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ABSTRACT. A linear differential operator T = Q(z)d% + P(z) with polynomial
coefficients defines a continuous family of Hutchinson operators when acting
on the space of positive powers of linear forms. In this context, T" has a
unique minimal Hutchinson-invariant set M, g g in the complex plane. Using a
geometric interpretation of its boundary in terms of envelops of certain families
of rays, we subdivide this boundary into local and global arcs (the former being
portions of integral curves of the rational vector field %82), and singular
points of different types which we classify below.

The latter decomposition of the boundary of Mg g is largely determined
by its intersection with the plane algebraic curve formed by the inflection
points of trajectories of the field %(%, ‘We provide an upper bound for the
number of local arcs in terms of degrees of P and Q. As an application of our
classification, we obtain a number of global geometric properties of minimal
Hutchinson-invariant sets.
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1. INTRODUCTION

Given a linear differential operator

T = Q(z)% + P(2) (1.1)

where P, Q are polynomials that are not identically vanishing, we say that a closed
subset S C C is continuously Hutchinson invariant for T (Topg-invariant set for
short) if for any v € S and any arbitrary non-negative number ¢, the image T'(f)
of the function f(z) = (z — u)’ either has all roots in S or vanishes identically. In
[AHN=24], we have initiated the study of general topological properties of T -
invariant sets.

The main motivation for the present study that it covers an interesting and
manageable special case of a more general inverse Pélya-Schur problem introduced
in [ABS]. For the convenience of our readers, let us briefly recall what the Pélya—
Schur problem/theory and its inverse are, see [CsCrl [ABS].

The main question of the classical Pélya—Schur theory can be formulated as
follows.

Problem 1.1. Given a subset S C C of the complex plane, describe the semigroup
of all linear operators T : C[z] — C|[z] sending any polynomial with roots in S to a
polynomial with roots in S (or to 0).

Definition 1.2. If an operator T" has the latter property, then we say that S is a
T-invariant set, or that T preserves S.

So far Problem has only been solved for the circular domains (i.e., images
of the unit disk under Mébius transformations), their boundaries [BB], and more
recently for strips [BCh|. Even a very similar case of the unit interval is still open at
present. It seems that for a somewhat general class of subsets S C C, Problem [I]]
is currently out of reach of all existing methods.

In [ABS], the following inverse problem in the Pélya—Schur theory which seems
both natural and more accessible than Problem has been proposed.

Problem 1.3. Given a linear operator T' : C[z] — C[z], characterize all closed
T-invariant subsets of the complex plane. Alternatively, find a sufficiently large
class of T-invariant sets.
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Paper [ABS] concentrates on the fundamental case when T is a linear finite order
differential operator with polynomial coefficients and shows that under some weak
assumptions on these coefficients, there exists a unique minimal T-invariant set
(and its analogs when T acts on polynomials of degree greater than or equal to a
given positive integer n). Many basic properties of T-invariant sets such as their
convexity, compactness etc are discussed in [ABS] as well as the delicate connection
of Problem to the classical complex dynamics.

However effective criteria characterizing T-invariant sets and explicit description
of the minimal T-invariant set in somewhat interesting cases are currently missing
which motivated the consideration in [AHN=+24] of the action of T on integer and
positive powers of linear forms. This situation is still quite interesting and appears
to be more tractable.

In particular, the following results have been obtained in [AHN+24]:

e provided that either P or () is not a constant polynomial, there is a unique
minimal continuously Hutchinson invariant set ML, for a given operator
T (in what follows we will always assume that this condition is satisfied);

e the only T py-invariant set is the whole C unless |deg @ — deg P| < 1;

e a complete characterization of operators T for which Mg 7 has an empty
interior has been obtained (see Section for details).

In this paper, we will focus on operators whose minimal set Mg p has a nonempty
interior.

Definition 1.4. For an operator T' given by (L.1) with P and @ not vanishing
identically, at each point z such that PQ(z) # 0, we define the associated ray r(z)

as the half-line {z + tggzg |t e R}

Remarkably, Tog-invariant sets (and, in particular, the minimal one) can be
characterized in terms of associated rays.

Theorem 1.5 (Theorem 3.18 in [AHN+24]). A closed subset S C C is Tcp-
invariant if and only if it satisfies the following two conditions:

(1) S contains the roots of the polynomials P and Q;
(2) for any point z ¢ S, the associated ray r(z) is disjoint from S.

1.1. Main results. In the present paper, using Theorem [I.5] we provide a qualita-
tive description of the boundary of minimal continuously Hutchinson invariant sets,
including an exhaustive typology of its singular points. Our classification mainly
depends on the intersection of the boundary OMZ,, with the curve of inflections

Jg of the field R(2)0, = ggzgaz.

Definition 1.6. The curve of inflections Jr of the vector field R(z)0, is defined
as the closure of the set of points satisfying Im(R') = 0, see [AHN+-24]. It is a real
plane algebraic curve of degree at most d = 3deg P + deg @ — 1 (in this paper, we
will always have d > 3).

The curve of inflections splits the complex plane into inflection domains where
the sign of Im(R’) remains the same.

Points of ML, outside its intersection with Jp are classified with the help of
two correspondences I' and A sending the boundary OMZL ; to itself and defined as
follows:

For a given point z of the boundary OMZ ;, I'(2) is essentially the intersection
of M{,; with the integral curve of the rational field R(2)0, starting at z, where
R(z) = Q(z)/P(z). In contrast, A is the intersection of the associated ray r(z) with
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the closure of 9MZ  in the compactification C US! of the complex plane (see Sec-
tion . Formal definitions of I and A are given in Definition Qualitatively,
the boundary OMZL,; is made of two kinds of arcs:

e local arcs which are integral curves of the field R(2)d, (i.e. A(z) = 0 and
I'(2) # 0);

e global arcs at each point z of which the associated ray r(z) is tangent to
OMZL ,; elsewhere (i.e. I'(z) =0 and A(z) # 0).

Local arcs are locally strictly convex real-analytic arcs (see Proposition [4.11)). In
contrast, global arcs (formed by points of global type) can fail to be C?!.

Local arcs inherit an obvious orientation from the vector field R(z)d,. Global
arcs also have canonical orientation, but its definition requires some work (see
Section .

Local and global arcs connect special singular points of aMg g Which in most
of the cases belong to the curve of inflections. The latter decomposes into three
loci (singular, tangent and transverse), each determining its own variety of singular
points.

Definition 1.7. The curve of inflections Jg of the field R(z)9, decomposes into:
e the singular locus & formed by the points where several branches of Jgr
intersect;
e the tangency locus Tr formed by the non-singular points where the field
R(%)0, is tangent to Jg;
o transverse locus J}, formed by the non-singular points of Jp where the field
R(2)0, is transverse to Jg.

The singular and the tangency loci are given by algebraic conditions. Therefore
their intersection with 8Mg g is controlled in terms of deg P and deg(. On the
contrary, many points of the boundary can belong to the transverse locus J5. We
refine the definition of the correspondence A according to the value of % (which,
by definition, is a positive number).

Definition 1.8. We define A(z) = (r(2) \ {z}) N M&L,, where r(z),M},, are
closures of r(z), M%; in the compactification C US! of C, respectively.

For any z € Jr \ Z(PQ), we have A(z) = A~ (2) UA%(2) U AT (z) where u €
A(z) N C belongs to:

o A (2)if R/(z) < — 2.

i

—

3

o A%z)if R/(z) = -2
o At(2)if R/(z) > -2
and u € A(z) N'S! belongs to
e A~ (2)if R'(2) <0;
o A%2)if R'(2) =0
e AT(z)if R'(z) > 0.
In particular, if R'(z) > 0, then A~ (z) = 0.

o)
N

b

<
LSRN
—

-

The main result of the present paper is a classification of boundary points of
minimal continuously Hutchinson sets.

Theorem 1.9. For any linear differential operator T given by (L.1)), any point
z of the boundary OMZLy; of its minimal Tcg-invariant set belongs to one of the
following types:

e roots of polynomials P and Q (at most deg P 4+ deg Q of them);

e singular points of the curve of inflections (at most 2d of them);
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e tangency points between the curve of inflections and the field R(2)9,:

— straight segments, half-lines and lines (contained in at most deg P +
deg Q + 1 lines);

— at most 2d? isolated points;

e points of the transverse locus J% belonging to one of the four subclasses:
— bouncing type: At (2) #0 and T U A~ (z) # 0;
— switch type: AT(2) £ 0 and T'(2) UA™(2) = 0;
— Cl-inflection type: AT(2) =0, A=(2) #0 and I'(z) = 0;
— CZ%inflection type: A% (2) = 0 and either A= (2) =0 or T'(2) # 0.

e points not on the curve of inflections belonging to one of the three subclasses:
— local type: T'(z) # 0 and A(z) = 0;
— global type: T'(z) = 0 and A(2) # 0;
— extruding type: I'(z) # 0 and A(z) # 0.

Here, d =3deg P+ deg@Q — 1.

There can be many singular points of bouncing, extruding, C'-inflection, C2-
inflection and switch types (we do not have a polynomial bound of their number in
terms of deg P and deg@). An extensive description of their geometric features is
given below:

e at points of extruding type, the boundary of OME, is not convex and it
switches from a global to a local arc (see Section and Fig. [1));

e at points of bouncing type, ML ; hits the curve of inflections, but does not
cross it. In a neighborhood of such a point, the boundary aMg p Temains
in the closure of the same inflection domain (see Section and Fig. [1));

e at points of switch type, OML p; is strictly convex, crosses the curve of inflec-
tions and the boundary switches from a local to a global arc (see Section
and Fig. [1));

e at points of C'-inflection type, 81\/[5 g7 crosses the curve of inflections and it
switches from a global to another global arc having the opposite orientation.
At such a point the curvature of OML,; is discontinuous (see Section
and Fig. ;

e at points of C2-inflection type, 8Mg g crosses the curve of inflections and
the boundary switches from a global arc to a local arc. Besides, the curva-
ture of OML; is continuous at such a point (see Section and Fig. .

Our second main result is an upper bound on the number of points of C!-
inflection, C2-inflection and switch type in terms of d = 3deg P + deg Q — 1.

Theorem 1.10. For any operator T given by , the numbers of points of switch,
C*-inflection and C*-inflection type (respectively |S|, |Z1| and |Z2|) in OML,; satisfy
the following bounds:

|S| < 616clln(cl) +46d3;

AT | + |T2| < et 4 4643,

Corollary 1.11. For any operator T given by (1.1), the boundary 8MgH of the
minimal set contains at most d'5¢ + d(2d + 1) local arcs.

In the last section of the paper, we deduce many results about the global geom-
etry of minimal sets from the classification of boundary points. In several cases, an
exact description can be given in terms of local and global arcs. In particular, we
can prove that in generic case, the minimal T g-invariant set is connected in C.

Theorem 1.12. For any linear differential operator T given by (1.1)), the minimal
continuously Hutchinson invariant set MLy is a connected subset of C with the
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FiGURE 1. Top row from the left: Extruding type, Switch type.
Bottom row from the left: C'-inflection type, C?-inflection type,
Bouncing type. In the pictures, blue arcs are global arcs, red arcs
are local arcs and the black arc is a germ of the curve of inflections.
The pointed arrow is the associated ray indicating the support
points, when applicable.

possible exception of the case when R(z) is of the form X+ £ +o(z~1) with X € C*
and p/X € R.

In this later case, (unless both P and @ are constants and then there is no
reasonable notion of a minimal set), ML, is formed by at most %degP + %degQ
connected components.

1.2. Organization of the paper.

In Section [2] we provide the basic background information on Hutchinson
invariant sets developed in [AHN=24], including the results about their
asymptotic geometry.

In Section [3] we describe the local geometry around singular points of the
vector field R(z)0, in terms of their local degree and principal value. We
also describe the main properties of the curve of inflections defined by the
equation Im(R') = 0 and we also introduce the notion of horns.

In Section [d we describe boundary points in the complement to the curve
of inflections, introducing I'— and A— correspondences.

