prime Gaussian graphs appear in this way.

One may apply this procedure to families of graphs G, with CL2-weightings having
even weights (such as trees or bipartite graphs), to construct families of genuine

Gaussian graphs.

Example 4.13 (Smallest Gaussian non-chordiag graph). Consider the graph ({c}, {c}) X
(C3,Ce) in the middle of Figure 17, which cannot appear as an induced subgraph of a
chordiagraph.

Itis bipartite so the constant = 0 weighting is Gaussian, and the previous algorithm

yields a graph on 14 vertices which is Gaussian, but not a chordiagraph.
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V\‘

Figure 23: The smallest Gaussian non-chordiag graph

4.3 Smoothing and plumbing Gaussian graphs

Definition 4.14 (Smoothing graphs). For a graph G, its smoothing atv € V5 is G <
v=(G=xv)\v.

We know that Gaussian chordiagraphs are stable under smoothings. We now

show that all Gaussian graphs are stable under smoothings.
Figure 24: Smoothing a loop at an intersection, smoothing a graph at a vertex

Definition 4.15 (Relative evenness properties). Consider a simple graph G with
adjacency matrix ¢ and Rosenstiehl form r = e+e?, so that Vx,y € V; we have
r(x,y) = e(x,y) + Card N(x) n N(y). The restriction of r to the edges E; defines the
Rosenstiehl cocycle r € Z1(G; Z2/2).

We say that graph G satisfies the property:

EN1 atv € V; when (v, v) =
EN1 on W c V; when Vv € W we have t(v,v) = 0.
EN2 at v when Vx € Vs, we have e¢(v,x) =0 = r(v,x) =

Arnold Mathematical Journal, Vol.12(3), 2026 92


http://dx.doi.org/10.56994/ARMJ

EN2 onW C Vé when V(x,y) € W with x # y, we have ¢(x,y) =0 = t(x,y) =0.
RC atv € V; when Vx,y € Ng(v), we have e(x,y) #0 = r(x,y) = r(v,x) + t(y, v).

RC relative to W c V; when the integral of r vanishes along paths (x, ..., x;) € VIGJrl

with Hll e(x;_1, x;) # 0 and either x, = x; or else x,, x; € W and t(x,, x;) = 0.

(Note that if U ¢ W then RC relative to W implies RC relative to U.)

Lemma 4.16. Consider a graph G with a vertexv € V, and let G’ = (G * v) \ v be its
smoothing.
If G is Gaussian then G’ is Gaussian and furthermore satisfies RC relative to Ng(v).
If G’ is Gaussian and satisfies RC relative to Ns(v) then G is Gaussian provided it
satisfies EN1 and RC at v as well as EN2 on {v} U N5 (v).

More precisely:
1. If G satisfies EN1 at v, then G satisfies EN1 if and only if G’ satisfies EN1.

2. If G satisfies RC at v, then G satisfies EN2 implies G’ satisfies EN2.

If G satisfies EN2 on {v} U N;(v), then G’ satisfies EN2 implies G satisfies EN2.

3. If G satisfies EN2 on {v} U Ng(v), then G satisfies RC implies G’ satisfies RC.

If G satisfies EN2 on {v} U N;(v) and RC at v, then G’ satisfies RC relative to N;(v)
implies G satisfies RC.

Proof. We may assume G to be connected by restricting it to the connected component
of v.

1. Suppose G satisfies EN1 at v and let x € V.

If x ¢ N;(v) then Ng/(x) = Ng(x).

If x € Ng(v) then Ng/(x) = (Ng(x) \ {v}) A (Ng(v) \ {x}) = Ng(x) /\ {x,v} /A Ng(v) so
by additivity of the cardinal modulo 2 we have Card Ng/(x) = Card Ng(x).

2. Suppose G satisfies EN2 at v and RC at v. Let x,y € V4 be distinct.
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If x,y & Ng(v) then e(x, y) = ¢/(x,y) and Ng:/(x) N Ng/(y) = Ng(x) N Ng(p).