In Section |5 we classify boundary points in the generic locus of the curve
of inflections, proving Theorems and (in Sections and
respectively). Corollary is also proved in Section

In Section [6] we apply the latter results to get precise descriptions of min-
imal sets in several cases. Theorem [I.12]is proven in Section
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2. PRELIMINARY RESULTS AND BASIC PROPERTIES OF MZ
The following notation will be important throughout this text.

Notation 2.1. Given an operator T as in (L.1), we define pso,geo € C*, and
p,q € N so that
P(2) = pooz? + 0(2P);
Q(2) = gooz? + 0o(27).
Furthermore, we set A = Z—"" € C* and ¢, = arg(N).

Similarly, for any point o € C, we have R(2) = ro(z — @)™ + o(|z — a| ™) with
ro # 0 and m, € Z. We denote by ¢, the argument of r.

Remark 2.2. Observe that frequently used affine changes of the variable z are
applied to the vector field R(z)9, and not to the rational function R(z) itself.

2.1. Regularity of the minimal set. For an operator 7" as in (1.1]), its minimal
set MZ;; can be of three possible types:

e regular if M, coincides with the closure of its interior;

o fully irregular if Mg g has empty interior;

e partially irregular if M7 ;; has nonempty interior but is not regular.
Actually, irregularity is related to specific reality conditions. The characteriza-

tion of operators for which Mg g 1s fully irregular is contained in Theorem 1.15 of
[AHN+24].

Theorem 2.3. For an operator T as in , the minimal set MgH is fully irreg-
ular in the following cases:
R(z) = A for some X € C*;
R(z) = Mz — ) for some A & Reg, a € C and deg @ = 1;
R(z) = Az — ) for some X\ € Rsg, a € C and deg Q > 2;
operators satisfying the following conditions (up to an affine change of vari-
able):
— R(z) is real on R;
— roots of P and Q are real, simple and interlacing (i.e. the roots of P
and Q alternate along the real axis);
— |deg@Q —deg P| < 1;
— ifdeg@ —deg P =1, then A € Ryg.
In any other case, MgH has a nonempty interior.

In this paper, we will always assume that MZ has a nonempty interior.

Remark 2.4. If deg P+deg @ < 1, then MEH is either totally irregular or coincides
with C (see Theorem 1.15 of [AHN+24]). Therefore, our operators will always
satisfy deg P + deg @ > 2. This implies in particular that d = 3deg P + deg@Q — 1
satisfies d > 3.
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Referring to the closure of the interior of ML, as the regular locus and its
complement in M(Tj o as the irregular locus, we observe that the latter is contained
in very specific lines of the plane.

Definition 2.5. For a given rational function R(z), a line A is called R-invariant
if for any z € A such that R(z) is defined, we have z + R(z) € A.

In particular, up to an affine change of variable, we can assume A = R and thus
R(z) is a real rational function. Besides, a R-invariant line is automatically an
irreducible component of the curve of inflections Jg.

Definition 2.6. For an operator T whose minimal set ME‘H is not fully irregu-
lar, a tail is a semi-open straight segment [o, B[ in ML, satisfying the following
conditions:

the segment |, 8] belongs to an R-invariant line;
for any z €], 8], % € Ry

for any z €]a, (], 2 is disjoint from the regular locus of M%
a belongs to the regular locus of MZ ;

B e Z(PQ);

e [ is a root of the same multiplicity for both P and Q.

In particular, every tail belongs to a R-invariant line.
The following fact has been proven in Corollary 7.8 of [AHN+24].

Theorem 2.7. For an operator T whose minimal set MgH is not fully irreqular,
the irreqular locus of M&; is a (possibly empty) finite union of tails.

In particular, if P and @ have no common roots, then the minimal set of the
corresponding operator is either regular or fully irregular.

2.2. Extended complex plane. Following Theorem Teog-invariant sets are
characterized by the position of the associated rays starting in their complements.
Let us introduce a certain compactiﬁcatiorﬂ of C which comes very handy in our
considerations. We baptise it the exztended complex plane CUS' O C.

The extended complex plane C U S! is set-theoretically the disjoint union of C
and S' endowed with the topology defined by the following basis of neighborhoods:

e for a point x € C, we choose the usual open neighborhoods of z in C;

e for a direction § € S', we choose open neighborhoods of the form TUC(z,I)
where [ is an open interval of S' containing 6 and C(z, I) is an open cone
with apex z € C whose opening (i.e. the interval of directions) is I.

Definition 2.8. Given R(z) as above, let p € C be a non-singular point of R(z).
We define o(p) as the argument of R(p). We think of o(p) as a point of the circle
at infinity.

One can easily see that S! of the extended plane C U S! can be identified with
the above circle at infinity. The extended plane is compact and homeomorphic
to a closed disk. In particular, usual straight lines in C have compact closures in
CUS!. (Below we will make no distinction between a real line in C and its closure
in CUS!). Open half-planes in C US! are, by definition, connected components of
the complement to a line.

INotice that the most frequently used compactification of C is C = CP!.
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Given a Tcog-invariant set S C C, we denote by S its closure in the extended
plane C U S!.

The following result, but with a slightly different formulation, has been proved
in Lemma 4.4 of [AHN+24].

Lemma 2.9. Given an Tog-invariant set S C C, let « : [0,1] — C be such that:

o Vt€(0,1), ay € S

[ 0’(040) 7é 0'(041),‘

e o(a) is homotopic to the positive arc from o(ag) to o(ay) in the circle at
infinity via a homotopy H(t,x) : [0,1] x [0, 1] such that H(0,x¢) = o(a(0)),
H(1,z0) = o(a(1)) for all o € [0,1].

If X denotes the connected component of in CUS! containing the interval |o(ap), o (a1)|
in the complement of r(a) UaUr(ay), then X C S°.

2.3. Integral curves. Another result has been proved in Proposition A.2 of [AHN+24].

Proposition 2.10. Gien a Tcy-invariant set S C C and some point zg € S, if
there is a positively oriented integral curve v : [0,e[— C of the vector field R(z)0,
such that %im ~v(t) = 2o, then for any t € [0,¢€], y(t) € S.

—€

When referring to the proposition above, we say that the bounded backward
trajectories of R(z)0, of points in any invariant set S belongs to S.

2.4. Root trails. For any point u € C, the root trail tv, of u is the closure of
the set of points z such that the associated ray r(z) contains u. Except for the
trivial cases described in Section 3 of [AHN=+24], root trails are plane real-analytic
curves. By definition, the root trail of any point of M%; is also contained in M7 ;.
Furthermore, for any fixed u € C, we defined a t-trace (corresponding to u) as any
continuous function 7(¢) such that

QM) + (v(t) —w)P(y(#)) = 0

for all ¢ > 0. That is, any t-trace y(t) is a concatenation of parts of tr, such that
the resulting curve is continuous for any t > 0.

Lemma 2.11. Consider a linear differential operator T given by and some
point u € C. Assuming that R(z) is not of the form A(z — u), then

(i) for any point u € C and any point zy ¢ Z(PQ) such that zy € tr, and
R(z0) + (u — 20)R'(20) # 0, the root trail tv, has a unique branch passing through

20 and its tangent slope is the argument of R(ZO)JFIF;(_Z;O))R,(ZO) (mod 7).
(i) If R(zo0) + (u — 20)R'(20) = 0 and m > 2 is the smallest integer such that
R(m)(zo) £ 0, then tv, has m intersecting branches at z. Their tangent slopes are:
6o Kk
bo , kn
m  m

)

where 6y is the argument of R%fé’go) and k € Z/mZ.

Before proving Lemma we prove the next two Lemmas.

Lemma 2.12. If v(t) is smooth planar curve, ¥(0) = 29, and §(t) = G(v(t)) for
some function G holomorphic and non-vanishing at zy then the sign of the curvature
of ¥(t) at zy coincides with the sign of Im G’(0).

Indeed, then %(t) = G'(y(t)) - 4(t). By definition, the sign of the curvature of

~(t) at zo coincides with the sign of Im %h:o =Im G'(0).
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Lemma 2.13. Let F be a function holomorphic at zy with F(zy) € R and let
m = ord,, (F — F(z0)). Then the germ of Ir = {ImF = 0} at zy consists of m
smooth branches with tangent slopes %Jr%r, k € Z/mZ, where ) = — arg F("™)(z).

If m =1 and (t) is a parameterization of Ir such that F(vy(t)) = F(zo)+1t then

the sign of the curvature of ¥(t) coincides with the sign of —Im [(5,/;%]

Proof. Indeed, we have F(z) = ag + am(z — 20)™ + ..., ap € R, so the branches of
I are tangent to the m lines satisfying equation Im a,,(z — z9)™ = 0, which have
slopes as stated.

For the second claim, note that 4(t) = m, so the claim follows from
Lemma 2,12 U

Remark 2.14. Similar results hold for F' having a pole at zg by considering %

Proof of Lemma[2.11] Note that by definition
tr, = {z € C s.t. @ €R+} C {Im R(z) :0},
u—

z u—=z

and Lemma follows from the Lemma with F(z) = % and the fact that
arg R(zp) = arg(u — zo). O

Remark 2.15. The condition R(zp) + (v — z0)R'(20) = 0 means that the point u =

Z0— Rlz0) i ohtained as the the first iteration of Newton’s method of approximating
R'(20)

roots of R(z) with the starting point zp.

When u is a point at infinity in the extended plane C US', the root trail tt, of
u is the closure of the points z where the argument of R(z) coincides with w.

Lemma 2.16. Consider a linear differential operator T given by (L.1) such that
R(z) is not constant. For any point u at infinity and any point zy ¢ Z(PQ) such
that zg € tv,, provided R'(zg) # 0, the root trail tv, has a unique branch passing

through zo and its tangent slope is the argument of 11;((200)) (mod 7).

If R'(20) = 0 and m > 2 is the smallest integer such that R (zy) # 0, then tr,
has m intersecting branches at z. Their tangent slopes are:

6‘0 km
— 4+ —
m m

)

where 0y is the argument of Rﬁ"(fé)z)o) and k € Z/mZ.

Proof. In this case tt,, C {Im (R(z)/R(zp)) = 0} and the claim follows again from
Lemma O

Remark 2.17. From Lemmas and it immediately follows that if a root
trail tv, can have m > 2 branches at some point zp, then zy belongs to the curve
of inflections Jg (because R(zp) and u — zp are real colinear).

Besides, if m > 3, then R(k)(zo) =0for 2 <k <m-—1and z is a singular point
of jR.

2.4.1. Concavity of root trails.

Proposition 2.18. Let u be a point of the extended plane CUS' and zy be a point
of tv,, such that zo ¢ Z(PQ)UJg and zo # u. We denote by L the tangent line to
te, at zg. We define f(z,u) to be:
. (R" (20) (u—20)+2R' (20) (u—20)+2R(20)] (u—20)
(R'(20)(u—20)+R(20))*

° % if u is a point at infinity.

ifueC;
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Then the germ of tt, at zy belongs to

(i) the same half-plane bounded by L as the associated ray r(zo) if Im(f) and
Im(R'(z0)) have opposite signs.

(it) They belong to distinct half-planes bounded by L if Im(f) and Im(R’'(z0))
have the same sign.

Finally, tv, has an inflection point at zo if Im(f) = 0.

Proof. Let Fu(z) = 22 for 4 € C and F,(z) = u"'R(2) for u € S! so that

tr, = {Im Fy,(2) = 0}. Let ¢ = F!(zp). We have
L={z+c 'R} ={z|Im(c(z — 20)) = 0}.
If y(t) is a local parameterization of (¢r), at zo such that F,(v(t)) = Fu(z0) +t
then 4(0) = ¢~t. Moreover, (tr), C Ly = {Imc(z — z9) > 0} if the curvature of
~(t) is positive and (tr), C L— = {Imc(z — zp) < 0} otherwise.
The tangent ray r(z9) = {z0 + R(z0)R4} lies in Ly if Im R(2p)c > 0 and in L_
otherwise.
By Lemma/|2.13|the sign of curvature of y(t) is opposite to the sign of Im [
R'(20)(u—z0)+R(20)

F,/(20) }
(F1)*(z0) ]

For u € C we have ¢ = F/ (z9) = Loy and
FN(Z ) _ _RN(ZO)(U — 20)2 + 2R/(2’0)(u — ZO) + QR(ZO)
u \~0 (u — ZO)3 ,

so we are interested in signs of
R'(2z0)(u — 20) + R(z0)
(u—20)?

Im R(29)c = Im R(z0) =TIm R'(20)

(recall that 5(_—2;00) > 0) and

Fl(z0) . (R"(20)(u — 20)® + 2R (20)(u — 20) + 2R(20)] (u — zo).
(F2)? (20) (R'(20)(u = 20) + R(20))”

(2.1)
For u € S' we have ¢ = u~'R/(29) and we are interested in the signs of Im R'(2)

R”(zo)R(zo)
and Im NG
O

In the transverse locus J% of the curve of inflections, the concavity of root trails

with respect to the line containing the associated ray depends on the sign of some
geometrically meaningful real function.

Proposition 2.19. Consider a point zg € I3\ Z(PQ) and some point u € CUS™.
Assume that R(z9) + R'(20)(u — 20) # 0 (or R'(z0) # 0 if u is a point at infinity).
Let L be the line containing the associated ray r(zg).

The germ of tv, at zg and the positive germ 7;2 of the integral curve of the
field R(2)0, starting at zo belong to the same open half-plane bounded by L if
R'(20) + R(20)/(u — z0) is negative (R'(z0) < 0 if u is a point at infinity).

The germ of tt, at zg and ’y;‘; belong to opposite open half-planes bounded by L
if R'(z0) + R(z0)/(u — 20) is positive (R'(z0) > 0 if u is a point at infinity).

Proof. Without loss of generality, we assume that zo = 0 and R(z) =1+ R'(0)z +
(a+0bi)2%+o0(2?) with R'(0) € R, a € R and b € Ry (b # 0 because zy = 0 belongs
to the transverse locus of the curve of inflections). Necessarily v > 0. Since b > 0,
'yg' belongs to the upper half-plane.

By Lemma tr,, has a unique branch at 0 tangent to R. Let F,(z) = f_(z

for u € r(z) and F,(2) = R(z) for u € S!, so tr, = {Im F,(z) = 0}. Choose
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a parameterization ~y(¢) of this branch in such a way that Fy,(y(t)) = Fu(z0) + t.
Then

. 1 U — 2 . 1
0= 505 = m) . £ 0= r

for u € C or u € S! being a point at infinity, respectively. Therefore 4(0) > 0 if
R'(0) 4+ R(0)/(u — z0) > 0 (resp. R'(0) > 0) and 4(0) < 0 otherwise.

By the sign of the curvature of v(t) at 0 is opposite to the sign of Im R”(0) =
Imb > 0, i.e. is negative. Thus v(t) lies in the lower half-plane (i.e. not in the
same half-plane as v;) if R'(0) + R(0)/(u — 29) > 0 is positive and in the same
half-plane as v; if R/(0) + R(0)/(u — z) < 0 (R'(0) > 0 and R'(0) < O resp. for
u € S). Since R'(20) € R, the number R/(z) + R(z0)/(u — 29) is invariant under
the maps z — az + b and z — Z used for normalization, and the claim follows. [

2.4.2. Root trails and connected components of the minimal set. When deg @ —
deg P = 0, root trails provide a bound on the number of connected components of
the minimal set (in all other cases, it is known that M7, is connected).

Proposition 2.20. Consider a linear differential operator T given by (1.1 and
satisfying deg Q@ — deg P = 0. Any connected component C of MgH satisfies the
following conditions:

o (' contains at least one root of P;
o C contains at least one oot of Q;
e the sum of orders of zeros and poles of R(z) in C vanishes.

Proof. We assume that a connected component C' of M%; is disjoint from Z(P).
Note that deg Q—deg P = 0 implies that the union of the zeros of tQ(z)+P(z)(z—u)
for any u € C, T > 0 and t € [0, 7] is bounded.

Hence, for any u € MZ; \ C, the root trail of u is disjoint from C, as otherwise
there would be points in the complement of Mg g belonging to the root trail of w.
Since Mg p coincides with the T y-extension of any point in Mg 5 (see Lemma 2.2
of [AHN+24]), it follows that C' cannot belong to the minimal invariant set.

Suppose now that there is a component for which the sums of orders of the zeros
of () does not equal the sums of orders of the zeros of P. Then there is a component
C such that the sums of the orders of the zeros of P, say dy is strictly greater than
the sums of the orders of the zeros of @, say d;. Taking u € C' we have that for
all ¢, the zeros of tQ(z) + P(z)(z — u) belonging to C have total degree dy + 1.
However, when sending t — 0, d; of these zeros tend to the zeros of () belonging
to C' and at most one tend to co. This implies that at least dy — dy > 0 of the end
points of the root trail of u does not belong to C, a contradiction. (]

We prove now that the interior (MZ;;)° of the minimal set satisfies (outside
zeroes and poles of R(z)) a weak property of local connectedness.

Lemma 2.21. For any linear differential operator T given by we consider a
point a of the boundary OML; that is neither a zero nor a pole of R(z). For any
sufficiently small neighborhood V' of v, the connected component My of VN ML,
containing o has connected interior.

Proof. 1f a does not belong to the regular locus of MZ;;, then My is a line segment
and hence has empty interior.

We have R(z) = ro + 0(z — ) for some r, € C*. Then, a continuity argument
immediately shows that My has connected interior, as otherwise points in the

complement of Mg 7 would have associated rays intersecting Mg -
O
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In the following, we prove that the closure of a connected component of the
interior of MZ; cannot be disjoint from Z(P).

Lemma 2.22. For any linear differential operator T given by (1.1, one of the
following statements holds:

(1) MLy is fully irregular;
e closure of any connected component of the interior of the min-
3) the cl ted t of the interior (ML )° of the mi
imal set contains a root of P(z);
e closure of any connected component of the interior of the min-
4) the cl ted t of the interior (ML ;)° of the mi
imal set contains an endpoint of a tail.

Proof. We suppose that we are not in the case (1), (2). Besides, we assume the
existence of a connected component C of the interior (MZ)° of the minimal set
whose closure is disjoint from Z(P), contradicting statement (3).

We first prove that C' cannot be the only connected component of (MgH)O.
Indeed, roots of P(z) that do not belong to the regular locus of M%, (the closure
of the interior) belong to tails (see Theorem and they are not zeros or poles
of R(z). Besides, MZ; is assumed to be distinct from C. Consequently, we have
| deg @ —deg P| < 1. The only case where the regular locus of MgH can be disjoint
from Z(P) is when R(z) is of the form A or A\(z — «). In the first case, ML, is
known to be totally irregular. In the second case, either A € Ry (and MgH is
totally irregular, see Theorem or A ¢ R.g and MZ;; has no tails (and P(z) has
no root at all). We assume therefore that the interior MZ,, has several connected
components.

We denote by A the set of points of C' that belong to the closure of another
connected component of (Mg y)°. By assumption, these are not these points are
not roots of P(z) and Lemma [2.21] shows that each of them is a zero of R(z).

Since ML, is minimal, there is a point u € MZ,; \ C and a point z, € tv, N C.
As the root trail tr, changes continuously in u, u may be chosen outside A. Since
| deg @ —deg P| < 1, the zeros of tQ(z) + P(z)(z —u) as t — 0 tends to Z(P)U{u}.
Further, we can assume that v(¢) does not equal co for some finite ¢, as this would
imply deg@ — deg P = 1 and A < 0, in which case MgH is equal to C. Hence,
the minimal set M{,;; therefore contains a continuous path v(¢) from an element of
Z(P)U{u} to zp such that v(¢) solves tQ(~(t)) + P(v(¢))(y(t) — u) = 0.

The path v has to enter the component C' and can do so either through a tail
or an element of A. The path = cannot contain any element o € A because the
equations Q(a) = 0 and tQ(a) + P(a)(a —u) = 0 (for some ¢ > 0) imply P(«) = 0,
contradicting our assumption. Our assumption that neither (1), (2) nor (3) was
satisfied thus implies (4).

2.5. Asymptotic geometry of Hutchinson invariant sets. Let us recall the
results of [AHN+24] concerning minimal Hutchinson invariant sets (see Theo-
rems 1.11 and 1.12 of [AHN+24]).

Theorem 2.23. For any operator T as in (1.1) with a minimal set MgH having
a nonempty interior, MgH 18:

e a compact contractible subset of C if deg @ — deg P =1, and Re(\) > 0;
e a noncompact non-trivial subset of C if deg@ —deg P =0 or —1;
o trivial, i.e. equal to C otherwise.

Besides, the closure MgH in the extended plane C U S is contractible, connected
and compact.
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Thus, the only interesting cases for the description of OMZ; are those for which
the values of deg @ — deg P are 1, 0 or —1. In the latter two cases, we have more
precise results given below.

2.5.1. deg@ — deg P = —1. The following statement has been proved in Corol-
lary 6.2 of [AHN+24].

Proposition 2.24. For an operator T as in (1.1) such that deg@ — deg P =
—1. Then the complement of its minimal Hutchinson invariant set MLy, in C has

exactly two connected components X1, Xo. Each X; contains infinite cones whose
intervals of directions are arbitrarily close to ("5""72_”, ¢°°%> and (‘b“%, w>

respectively.

2.5.2. deg Q@ —deg P = 0. The following statement has been proven in Corollary 6.4
of [AHN+24].

Proposition 2.25. Take any operator T as in (1.1) such that deg Q@ — deg P = 0.
Then for any e > 0, there exists an open cone C whose interval of directions is
arbitrary close to (¢poo + 7, oo + ) and such that MgH is contained in C.

3. LOCAL ANALYSIS OF THE BOUNDARY OF M{

We consider an operator 7" as in ([1.1)) whose minimal set Mg 7 has a nonempty
interior.

Notation 3.1. For any point a € IMZL;, we define r, € C*, m,, € Z so that

Q(z)
P(2)

We also define ¢, = arg(ry) and d, : St — S! where d () = ¢o + mab.

R(z) = =ro(z — )™ +o(]z — a|™). (3.1)

3.1. Description of a tangent cone.

Definition 3.2. For any a € ML, we define K, as the subset of S! formed by
directions € such that there is a sequence (2, )nen satisfying the following conditions:
e for any n € N, z,, € (ML)
° 2z, —
o arg(z, —a) — 0.
We also define £, as the subset of S' formed by directions @ such that the half-line
a + eR* does not intersect the interior of MZ ;.

Lemma 3.3. For any o € OML;, the following statements hold:

(1) Ko and L, are nonempty closed subsets of St;

(2) Lo CKa;

(8) for any 0 € Ky, d(0) € L. In particular, K, is invariant under dy;

(4) for any 0 € K, there exists a closed interval J C Ko of length at most
containing both 6 and d,(0);

(5) Lo #S.

Proof. From Definition[3.2]it immediately follows that K, and £, are closed subsets
of St.

Ifa e 3Mg > then we can find a sequence of points in the complement of Mg "
approaching a. By compactness of S!, we can choose a subsequence for which the
arguments converge to some limit. Thus I, is nonempty.

Then, for any § € K,, we have a sequence (2, )nen in the complement of MZ
accumulating to « with the limit slope 6. The associated rays r(z,) accumulate
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to a + =@ R+, Since none of them intersects the interior of MZ%,,, the half-line
a4+ e=(OR* does not intersect it either and d,(6) € L.
Besides, in the case where 0 # d,(6), (up to taking a subsequence of (z,)nen,
there is a closed interval .J C S! such that:
e the endpoints of J are 6 and d,(6);
e the length of J is at most m;
o for any 7 in the interior of J, there is a bound N(n) such that for any
n > N(n), the associated ray r(z,) intersects the half-line a + e RT at
some point P, .
Existence of sequences (P, ,)n>n(y) Proves that for any n € .J, one has n € K,.
Finally, £, # S' because in this case, M%;; would have empty interior. O

Remark 3.4. Note that in the case 6 = d, (), the interval J is a singleton {6}.

Let us deduce local description of K, and L, depending on the local invariants
of a.