If x € Ng(v) and y & Ng(v) then on the one hand ¢/(x, y) = e(x,y) and on the other
hand, using the previous computations and the distributivity of n over /\, we find
that:

Ng/(x) N Noi(y) = (Ng(x) A {x,0} A Ng(0)) N No(»)

= (NG(x) N NG(.V)) A ({x, vin NG()’)) A (NG(U) N NG(J’))

so in this case t/(x,y) — ¢/(x,y) = t(x,y) + (v, y), and as G satisfies EN2 at v we have:

t'(x,y) — ¢/ (x,y) = t(x, ).

In particular, if ¢/(x, y) = e(x,y) = 0 then v/(x,y) = t(x,y) = 0, proving the second point
on (x,y). However, if ¢/(x,y) = e(x,y) = 1 then v'(x,y) = 1 + t(x, y) and this will serve
later to prove 3.

If x,y € N;(v), then on the one hand ¢/(x,y) = 1 — e(x,y) and on the other hand

we compute:

Ng(x)NNg(y) = ((Ng(x) \ {v) A (N \ {xD) n (N \ {v) A (Ng() \ (D)
= (Ng(x) N N \ {v}) A (Ng(@) \ {x} N Ns() \ {})
A (NG(X) NNg@) \ {y}) A (NG(J’) NNg@) \ {x})

sot/(x,y) —e'(x,y) = (x(x,y) —e(x,y) — 1) + (x(x,v) —e(x,v) — 1) + ((y,v) — e(y,v) — 1)
whereby:

'(x,y) = (v, x) + t(x,y) + t(y,0).
Thus when ¢/(x,y) = 1 —e(x,y) = 0, as G satisfies RC at v we have t(v, x) + t(x,y) +
t(y,v) = 0, whence t/(x,y) = 0, and this concludes the proof of 2.

However when ¢/(x,y) = 1 — e(x,y) = 1, if G satisfies EN2 on {v} U N;(v) then

r(x,y) = 0, whereby t/(x,y) = r(x,v) + (v, y), and this will serve to prove 3.
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3. Suppose G satisfies EN2 on {v} U Ng(v) and RC at v (so all previous calculations
hold).

Consider a relative cycle y’ € Z,(G’, N4(v)), represented as a sequence x, ..., x; €
Vgl with Hll ¢/(x;_1,x;) = 1, and either x, = x; or else x,, x; € Ng(v) and r(x,, x;) = 0.
We construct a cycle y € Z,(G) obtained from y’ by replacing every segment (x;_;, x;) €
Ng(v)? with the segment (x;_;, v, x;), and appending v if x, # x;.

Let us show v/(¥') = v(y). If x,y € ¥’ avoid Ng(v) then r(x,y) = t/(x,y). The edges
(x,y) of ¥/ with exactly one endpoint in N;(v) are in even number, and they all satisfy
t/(x,y) = 1+ r(x,y). If x,y € ¥y’ are both in Ng;(v) then t/(x,y) = r(x,v) + t(v,y). The
first statement in 3 is proven.

Note that the inverse map y ~— y’, obtained by deleting all appearances of v, is
well-defined (only) for cycles in which every occurrence of v appears between x,y
with e(x,y) = 0. Hence every cycle in Z,(G; Z/2) is homologous to a sum of cycles
in Z,({v} U Ng(v); Z/2) and relative cycles in Z,(G’, Ng(V)) whose endpoints are not

connected in G'. The converse statement in 3 follows. O

Remark 4.17 (Komposition). For framed rooted chord diagrams a = a,Uaq,V and
B = b, Xb,Y, we define their komposition as the framed rooted chord diagram o /\ S =
cUXcoVY. The interlace graph of a komposition is the komposition of interlace
graphs (defined in 3.6).

The topological construction for the corresponding based filoops is depicted in
Figure 25. The genus is additive under komposition, so Gaussian chordiagraphs are
stable under komposition.