Corollary 3.5. For any o € 8M£H, the following statements hold:
o if |my| > 2, then Ko = L, and they are contained in the finite set of
arguments satisfying 60 = 1?;’“1” [1_2:;0 I;
o ifmy =1, then ¢ =0 and K, = Lq;
o if my =0, then ¢ € Ly;

o if mg, = —1, then K, = L, and these sets are formed by at most two
intervals, each of length at most w and having their midpoints at ‘%“ and
Pa
=t
2

Proof. We consider maximal interval J in I, (which is non-empty by Lemma.
The images of J under the iterated action of d, belong to L.

If |my| > 2, then J is a singleton since otherwise the union of its iterates would
coincide with S! (contradicting Lemma . Thus J has to be a fixed point of the
map d.

If mq = 1 and ¢, # 0, then J coincides with S! because no other connected
subset of the circle is preserved under the action of nontrivial rotation. Therefore
dy, is the identity map.

If m, = 0, then for any 0 € K, do(0) = ¢o. Therefore ¢, € L.

If my = —1, then J is invariant under the action of 8 — ¢, — 6. Thus, either
‘%" or = 4 7 is the bisector of J. If J is of length strictly bigger than m, then
Lemma [3.3] shows that its complement (of length strictly smaller than 7) is also
contained in £,,. Therefore L, = S' which is a contradiction. O

We obtain a bound on the number of petals of M%; that can be attached to a
boundary point.

Corollary 3.6. For any linear differential operator T given by (1.1)) we consider a
point « of the boundary OME ;. Then for any sufficiently small open subset V C C
the interior of the connected component My of VML, containing o has at most:
e |1 — my| connected components if mqy, # 1;
e deg P connected components if mq, =1

where R(z) = Mz — @)™ + o((z — a)™=) with A € C* and my, € Z.

Proof. If a is not a zero or a pole of R(z), then Lemma [2.21] proves the statement.
Besides, if m, ¢ {0,1}, Corollary proves that « is in the closure of at most
1 — m, components.

In the remaining cases, « is a simple zero of R(z). If « is also a root of degree d
of P, then it is a root of degree d + 1 of Q.
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We can divide P and @Q by (z — a)? while keeping the same minimal set MZ
(because in this case Z(PQ) remains unchanged). Consequently, we can assume
that « is not a root of P. Lemma [2.22] proves that for any connected component
C of (MZ};)° such that « is in the closure of C, either some root of P(z) belongs
to the closure of C' or some tail is attached to C. If « is in the closure of several
connected components of (M ;)°, then a same root of P cannot be in the closure

of two of them because ML, would fail to be contractible. Similarly a given tail is
attached to only one connected component of (M%,;)° (and contains at least one
root of P). Therefore, « is in the closure of at most deg P components. O

3.2. Curve of inflections. In §A.3 of [AHN+24] we introduced the curve of in-
flections Jg of an analytic vector field R(z)0,. By definition, it is the closure in C
of the subset of C\ Z(PQ) at each point of which the integral curve of the vector
field R(z)0, passing through this point has zero curvature. Here and throughout,
Z(F) denotes the set of zeros of the function F. Below we provide some additional
information about Jg.

For an operator T for which R(z) is not of the form A or A\(z —«) for some A € C*
and « € C, the function R'(z) is a non-constant rational function. Therefore the
curve of inflections Jg of R(z)d, (which is defined as the closure of the set of points
for which Im(R'(z)) = 0) is a real plane algebraic curve.

We first characterize the points at which several local branches of the curve of
inflections intersect.

Lemma 3.7. A point zg € Tg belongs to exactly m > 2 local branches of Jr in the
following cases:

(1) zo is a critical point of R'(z) of order m — 1 (including zeroes of order m
of R(z));
(2) zo is a pole of R(z) of order m — 1.
The 2m limit slopes of the local branches at zy form a regular 2m-gon in S*.

Proof. This follows immediately from Lemma [2.13 O

Corollary 3.8. The curve of inflections Jr has at most 4 deg P+deg Q —2 singular
points.

Proof. There are at most deg P poles of R(z) and the critical points of R/(z) are
the zeroes of R”(z). O

Lemma 3.9. Let F(z): C — CP! be a non-constant rational function of degree d.
Then the real algebraic curve I’ = {z € C|Im F'(z) = 0} is non-empty, has at most
d connected components and has exactly d connected components for generic F.

Proof. Clearly, as F~1(x) # ) for any z € R\ {F(00)}, T' # 0 as well.

By the open mapping theorem, the map F : I' — RP', where I is the closure
of I' in CP!, is onto on each connected component of I'. Since F has degree d this
means that I has at most d components.

Note that the ramification points of F' : I' — RP?! coincide with the ramification
points of F': CP! — CP! lying on I'. Thus if the ramification values of F' are not
in RP! then the former map is an unramified cover of degree d, so has exactly d

connected components. This means that the bound is sharp. O

3.2.1. Inflection domains.

Definition 3.10. The curve of inflections Jr subdivides C into two open (not
necessarily connected) domains: JT given by Im(R/(z)) > 0 and J~ given by
Im(R'(z)) < 0.
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Observe that in J* (resp. J7), the integral curves of the vector field R(2)d, are
turning counterclockwise (resp. clockwise).

3.2.2. Clircle at infinity. Consider the closure of the curve of inflections Jp in the
extended complex plane C U S'.

Lemma 3.11. The intersection Jp N S! is:
o is empty if deg@Q —deg P =1 and \ ¢ R;
e coincides with the set {%", %" + 3, ‘%" + %" + %’r} if degQ — deg P =
—1.
In the remaining two cases:
e deg@Q —degP =1 and X € R;
e deg@ —deg P =0; or
hd degQ - degP ¢ {_1707 1}
the set Ir NS consists of 2k points forming a reqular 2k-gon for some k satisfying
k < max{deg P,degQ} + 1.

Proof. It k = deg@ — deg P € Z\ {0,1}, then R'(z) has an expansion of the form
EXrz"~1 +0(2%~1) near oo from which the characterization of the infinite branches
of the real locus of R'(z) follows by Lemma applied to either R'(z) or to R%(Z)
depending on whether k£ > 0 or k& < 0 (clearly both have the same real locus outside
their poles).

If deg@ — deg P = 0, then R(z) has an expansion A + % + o(z7*) for some
A € C* and k € N* near co. (The case when R(z) is constant is ruled out by
the genericity assumptions). Therefore R’(z) has an expansion fzf% +o(z7F71).
We conclude that Jg has 2k infinite branches whose limit directions form a regular
2k-gon.

If deg@ — deg P = 1, then R(z) has an expansion \z + A + Bz=F 4 o(z7%)
for some A € C, B € C*, and k € N*. (The case when R(z) is a linear function
is ruled out by the genericity assumptions). We obtain that R/(z) is of the form
A— fol + o(z7%=1). Consequently, unless X is real, the curve of inflections Jp is
compact in C. If X is real, the infinite branches of Jr are asymptotically the same
as that of the real locus of —zl,ﬁ%. Therefore Jr has 2k infinite branches whose
limit directions form a regular 2k-gon.

In these last two cases, we have R'(z) = M7 + o(z~*~!) for some M € C* and
k > 1. The number k is the ramification index of either R— Az (for deg Q —deg P =
1) or R (for deg @ —deg P = 0) at infinity, thus K cannot be bigger than the degree
max{deg P,deg Q} of R. Therefore k < max{deg P,degQ} + 1.

O

3.2.3. Singularities of the vector field. Next we deduce from Corollary a proof
of the statement that any root of P(z) or Q(s) belonging to OME,; automatically
belongs to the curve of inflections.

Corollary 3.12. Consider an operator T as in (L) such that ML, does not
coincide with C and has a nonempty interior. Let a be a zero or a pole of R(z) such
that « € OML . Then a also belongs to the curve of inflections Jr. Additionally,
the number of local branches of Jr at a equals:

e a+ 1 if ais a pole of order a > 1;
e a—1ifaisazero of order a > 2;
e some integer b > 1 if a is a simple zero.

Proof. The statement is proved by direct computation of I'm(R’) in case of a pole
or a zero of order a > 2. If « is a simple zero of R(z), then we have R(a + €) =
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R'(a)e+ o(e). If a € OMEL, then ¢, = arg(R'(«)) = 0 (see Corollary [3.5). Thus
a € Jg.

Unless R(z) is linear, R(z) is of the form R'(a)(z —a) + M(z — a)?+o(|z — a|?)
for some d > 2 and M € C*. Thus R'(z) = R'(a) + Md(z — a)¥ ! 4+ o(]z — a|¢71).
Consequently, the number of local branches of the equation Im(R’) = 0 equals
d—1.

If R(z) = Az — ), then Re()\) > 0 (otherwise ML, = C) and Im()\) # 0
(otherwise ML, is totally irregular). It follows that Im(R'(z)) is a non-vanishing
constant and the curve of inflections is empty. In this case, Jr does not contain
any zero or pole of R(z) on the boundary of MZ ;. (]

3.2.4. Tangency locus.

Definition 3.13. For the rational vector field R(2)d,, the tangency locus Tg is
the subset of the curve of inflections Jr where R(z)0, is tangent to some branch of
Ir.

Proposition 3.14. For an operator T as in (L.1)), the tangency locus Tg is the
union of:

e at most max{deg @, deg P} + 1 lines and;

e at most 2(3deg P + deg Q — 1) points.

Proof. For any point z € Tg, an immediate computation involving the Taylor
expansion of R'(z) proves that z belongs to the intersection of the curve of in-
flections (given by Im(R’) = 0) with a real plane algebraic curve given by the
equation Im(R”"R) = 0. Indeed, the tangent line to Jr at some zg € Jg is
given by the equation R"(zg) - (z — z0) € R, and the associated ray direction is
R(zp). The degrees of these two curves are respectively deg @ + 3deg P — 1 and
2deg Q + 6deg P — 2. Therefore, Bézout’s theorem implies that Tp N OMZL; con-
tains at most 2(deg @ + 3 deg P — 1)? such points and some irreducible components
corresponding to the common factors of the two equations.

By definition of the tangency locus these irreducible components are the integral
curves of R(z)0, contained in the curve of inflections. Such integral curves have
identically vanishing curvature and therefore they are segments of straight lines.
Therefore the relevant irreducible components are straight lines. But Jg intersects
St at most 2max{deg Q, deg P} + 2 points by Lemma Thus the number of
the lines is at most max{deg Q,deg P} + 1. O

We deduce an estimate on the number of connected components of the transverse
locus J% of the curve of inflections. Denote d = 3deg P 4 deg @ — 1 = deg JRr.

Corollary 3.15. For an operator T as in (1.1)), the transverse locus J5, of the
curve of inflections is formed by at most 2d* + 6d + 2 connected components.

Proof. A connected component of J% is either a smooth closed loop (so a connected
component of Jr) or an arc joining points at infinity, singular points of J% or
isolated points of the tangency locus.

Following Proposition the tangent locus contains at most 2d? isolated
points. Each of them is the endpoint of two arcs of the transverse locus.

Lemma proves that at most 2max{deg P,deg Q} + 2 arcs of the transverse
locus go to infinity.

Lemma [3.7] provides the analog result for the multiple points of the curve of
inflections. In the ”worst” case, poles of R(z) and critical points of R'(z) are
simple. At most four arcs of the transverse locus are incident to such points. There
are at most 4deg P + deg @ — 2 < 2d such points (see Corollary so they are
incident to at most 4d arcs.
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Adding these bounds, we obtain an upper bound 4d? 4+ 10d + 4 on the number
of ends of non-compact connected components of the transverse locus, i.e. there
are at most 2d? + 5d + 2 non-compact connected components. By Lemma the
number of the compact connected components (loops) of Jg is at most d, which
gives the required upper bound. O

Corollary 3.16. On each connected component of the transverse locus I3, the sign
of Im(R" R) remains constant. If Tm(R" R) is positive (resp. negative), then for any
point z of the component, the associated ray r(z) points towards I (resp. I~ ).

Proof. Any regular point z of the curve of inflections satisfying Im(R"(2)R(z)) = 0

belongs to the tangency locus (see the proof of Proposition [3.14). A direct compu-
tation proves the rest of the claim. O

3.3. Horns. In this section, we introduce some curvilinear triangles called horns
and find conditions under which we can conclude that they do not belong to the
minimal set M. Our aim is to prove that some parts of the boundary of the
minimal sets are portions of integral curves of the vector field R(2)d,.

3.3.1. Definitions. Recall that o(q) is the argument of R(q), i.e. o(q) = Imlog R(q)
and r(q) = ¢ + R(¢)R; is the associated ray.

Definition 3.17. Assume that a segment 71{’/ of the positive trajectory of R(z)0,
starting at p ¢ Z(PQ) and ending at p’ doesn’t intersect the curve of inflections
except possibly at p. Assume that the total variation of o along 'ygl is less than
/2.

We define the horn pAZ:/ at p as an open curvilinear triangle formed by 'yg and
tangents to this trajectory at p and p’ intersecting at a point p”.
Definition 3.18. A horn pAZ:/ is called small positive (resp. small negative) if

(1) for any point u € pAij,, the argument o(u+¢R(u)) is monotone increasing
(resp. decreasing) in the variable ¢ as long as ¢t > 0 and u + tR(u) € ,A?,
(2) for any two points u,v € ,A7,, the scalar product (R(u), R(v)) is positive.

A horn pAii, is called small if it is either small positive or small negative.

Remark 3.19. A small positive horn becomes a small negative one after conjugation,
i.e. after replacing R(z) with R(Z). Indeed,
(R(u), R(v)) = Re R(u)R(v)
remains the same after the conjugation, and
do(u+ tR(u)) (1) = Im R (u+ tR(u))
dt R(u + tR(u))

R(u)

changes sign.

Lemma 3.20. The curve of inflections (given by Im R’ = 0) does not intersect
small horns.

Proof. We have that Whﬂ) = ImR'(u) > 0. Assume that we have the

equality at some u € pAzl,. Since pAg,, is open and R’ is an open map, this

assumption will imply that Wh:o changes sign in pAgj,, which contradicts

the smallness assumptions. O

We define the cone complementary to pAgi, (in short, the complementary cone)
to be the open cone ,»/ with the apex p" bounded by part of the ray r(p) starting

/A1

at p” and by the ray extending the segment p’p”.
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Lemma 3.21. Consider a point p which neither belongs to Z(PQ) nor to the inte-
rior of ML ;. Assume that the integral curve vy of the vector field R(2)0, contaz’ning

p s not a straight line. Then there exists a horn A o such that both Ap” and its
complementary cone 2 do not intersect MgH

Proof. Let D(p) = {|z — p| < z(p) = § dist(p, Z(PQ))}.
First, assume that p ¢ MZ ;. Then by definition, r(p) € M% "
Choose some § > 0 and define pg = p and

i = s+ 0R(pi) € rlp) € MER D). i =1, = N0) =0 (222,

(we stop when pny1 ¢ D(p)). .

The broken line 47~ = UN 1 [pi—1,pi) € ML, "N D(p) is the Euler approximation
to the positive trajectory 7;‘ of R(z)0, starting from p and converges to it (more
exact, to the connected component 75/ C D(p) of v,f N D(p) containing p) as § — 0.

Thus 'y]’j C M °. Repeating this argument for all § ¢ M, sufficiently close to p
we see that

/ —7 <\° T c
7 C (MgH ) =Mcy - (3:2)
If 75/ is a subset of the curve of inflections then it is a part of a straight line,

which is excluded by our assumption. Thus we can assume that for p’ sufficiently
close to p the curve 77 intersects the curve of inflections only at p. Therefore 77

is convex and, choosing p’ closer to p if needed, we can assume that 'yf,’/ is of angle
smaller than 7. Therefore

Second, assume that p € OMZ,; and let 75/ be a part of the connected piece of
.+ N D(p) containing p such that fy;’," is convex and of angle smaller than 7/2. Let

pi & MgH be a sequence of points tending to p and take p; € 7;‘1, such that !
converges to 'ygl. By analyticity this convergence is uniform in C' sense as well.

Therefore . )
<Us€v£' T(S)) - LZJ (Usevﬁf T(S)> CMéy's (3.4)

which finishes the proof.
O

3.3.2. Small horns exist.
Proposition 3.22. For any point p ¢ Z(PQ) such that the trajectory v(p) of R

starting at p is not a straight line, there exists a small horn pAg,,.

Proof. Using an affine change of variables we can assume that p = 0 and R(0) = 1.
By assumption R(z) is not a real rational function. Let

R(u) = 1+ p(u) +ibu™ + O(u™), b>0, peRul, m>1 (3.5)

be the Taylor expansion of R(z) at 0 (the case m =1 is covered by Lemma [3.23)).
Here we can assume that b > 0 by replacing R(z) by R(Z%), if necessary.
First, we consider the case m =1, i.e. p ¢ Jg.

Lemma 3.23. For every compact set K not intersecting the curve of inflections
TR, there is a § = §(K) > 0 such that for every p € K, there is a small horn pAZ”
of diameter greater than 6.
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Proof. Indeed, for any p € K the function Re R(u)R(v) is positive and Im 1}2%’((3)) R(v)
are is non-zero at (p,p) € C?, so this remains true for all (u,v) € C? such that
dist((p, p), (u,v)) < & = d(p) by continuity. This means that any ,AP,, C Us(,)(p)

is a small horn. The uniform lower bound follows from the continuity of 6(p). O

From now on we assume that m > 2. Our next goal is to find the asymptotics
of 79 near 0 and the (AP,
Yo = {z +iv(x),z > 0}.

Lemma 3.24.

We abuse notation by writing the germ of ~y as

Yo(x) = mLJrla:m+1 +O(z™+?) (3.6)
and ,
00 C{0 <z <6,0<y<()}. (3.7)
Proof. Note that
1
v C {Im F = 0}, where F' = R’F(O) =0. (3.8)
Indeed,
4 T F(0(t)) = Tm 4 F(10(t)) = Im (F - 5o(t)) = 0.
Now,
1 1 tbu™
== - O(u™*h), 3.9
R T4p  (rp 00 (39)
S0

F(u) =u+ pu) — imiﬂum"’l + 0™, peR[ul.
For u = = + iy we get
Im F(u) =y(1+o0(1)) — miﬂxm"'l + O(u™*?).
Recalling that 7o is tangent to the real axis, we have y = o(x). Therefore
{ImF =0} = {x +iy:y= miﬂzm“ + O(zmﬁ)} C {y >0}
near the origin, and the claim of the Lemma follows since 7(0) = R... t

Next, we have to check the two conditions in Definition [3.18] for OA?, with p/
sufficiently close to 0. The second condition is easy: since R(0) = 1 then the scalar

product (R(u), R(v)) is positive for all u,v € OAZ/ by continuity.

To check the first condition set u = x1 + iy, v = 2 + iys = u+ tR(u) € OA:/
with ¢ > 0. By the second property of the small horns, we have x5 > z1. By (3.7)
we have y; = O (x;-”"'l). Combining ({3.9) and

R'(v) = p'(v) + imbv™ ™t + O(u™), (3.10)
we get
RW) o o L plas) b+ O
R(o) = /(@) +imbai ™ +07) TP

_ P(x2) (1 + p(x2)) +imbay ™" + O(ay')

(1+ p(xs))*
Thus, using (3.5), we get for ®(u,v) = (1 + p(x2))* Im R(u) 1;22’((3)) the equation
Im ([1+ p(z1) + iba* + O(a:{”“)] [P (@2) (1 + plaz)) + imbay ! + O(zy")])
= mbxy"t + O(xy") > 0, (3.11)

where we use 1 < x5. This proves the first requirement of Definition |3.18 U

A
I
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FI1GURE 2. Removing small horns.

Corollary 3.25. The germ of Jr at p cannot lie between 7; and r(p).

Proof. This would mean that this germ lies inside pAgi, which is impossible by
Proposition [3.22] and Lemma |3.20 U

3.3.3. Removing small horns. We will use the following general Lemma

Lemma 3.26. Assume that for some open set U C C\ Z(PQ) and every point
u € U, the associated ray r(u) lies in the union UU (ME ;). Then ML, NU = 0.

Proof. Indeed, if not then MZ%; \ U € ML, will be again invariant, which contra-
dicts minimality of MZ . g

The crucial property of small horns is the following Lemma.

P »
Lemma 3.27. For any v € ,A},, one has r(v) C ,AL, U 2.

Proof. We prove the statement assuming that the small horn pAZ:, is positive, the
negative case will follow by conjugation.

Let u € 75, be a point such that v € r(u). By definition of small horns, we have
o(p) < o(u) < o(v), see Fig.

The ray r, does not intersect 'yg,. Indeed, assume that the ray r(v) intersects
75, at a point s. Then at the intersection point the slope of ’y{jl should be smaller
than the slope of r(v), i.e. o(s) < o(v) which contradicts the requirement that the
slope is monotone increasing along the segment joining v and s.

Also r(v) cannot intersect pp”’ since o(v) > o(u) and o(u) > o(p), where u € 'yf,’/
such that v € r(u).

Thus r(v) leaves pAgi, and enters v/ at some point of p”p’ with the slope

o(p) < o(v) <a(p’). Thus r(v) never leaves /. O

oy . c
Proposition 3.28. Assume that pAz,, is a small horn and ./ C MEH . Then p
is mot in the interior of ML ;.

Proof. Follows from Lemmas and O
4. BOUNDARY ARCS

Recall that we consider an operator T' whose minimal set ML, is different from
C and has a nonempty interior. We want to describe its boundary in combinatorial
and dynamical terms. To do this, we introduce two set-valued functions.

Re(lzall that in our terminology, ML, is the closure of MZ; in the extended plane
CusS".
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4.1. The correspondences I' and A.
Definition 4.1. For any = € OM{; \ Z(PQ), we define:
e N(x)={ye~ |y#z}n m where v is the positive trajectory of the
vector field R(2)d, starting at x;
o Alz)={yer() |y#z}nNML,.

Note that if y € I'(z) or y € A(z), and x € IME , then y € OME;; as well.
Using correspondences I' and A, we split the set of boundary points of Mg I
disjoint from the curve of inflections into the following three types.

Definition 4.2. A point of OMZ; \ (Z(PQ) UJR) is a point of:
e local type if T'(z) # 0 and A(z) = 0;
e global type if T'(2) = 0 and A(z) # 0;
o extruding type if T(2) # 0 and A(z) # 0.

By Proposition [4.7] these are the only possibilities for points in OMZL ; \ T.

4.2. Support lines. In this (sub)section We prove that for a given point z, the

condition A(z) # () means that the associated ray r(z) is a support line of ML ;.

For any oriented support line of Mg 17 we define the co-orientation of its support
in the following way. The support point x is:

e a direct support point if the standard orientation of 8Mg g and the orien-
tation of the support line agree at z;
e an indirect support point otherwise.

In particular, if the support line is the positively oriented real axis, a support
point z is called direct if the intersection of ML, with a neighborhood of z is
contained in the upper half-plane (see Figure [3| for examples of indirect support
points).

Definition 4.3. Consider z € C such that:
e 2 does not belong to the tangency locus 7 of the curve of inflections Jg;
e 2 is not a root of P or Q.
Then we say that z € €T (resp. €7) if the associated ray r(z) is pointing inside
the inflection domain J* (resp. J7). This includes z € I (resp. J7).

O

FIGURE 3. The point where the red arrow is tangent to MZL; is
an indirect support point. The circular arrow indicates that the
black point belongs to €T,

Lemma 4.4. Consider = € OML, \ Z(PQ) such that z € €T (resp. €~). If
y € A(z), then y is an indirect support point (resp. a direct support point).
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Proof. Without loss of generality, we can assume that z € €, 2 = 0, 7(2) = R>g

and y = 1. This implies that 7y lies in the upper half-plane. By Lemma
—\ O

there is a neighborhood V of y such that V N (Mg H) is contained in the lower

half-plane. Therefore y is an indirect support point. O

Lemma 4.5. Take z,y € OML, such that:

e r,yc ¢ UCET

o the associated rays r(x) and r(y) intersect at some point m € C;

e o(y) €lo(z) —m o(z)[-
Then the open cone T' with apex m and the interval of directions |o(y),o(x)[ is
disjoint from (MEH)O and there are the following subcases:

o cither y € €T or A(y) C [y, m);

o cither v € €~ or A(z) C [x,m].