This operation was defined in [17] to construct an operad on spheriloops.

Corollary 4.18. If (G4, a) and (Gg, b) are Gaussian then so is (G4, a) /\ (G, b).
If (G4, a) /\(Gg, b) is Gaussian then Card N 4(a) and Card Nz(b) have the same parity,

and if it is even then (G4, a) and (Gg, b) are Gaussian.
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Figure 25: Based filoops « and 3, and their komposition a A\ B.

Proof. Assume (G4, a) and (Gg, b) are Gaussian and let (G¢,¢) = (G4, a) /\ (Gg,b). By
Lemma 4.16, the smoothings (G4 = a) \ a and (G * b) \ b are Gaussian and satisfy
RC relative to N4(a) and Ngz(b). Hence the smoothing G’C = (Ge *c)\c = (G4 =
a) \ a) U ((Gg = b) \ b) is Gaussian and satisfies RC relative to N-(c) = N4(a) U Ng(b).
Moreover Card Nq(c) = Card N4(a) + Card Ng(b) is even (by EN1 for G, and Gg), so G¢
satisfies EN1 at c. We show that G satisfies EN2 on ¢ UNg(c) = c UN4(a) U Ng(b): for
x,y € Ny(a) we have ro(x,y) = r4(x,y) (because Ng(b) is even) and for x,y € Ng(b)
we have rq(x,y) = rz(x,y) (because N4(a) is even), and that is all we must check (as
all other pairs of distinct vertices in ¢ U Nq(c) are connected). We finally show that
Gc satisfies RC at c: this follows from the corresponding property for G, at a and
for G at b, while for x € N,(a) and y € Ny(b) we have by construction v-(x,y) — 1=
(ta(x,a) — 1) + (xg(b,y) — 1) + 1 but also r-(x,c) = r4(x,a) and tgz(b,y) = r(c,y), hence
re(x,y) = ve(x,c) + ro(c,y) as desired. Thus Lemma 4.16 implies that G is Gaussian.

If (Gg,¢) = (Gy,a) /\ (Gg,b) is Gaussian then its GLT factorisations satisfy the
weighted Gaussian conditions in Proposition 4.9. Consider a (possibly non-reduced)
GLT factorisation of (G, ¢) in which we may identify GLT factorisations of (G4, a) and
(G, b) composed into a rooted triangle.

The vertices of the triangle have weights 1, Card N4(a), Card N(b), so the Gaussian
hypothesis implies that Card N4(a) = Card Nz(b) mod 2. The weights of the vertices
in the factors of G, are obtained from those of G, and Gy by adding Card Nz(b) to
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the vertices directly accessible from a in the GLT of G4 and Card N4(a) to the vertices
directly accessible from b in the GLT of Gg.
Consequently if these cardinals are even, the GLT factorisations of (G4, a) and

(Gg, b) satisfy the weighted Gaussian conditions in Proposition 4.9. O

Question 4.19 (Converse). For the converse, the assumption that Card N,(a) =
Card Ng(b) is even cannot, in general, be lifted. Indeed K,, /\ K,, = Kj;n+n> DUt @
clique is Gaussian if and only if it has an odd number of vertices. Can one find a
reduced counterexample?

Can one find graphs (G4, a) and (Gg, b) such that (G4, a) /\ (Gg, b) is Gaussian but

such that Card N4(a) = Card Nz(b) is odd? Can one find a reduced counterexample?

Question 4.20 (Plumbing Gaussian graphs). We showed that Gaussian graphs are
stable under smoothing and komposition, both of which can be constructed from
plumbings.

We know that Gaussian chordiagraphs are stable under plumbing, and by The-
orem 3.27 that they admit unique reduced factorisations into plumbings of CL2-
chordiagraphs. However it is not clear how to use Proposition 4.9 to show that all

Gaussian graphs stable under plumbing: are they?
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