Proof. The path formed by the concatenation of segments [z, m] and [m, y] can be
approached by a family paths joining  and y or a family of paths joining y and
x whose interior points are disjoint from Mg - Lemma applies to one of these
families of paths so I' is disjoint from (Mg H)o.

Then, we assume by contradiction that y € &~ and some point z € A(y) does
not belong to [y,m|. Since I' is disjoint from (MgH)o, it follows that z is an
indirect support point of the line containing 7(y) which contradicts Lemma
Consequently either A(y) C [y,m] or y ¢ €.

An analogous argument proves that either z € €~ or A(z) C [z,m)]. O

4.3. Local arcs. In this section, we prove that local points (see Proposition [4.7))
form local arcs.

Definition 4.6. A local arc of OML,; is a maximal open arc of an integral curve
of vector field R(z)d, that contains only local points. In particular, it is disjoint
from Z(PQ) and Jp.

Local arcs are oriented by the vector field R(2)0d.,.

Using the geometry of horns (see Section|3.3)), we can show that every local point
actually belongs to a local arc of aMg o

Proposition 4.7. Consider a point p € OMLy and such that A(p) = 0 and p ¢
Z(PQ)UJR. Then, the germ of the integral curve v, of R(2)0, passing through p
belongs to OML ;.

Without loss of generality, we assume that p =0, r(p) = R, and p € €T, so fyg/
lies in the upper half-plane. The proof consists of two steps illustrated by Figure [4]
and Figure [5] respectively.

Lemma 4.8. MgH lies above the integral curve 7, of R(2)0, passing through p.

Proof: see Fig.[{} By Lemma ‘/chere exists p’ € ;7 such that the union pAgi, U
£ is outside of M& . Let ¢/ €42, ¢/ # p,p/, and let ¢ € Ry be the intersection
point of Ry with the line tangent to 7> at q'. By Proposition we can assume
that ,A%, is a small horn at p, ,AlL, C ,AY,. Clearly, o(¢") < o(p).

The condition A(p) = () implies that ¢ € M%y°. Moreover, as +oo ¢ A(0),
there is an open sector S with vertex on R, containing [¢”, +0c0) and disjoint from
ME . B

For a point p sufficiently close to p and lying below <, consider a horn ﬁAZ./,
with vertices ¢ and ¢” close to ¢’ and ¢, respectively. By continuity, the part of
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S

FIGURE 4. ML lies above the trajectory 71’,’/.

r(p) starting from ¢” lies in S. Also, ¢’ lies in the horn pAg:/, sor(¢)NMEL, =0
by Lemma |3.21
Thus the complementary cone ;v/ of p with vertex ¢” lies outside of ME ;.

Therefore by Proposition p ¢ ML HO, so p € ML HC. As this remains true for
any point in a sufficiently small neighborhood of p, we conclude p € (Mg Hc> =

MZ,;°. Thus near p the set M, lies above 7.
O

Lemma 4.9. The boundary 5‘M5H coincides with the integral curve 7y, in a neigh-
borhood of p.

Proof: See Figure[5 Lemma and its proof implies that p lies on the boundary
of a sector S with a vertex s € R, s # p, and disjoint from MZ .

Recall that by Lemma [3.23] there is a lower bound § on the size of small horns
for all points close to p.

Assume that a point g ¢ Mg g close to p lies above «, on a distance much smaller

than ¢ and let qAZ:, be its horn (necessarily small) of size /2. Both qu;, and ,/

lie outside of MZ ;.
Let p be a point on ~y, close to ¢ and in the negative direction from g, let p” be

the intersection of r(p) and the line ¢’¢”. The horn Z;Ag;, is smaller than 4, so is
small.

The ray §”¢’ lies outside of M7 ,,°. Moreover, as long as the ray p” + R(p)R, C
r(p) lies outside MgHO we have ;+/ C MgHC, sopé¢ MgHo by Proposition

These arguments work for all points p sufficiently close to p and with slope o (p)
exceeding some negative number (namely the slope of the second side of S), in
particular, for points slightly above v,, the negative trajectory of ,. But p lies in
the horn of size ¢ of such a point, which means that p ¢ Mg g by Lemma a
contradiction.

O

Local analysis of horns (see Section [3.3]) leads to the following results about the
correspondence I'.
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FIGURE 5. 'y]’,’, is boundary of MZ

Corollary 4.10. Consider z € OML; such that 2 ¢ Z(PQ)UJg. IfT'(z) # 0 then
z s either the starting point or a point of a local arc.

Proof. We just have to prove that for some y € I'(z) such that y is close enough to
z, the arc « of integral curve between z and y belongs to OMZ ;. This follows from
Lemma 3.2T1 O

Proposition 4.11. Any local arc is a locally strictly convex real-analytic curve.
Its orientation coincides with the standard topological orientation of OMEL if it is
contained in It (and with the opposite orientation otherwise).

Proof. As any integral curve of a real-analytic vector field, a local arc is a real-
analytic curve in R2. The arc has to be locally convex because otherwise, the
associated ray (which is contained in the tangent line) at some point would cross
the interior of Mg - DBesides, direct computation shows that the curvature of an
integral curve becomes zero only at points belonging to Jg. O

Let us check that a local arc of 8M€v g cannot end inside an inflection domain.
It cannot be periodic either.

Proposition 4.12. FEvery local arc has an endpoint that belongs to Z(PQ) U Jg.
Besides, if such an endpoint belongs to Z(PQ), it is either a regular point or a
sitmple pole of R(z).

Proof. Assume that the local arc v is periodic and doesn’t intersect Z(PQ) U Jg.
Then following Proposition v is a strictly convex closed loop disjoint from
Z(PQ) and ML, is a strictly convex compact domain bounded by + (in particular
~ encompasses every point of Z(PQ)). A neighborhood of ~ is foliated by periodic
integral curves 7y, of the vector field R(z)0, that are also disjoint from Z(PQ) and
JR, so strictly convex as well. Each of them cuts out a strictly convex compact
domain D;. For each point z in the complement of some Dy, r(z) remains disjoint
from D;, which by Lemma contradicts the minimality of Mg -

Now, we show that a local arc cannot go to infinity. When |deg @ — deg P| < 1,
integral curves going to infinity enter the cones disjoint from Mg  and never leave
them (see Section and otherwise MZ; is trivial.

In the remaining cases, Poincaré-Bendixson theorem proves that a local arc ~
has an ending point y € OME ;. We assume by contradiction that y ¢ Z(PQ)UJg.
We consider an arc S formed by a portion of the integral curve ending at y and a
portion of the associated ray r(y). Provided that S remains in the same inflection
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domain as y, the family of associated rays starting at the points of the arc 8 sweeps
out a domain containing a cone (see Lemmas and . Therefore, we have
A(y) = 0. Proposition then proves that the local arc can be continued in a
neighborhood of y.

If y € Z(PQ) and is a zero or a pole of R(z), then L, contains an interval of
length at least 7 (see Definition . Corollary proves that y is either a simple
pole or a simple zero satisfying ¢, = 0. In the latter case, y is a repelling singular
point of R(z)9, and therefore cannot be the endpoint of a local arc. O

As we will see in Section [4.6] in contrast with the case of ending points, a local
arc can start inside an inflection domain at a point of extruding type.

4.4. Local connectedness of M7 ;;. Here we show that M7, ; is locally connected,
away from the part of the tangency locus that is formed by straight lines.

Lemma 4.13. M%; is locally connected outside of Ip U Z(PQ).

Proof. If z € OML,, is a point of local type, then the boundary locally coin-
cides with the integral curve passing through z by Lemma Next, let z €
OML ; \ (Z(PQ)UTR) with A(z) # 0. Let y € A(z). As 2z ¢ Z(PQ) U TR, by or
Lemma Lemma there is a unique germ of tr, passing through z, and it
does so transversely to the integral curve of R(z)0d, passing through z. Then taking
the backward trajectories of R(z)0, of points in tr,, all points on one side of tr,
near z belong to Mg - Taking now as a neighborhood basis a family of decreasing
curvilinear quadrilaterals with two of the sides being trajectories of R(z)d, and
two sides being smooth curves on either side of tr,, it follows that all points on
the other side of tr, have backward trajectories of R(z)0, intersecting tr, inside
these neighborhoods, provided they are sufficiently small. As for any x € ML, its
backward trajectory belongs to Mg it follows that Mg g7 is locally connected at
z. (]

Lemma 4.14. M%; is locally connected at zeros and poles of R.

Proof. If zy is a pole of R one can show using Proposition 3.12 in [AHN+24] and
Corollarythat Mg g is locally connected at zo. Next, for zg a zero of R it follows
from the same corollary and by using the local portrait of R(z)0, near zy. (]

Lemma 4.15. MEH is locally connected at all z, such that v, is not a straight line.

Proof. Since the integral curve v, of vector field R(z)d, containing z is not a straight
line, some germ of the negative part v lies outside of Jr. Recall that if y € ML,
then the negative part v, of v, necessarily lies in Mg o

Let v, (e) C J3% be the part of the negative trajectory v, lying strictly between
z and y = gg°(z) where gk is the flow of R(2)d.. By Lemma m there is a
neighborhood Vj, of y of size smaller than e such that V,, N\MZ; is connected. Now,
let U, = Up<i<egh(Vy). Clearly U, is a neighborhood of z. We claim that U, N\MZ
is connected. Indeed, if w € U, N MZ,; then w = g% (w') for some w’ € V,, " M{ .
0 <t <. Since w’ lies in the same connected component of U, N MZL,; as y and w
and w’ are jointed by v, C U, N MZ,; this means that U, N MZ,; is connected. As
€ can be chosen arbitrarily small, the statement follows. O

We denote by £ the union of all R-invariant lines.
Corollary 4.16. OMZL; \ Lg is parametrizable.

By Carathéodory’s theorem, the boundary of an open set is parametrizable if its
boundary is locally connected. For each z € IMZ ;;\ L we have by Lemma and
Proposition a neighborhood basis N(z) consisting of sets such that U N M%
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is connected. Define U(z) € N(z) to be a set of the form U(z) C B(z, 3d(z, Lg)).

The union
U vk
z2€OME \LRr
is an open cover of IMZ;; \ L and being a subset of C, it has a countable subcover

U Ul(zn).

neN

For each z,,,U(z,) "ML is locally connected and by Lemma and the fact
that all irregular points are contained in Lg, its boundary is a Jordan curve away
from the poles and zeros of R(z). Hence dU(z,) N OML,, is parametrizable by
Carathéodery’s theorem, injectively away from the zeros and poles of R(z). We
start with a zp and use this parametrization of OU(z,) N OMEy. Then for the
smallest n = ny such that U(z,) N U(z0) # 0,0ML, NU(2,) ¢ OML, N U(20),
we glue together the parametrizations of (U (zy,) \ U(20)) N OML,; with that of
OU (z9) N OML; along the end points of the parametrizations. We then have a
parametrization of (U(z9) U U(2,,)) N OML, = B;. We then take the smallest
n = ng such that U(z,,) N (U(z0) UU(2,)) # 0,0ME,; NU(z,) ¢ By and in the
same way find a parametrization of By := (U(20) U U(2y,) U U(2s,)) N OME ;. We
proceed in this way inductively to get a parametrization of OMZ ; \ Lr, potentially
pinched at the zeros and poles of R(z) (but not anywhere else).

4.5. Global arcs.

4.5.1. Additional results about correspondence A.

Lemma 4.17. Consider z € OML, \ Z(PQ) such that = € €+ (resp. €~ ). If
y € OML,; and y € A(z), then one of the following statements holds:

e yc Z(PQ)UTg;

e ycJ (resp. IT).

Proof. Without loss of generality, we assume that z =0, r(z) = R™ and 2z € ¢*.

We consider y € A(z) such that y ¢ Z(PQ) U Jg. If A(y) = 0, then Proposi-
tion [£.7] shows that y belongs to a local arc. Besides, y is an indirect support point
of the associated ray r(z) (see Lemma [4.4). If y € JF, then the associated rays
starting from a germ of the local arc at y sweep out a neighborhood of z and we
get a contradiction. Therefore y € 3.

Now we consider the case where A(y) # () and assume by contradiction that
y € 3T, If Im(R(y)) > 0, then Lemma 4.5 provides an immediate contradiction. If
Im(R(y)) < 0, then £, (see Definition [3.2) contains an interval of length strictly
larger than 7 such that o(y) is one of the ends. It follows from Corollary that
y is a simple zero of R(z) (and therefore y € Z(PQ)).

If r(y) = y + R, then for some small ¢ > 0, points of the interval | — ¢, €]
are disjoint from the interior of M% ;. Associated rays starting from the points of
] — €, €[ sweep out an open cone containing a neighborhood of y. This contradicts
the assumption y € OME ;. Therefore, r(y) = y+RT and 7(y) C r(2). In this case,
for some small ¢ > 0, points of |y — ¢, y[ are disjoint from the interior of M%;; and
their associated rays will sweep out a neighborhood of y if y € 3. Therefore, in
that case we get that y € J~. Similar result holds for z € ¢~. O

Definition 4.18. For any point z € OM%; such that s ¢ Z(PQ)UJg and A(z) #
0, we define A™"(z) (resp. A™(z)) as the infimum (resp. the supremum) in
A(z) of the order induced by the orientation of the associated ray r(z).

Besides, we define L, = |A™"(2) — z|.
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Lemma 4.19. For any z € OMLy such that z ¢ Z(PQ) UJg and A(z) # 0, we
have A™"(z) # z and L, # 0.

Proof. Without loss of generality, we assume that 2 = 0, z € J7 and z(z) = Rs.
For any small enough real positive €, we have Re(R(€)), Im(R(€)) > 0 and € € J7.
If such an € belongs to A(z), then it contradicts Lemma O

Since M7, is compact in CUS!, it follows immediately that for any z, A™"(z)

is actually a point of OMZ ;.

Definition 4.20. For any point z € OMZL such that z ¢ Z(PQ)UJx and A(z) #
0, we define U(z) as the connected component of (MZ ;)¢\ [z, A™"(2)] incident to:
e the right side of [z, A™"(2)] if z € TT;
o the left side of [z, A™"(2)] if 2 € T
i.e. in the half-plane bounded by r(z) different to that containing the germ of the
trajectory of R(z)0, starting at z.

Lemma 4.21. Consider z € OML,; such that z ¢ Z(PQ) U Jg, A(z) #
z € 3% (resp. 37). For any y € OML; NOU(2) such that y € I+ (resp. I~
A(y) # 0, we have U(y) C U(z).

Besides, if y # z, we have U(y) C U(z).

0 and
) and

Proof. By connectedness of M, ; in the case deg @—deg P = £1 and the asymptotic
geometry of ML, in the case deg Q — deg P = 0, it follows that the associated ray
r(y) intersect the associated ray r(z). Applying Lemma to r(z) and r(y), we
see that A(y) C OU(z). Thus U(y) C U(z).

By connectedness of Mg g in the case deg ) — deg P = %1 and the asymptotic
geometry of ML in the case deg Q — deg P = 0, it follows that the associated ray
r(y) intersects the associated ray r(z). Applying Lemma to r(2) and r(y), we
see that A(y) C 0U(z). Thus U(y) C U(z).

When U(y) = U(z), the associated ray r(y) has to coincide with r(z) (with the
same orientation since y and z belong to the same inflection domain). It follows
that y = z. O

4.5.2. Orientation of global arcs. By Corollary the following notion is well-
defined.

Definition 4.22. A global arc in OMZ; is a maximal open connected arc formed
by points of global type.

Furthermore, for a global arc « defined on (tyin, tmaz), its end point is defined
as long as
wi (@) = N {aft) : t > to}
t()e(t7n1in7tmam)
is a singleton (and equals this element). The starting point is analogously defined
if
w_(a) = N {a(t) :t < to}
tOE(tvnin;tnLaw)
is a singleton. If wy () is not a singleton, then it can only contain points contained
in R-invariant lines, again by Corollary and similarily for w_(«). Regardless
if they are singletons or not, we call the sets wy(a) end accumulation and the
start accumulation. In case they are in fact singletons, we will also call them end
and starting points respectively. We have a geometrically meaningful way to define
orientation on global arcs.
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Lemma 4.23. Any global arc (at)ter can be oriented in such a way that fort' > t,
we have:
o oy € OME, NoU(aw);
o U(ay) DU ().
In particular, in 3T, the orientation of global arcs coincides with the standard topo-
logical orientation of 8MgH (it coincides with the opposite orientation in I~ ).
In particular, a global arc is an interval, i.e. it cannot be a closed loop.

(67

FI1GURE 6. Two associated rays from the same global arc.

Proof. Removal of oy from « cuts the arc into two pieces, one of which is contained
in OU(oy) (see Figure[f). Lemma then proves the inclusion of the sets of the
form U(ay) as t sweeps out the interval T which provides a meaningful orientation
on the global arc. O

Lemma 4.24. Along a global arc «, the function o(z) = arg(R(z)) is a monotone
mapping of o to an interval in S' with length at most .

Besides, if o(ay) = o(ay) for some t > t', then A(oy) coincides with the point
at infinity o(ay) = o(ay) that also belongs to A(ay).

Proof. Consider two points oy and ay of a global arc satisfying ¢ > t' for the
canonical orientation. By Lemma [4.23] oy € U (ay).

Without loss of generality, we assume that « is contained in J%, oy = 0 and
r(ag) = RT. If o(ay) € [-m, 0], any associated ray starting in a small enough
neighborhood of ay will cross M ;. If o(ay) = 0, then the interior of the strip
bounded by 7(at), (o) and the portion of global arc between «; and ay is dis-
joint from MZL . Tt follows that A(ay) contains only the point at infinity. In the
remaining case, we have o(ay) €]0, 7] O

Proposition 4.25. Consider z € OMLy such that z ¢ Z(PQ)UJg and A(z) # 0.
Then, z is either the endpoint or a point of a global arc.

Proof. We consider an arbitrarily small open arc o of M ;; NU(z) ending at z. By
assumptions, « is disjoint from Z(PQ)UJg. If some point y € « satisfies I'(y) # 0,
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then « partially coincides with a local arc. Since the ending point of any local arc
belongs to Z(PQ)UJg (see Proposition[4.12)), comparison of the orientation of local
arcs and the orientation of OMZL; in a given inflection domain (see Lemma
proves that z also belongs to this local arc. This is a contradiction. Therefore, any
point y in the arc « satisfies I'(y) = 0. Proposition then implies that each point
of the arc « satisfies A(y) # () and is thus a point of global type. Therefore, z is
either the endpoint or a point of a global arc containing «. O

Proposition 4.26. If a point z € aMgH satisfies:
e 2 ¢ Z(PQ)UTJR;
o A(2) #0;
o I'(2) =0;

then z belongs to a global arc.

Proof. Following Proposition [4.25] z is either the ending point or a point of a global
arc. We consider a connected neighborhood V' of z in OM{; that is disjoint from
Z(PQ) UJg. Without loss of generality, we assume that V belongs to JT.

We consider a point y € V such that the oriented arc from y to z in ML, has the
same orientation as the standard topological orientation of the boundary. If I'(y) #
(), then y is either a point or the starting point of a local arc (Corollary that
can be continued til z (see Proposition since V is disjoint from Z(PQ) U Jg.
Therefore, I'(y) = 0 and it follows then from Propositionthat A(y) # 0. Thus,
any such point y is a global point belonging to global arc a.

Then, we consider points y € V such that the oriented arc from y to z in 8Mg i
has the opposite orientation as the standard topological orientation of the boundary.
If such point y satisfies T'(y) # 0, then it is a point or the starting point of a local
arc. Since V is connected and disjoint from Z(PQ) U Jg, it contains at most one
local arc starting at a point of extruding type. The complement of the closure of
this local arc in V' coincides with global arc 5. By hypothesis, z is not a point of
extruding type so it belongs to a global arc f. O

Proposition 4.27. If zg € C is the endpoint of a global arc a and is neither a zero
nor a pole of R(z), then A(zg) # 0.

Proof. We assume that « is parameterized by the interval ]0,1[ (with the correct
orientation) and «(t) — 29 as ¢ — 1. For any n > 2, we pick a point 8, €
A(a(1—1/n)). Since CUS! is compact, the sequence (f3,,),>2 has an accumulation
point . Since zg is the endpoint of «, the point § cannot coincide with zy (see
Lemma [4.23)). It follows that a family of associated rays accumulates on a half-line
starting at zo and containing . Since arg(R(z)) is continuous in a neighborhood
of zp, we get that this half-line coincides with the associated ray r(zp). g

Definition 4.28. A point z € ML ; is a non-convezity point if there is a cone C at
z of angle strictly bigger than 7 and a neighborhood V of z such that CNV € MZ,,.

For a point zy for which A(zy) consists of a single point u satisfying the condition
R(z0) + (u — z9)R'(20) # 0, Lemma proves that: (i) the root trail tr, has a
unique branch at zq, (ii) it is contained in M%;, and (iii) its tangent slope is the

R2 (Z())
z0)+(u—2z0) R’ (20)
20, A(2p) contains more than one point, then 8Mg g cannot be smooth at zg:

argument of Yol (mod 7). These lemma yields that if at some point

Proposition 4.29. At a point z ¢ Tg U Z(PQ) such that A(z) contains at least
two points, the boundary aMgH has a non-convexity point.

Proof. First assume that A(z) contains two points u, v both of which are not points
at infinity. Lemma proves that z belongs to two distinct root trails. Assuming
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Yz

F1GURE 7. Negative part of 7, cannot be on the boundary as tv, C MgH.

that R(z) + (v — 2)R'(z) and R(z) + (v — z)R/(z) are nonzero, the tangent slopes

2
of these root trails at z are determined by the argument of e _fu(_zz))
R*(2)

ReTT- (- DY hypothesis, we have Im(R'(z)) # 0 and these two branches
intersect transversely at z and the claim follows, taking the backward trajectories
of the two root-trails. If R(z) + (u — z)R'(z) = 0, then two branches of the root
trail intersect transversely.

In the remaining case, A(z) contains exactly one point u satisfying the condition
R(z) + (u— 2z)R'(z) # 0 and a point o(z) at infinity. Then the root trail of u at
z has a slope given by the argument of 5 +}(%:(_ZZ)) O (or g((zz)) if u is at infinity,
see Lemma [2.16). Similarly, R'(z) ¢ R so these curves intersect transversely at
z. Summarizing we see that in all possible cases, the boundary 81\/[5 g has a non-
convexity point. O

e and

4.6. Points of extruding type. Outside the local and the global arcs, the only
singular boundary points in the complement of Z(PQ) U Jr which can occur are
points of extruding type.

Proposition 4.30. Let z be a point of extruding type in 8M£H. Then z s both
the endpoint of a global arc and the starting point of a local arc.
The boundary OMZL; is not C1 at z and z is a non-convexity point.

Proof. See Fig.[[|below. By definition of the correspondence I', and local consider-
ations of R, z is the starting point of a local arc. Propositions and show
that z is the ending point of a global arc.

For any point u € A(z), the root trail tr, has a unique local branch at z and

its tangent direction is the argument of % (mod ), see Lemma [2.11
Indeed, R(z) + (u — z)R/(z) # 0 because u — z is real collinear to R(z) while
Im(R/(z)) # 0. Since z ¢ Jg, this branch transversely intersects the integral curve
of R(z)0, containing z. Both of these branches are (semi)analytic curves contained
in Mg g and the associated rays of the points lying on the negative part of v,

intersect tr, C Mg - Thus the negative part of v, is disjoint from 8Mg - O

4.7. Boundary arcs in inflection domains.

Proposition 4.31. For any connected component D of the complement of the
curve of inflections Jr, OML; N'D is a union of disjoint topological arcs. In each
of them, local and global arcs have the same orientation. If Im(R') is positive
(resp. negative) in D then the latter orientation coincides with (is opposite to) the
topological orientation of OMEL ;.

Proof. The statement about orientation follows from Proposition[{.11]and Lemmal[£.23
Proposition shows that a point of extruding type is incident to a local and a
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global arcs. It remains to prove that any point of Z(PQ)ND is incident to at most
two arcs.

Such a point zg is neither a zero nor a pole of R(z), see Corollary Therefore,
Corollary together with the fact that all irregular points are contained in Zg
proves the statement. O

5. SINGULAR BOUNDARY POINTS ON THE CURVE OF INFLECTIONS

At points belonging to the curve of inflections the boundary OMZ,; can display
more complicated behaviours. In this section, we classify boundary points that
belong to the transverse locus J% of the curve of inflections (see Definition .
For the following definition, recall the Definition [I.8|

Definition 5.1. A point of OMZ,; \ Z(PQ) belonging to the transverse locus J%
is a point of:

e bouncing type if AT # (@ and T U A~ # 0;

o switch type if AT # ) and TUA™ = (J;

o Cl-inflection type if AT =0, A= # () and T = 0;

o C?-inflection type if AT = () and either A~ = or T # 0.

5.1. Horns at points of the transverse locus. At a point p € J%, the curve of
inflections is smooth and the vector field R(2)d, is transversal to it. This means
that by (3.5) we can assume that

R(u) =1+ pu+ (a+ib)u® + ... (5.1)

where we assumed that p = 0. The condition Im R'(0) = 0 means that p € R,
and the transversality condition is equivalent to b # 0. Without loss of generality
we can assume that b > 0. In other words, m = 2 in which implies that the
integral curves locally look like cubic curves with inflections at these points.

We define the diameter of a horn pAZ:, to be the least upper bound ¢y, > 0 of
all ' > 0 such that there is u € pAZ:, such that v +tR(u) € pAgi, for all t € (0,t').

Lemma 5.2. For p € J%, there exists a neighborhood 2 of p and € > 0 such that
for all points u € Q, where Q. = I+ N Q, there exists a small horn of diameter
greater than €.

Proof. Without loss of generality we assume p = 0. Consider the function
do(u+ tR(u)) (t) = Im R'(u+ tR(u)) ()
dt R(u+tR(u))

defined in C, xRR;. Note that by definition J* = {T(u 0) > 0}. Since T'(0,t) = 2bt+
O(t?), we have ZL(0,0) = 2b > 0. Therefore 27T(u,t) > b > 0 in some sufficiently
small neighborhood U x (—¢,é) of (0,0). Let U, = It NU. By definition of J*, we
have Uy x {0} C {T" > 0}. Taken together, this implies that U, x [0,¢] C {T > 0}
for some ¢ > 0. This means that the argument of R(u + ¢R(u)) is monotone
increasing for 0 < t < € and for every u € U+.

By transversality of Jr and R at 0 we have

O T (g4(0) + SR(g}(0)), 0)smec = T (g5(0) + 3R(g5(0)), 0)la=szo > 0,

where g% is the flow of R(2)d,.

Thus there is a neighborhood @ C U of 0 and € < ¢ such that T'(gh(u) +
sR(g%(u)),0) > 0 as soon as u € Q4 = JIT NQ and ¢, s € [0,€]. Decreasing Q, € if
needed, we can assume that

gh(u) + sR(gh(u)) c Uy for all u € Q4 andt, s € [0, .

T(u,t) =
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Thus for every u € ), any horn of diameter at most ¢ lies in U, and is therefore
a small horn.
If uw € Q4 then the horn ,AY, of diameter € lies in a union of small horns ;A%,

of diameter ¢, where @ € ,A%,. Thus ,A%, is a small horn as well.
O

5.2. Points of bouncing type.
Proposition 5.3. Let z be a point of bouncing type in OME ; :
AT(2)#0 and T(2)UA™(2) #0.

Then z is the ending point of a global arc and also the starting point of another arc
which can either be local or global.

Further, z is is a point of nonconvexity and for small enough neighborhoods V'
of z, one has VN OML, NJr = {z}.

Proof. Without loss of generality, we can assume that z = 0, R(0) = 1, and R'(0) €
R\ {0}. Since z belongs to J%, we get R”(0) = a + bi with a € R and b € R*.
Without loss of generality, we can assume that b > 0 and therefore ~, lies in the
upper half-plane.

Let uy € A'(0) # 0. If up ¢ AY(0) then the germ of tv,, at 0 is smooth
and tangent to R at 0 and contained in the lower half-plane, see Lemma [2.11
and Proposition [2.19)). Otherwise it consists of two branches transversal to R and
orthogonal one to another. Denote by oy C tr,, C Mg g the arc starting at 0 and
lying in the lower right quadrant.

Similarly, since I'(0) U A~ (0) is nonempty there exists an arc a_ (either portion
of an integral curve 7 or a root trail tt,,_ of a u_ € A™(0)) starting at 0, contained
in the upper right quadrant, and belonging to Mg -

Denote by o = av— U4, and let V' be a small neighborhood of 0 such that « cuts
V into two parts. The part V_ of V to the left of « is entirely contained in Mg o (as
r(u) intersects « C ML for any u € V_). This domain contains the intersection of
V with a cone with vertex at 0 and of angle strictly larger than 7. It also contains
all the intersection of V' with Jp excepted for the point 0, see Lemmas [2.11] 2:16|
and Remark 2.17

It remains to prove that in a neighborhood of z, OME; is formed by exactly two
arcs.

Lemma 5.4. Assume that T'(0) =0 and A=(0) # 0. Then 0 is a starting point of
a global arc.

Proof. By Lemma the points lying below the forward trajectory var of 0 are
not in MgH Let ¢ be a point lying slightly above vy and near 0 such that ¢ ¢ MEH
(it exists since otherwise ¢ C OMZL ). Denote by p = p(q) the first point on the
backward trajectory v, starting from ¢ such that r(p) N ML, # 0, in particular
p € ML, and therefore Y C MZ ;. This point exists since the point of intersection
of 7, with a has this property by definition of a.

Let vg be the closed piece of trajectory of R joining p and ¢. By definition of p,
all point of the (evidently closed) set 2 MM except p are necessarily in OME 5
and of local type. Propositionthen implies 'yg DBME = {p}: indeed, otherwise
the set 7,‘—5 N ML, cannot be closed.

The trajectory 70+ is convex, so taking ¢ sufficiently close to 'yar we can assume
that r(q) C ML, intersect 7 and therefore all trajectories of RO, close to and
above 77 . The points p(q’), where ¢ € r(q) lies above g, form a global arc of

BMg o starting at 0 and lying between o and g in the upper right quadrant.
O
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F1GURE 8. Bouncing type

If T(0) # 0, then a local arc whose germ is contained in the upper half-plane
starts at 0.

In both cases the portion of the boundary 8Mg g in a neighborhood of 0 in the
lower right quadrant is a global arc ending at z. Indeed, let ¢ € ZAZ, C MEHC
and denote again by p = p(q) the first point on 7, such that r(p) N ML, # 0, in
particular p € M% ;. As before, it lies on v, between g and v, N «a. Repeating
the arguments of Lemma we see that *yg NMZL, = {p} and the points p form a
global arc of OMZ; lying in the lower half-plane and ending at 2.

O

5.3. Points of C2-inflection type. Recall that a point z € 8M5H is called a
point of C2%-inflection type if AT(2) = 0 and either A= (z) = 0 or I'(z) # 0.

Proposition 5.5. Consider a point p of OML ; \ Z(PQ) belonging to the transverse
locus 35,. If A(p) =0, then T'(p) # 0 and p is the starting point of a local arc.

Proof. We keep the previous normalization p = 0, R(0) = 1, ImR"(0) = b > 0.
The positive trajectory 73' cuts J% into two parts, one containing the convex hull
of 7o (denoted by Q) and another one denoted by Q4 _.

The arguments of Lemma (using Lemma instead of Lemma can be
repeated word by word as long as p € J; N OQ4 1, see Figure @ This proves that
MZ,; does not intersect Q. Together with A(0) = () this implies that some small
sector S_ = {—¢ < argz < 0} does not intersect M7, ;.

Now, assume by contradiction, that there exists ¢ € Q44 \ Mg gr- Shrinking
Q. if needed we can repeat the arguments of Lemma as long as p € JT, see
Figure |5, to conclude that Q4 N ML, = 0.

Therefore there is a neighbourhood U, of 0 in J* which is disjoint from MZ ;.
We can assume that U, is the intersection of I with a small disk centered at 0.

For sufficiently small € > 0, the set U = Uy U {—e€ < arg z < €} is disjoint from
Mg 3 the part lying in the lower half-plane is in U, U S_ and the part lying in the
upper half-plane is in Uy U OAZ’ U,

Now, take a small neighborhood U_ of 0 in {2_ bounded by a convex curve
transversal to R. For any uw € U_, the ray r(u), being close to Ry, lies inside
UUU_. By Lemma this implies that U_ € M} °, and therefore 0 ¢ MZ,,,
a contradiction. Thus Q4 C ML, and vo C OME,. O

Proposition 5.6. Consider a point p of C%-inflection type. Then there is a neigh-
borhood V' of p in which OME&y is formed by:

e a portion of a local arc vy, parameterized by an interval [0,¢[, € > 0 with
’Yp(o) =P
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e a portion of a global arc 7, parameterized by [0, €[ and such that 7,(0) = p
and A(Yp(t)) = {rp ()}
In particular, p is simultaneously the starting point of a local arc and the starting
point of a global arc.

Proof. We again assume that p = 0 and R(0) = 1. Following the definition of a
point of C?-inflection type (see Theorem [1.9), we have that AT (0) = () and either
A~(0) = 0 or T'(0) # @. By Proposition [5.5, if A~(0) = ), then I'(0) is also
nonempty. Therefore, in both cases 0 is the starting point of a local arc vy and we
deduce the shape of the boundary close to 0 from the assumption A*(0) = 0.

The curve vy divides the domain JT into two parts, and as before we denote the
one containing a horn of 0 by O, _.

Lemma 5.7. Q. NMZL, =0.

Proof. At first, consider the case R'(0) < 0. Set I_ :== 0Q4_ NJg \ {0}. We claim
that r(u) "ML = 0 for all u € I_ sufficiently close to 0.

Set p := — (R'(0))”". By assumption MZ,; NRy = A=(0) is a compact subset
of (p,+o0], so ML, NRy C [p/,4+], p) > p. Again, by closedness of MZ
and by Lemma [3.21] we can assume that for any € > 0 and all sufficiently small
0<d <d(e)

MEy N{|Tmz| < &'} C {Rez > p' —¢,Im2z < 0} U{Rez < €} (5.2)
This means that M, contains not only the horn OAg, but also the box
H={-0<Imz<0,e<Rez<p+e}

(we take € < "l—z_”).
For all u € I_, the slope o(u) is positive:

Im R(u) = R'(0) Imu + O(u?) > 0, (5.3)

as Imu < 0 and Reu = O(Imu) by transversality of Jr and r(0). Moreover, by
we have Im(u + tR(u)) = 0 for t = p + O(u), thus r(u) "Ry = p + O(u).
Therefore for any ¢ > 0 and for any point u € I_ sufficiently close to 0, the ray
r(u) has an arbitrarily small slope and r(u) "Ry € (p — €, p + €). Therefore

r(w) N {Imz > 0} C yAP, U vz ME,° (5.4)

for all u € I_ sufficiently close to 0.
Let w € I_, |Imu| < §', and take u” € r(u) with Reu” = €. If € is sufficiently
small then by Lemma we can assume that the horn uAZi, is small.
The complementary cone .~/ lies above r(u) and to the right of {Rez > €}.
Thus
LN {Imz <0}

and therefore .,/ N {Imz < 0} € M%,°. Choosing e sufficiently small we can
assume that the angle of the sector .~/ is small enough to conclude from
that ,»ZN{Imz > 0} C MgHC as well. This implies that u € MEHC and therefore
Q- c ML, as well.

If R'(0) > 0 then A=(0) € A*(0) = 0, so A(0) = . Then the arguments of
Lemma are applicable for all p € Q,_, which proves the required claim in this
case as well.

d

Let 79 be the set of points in I~ whose associated rays are tangent to the positive
trajectory o of R(z)0, starting at 0.
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. . T
FIGURE 9. ,/ lies in the complement to Mg

Lemma 5.8. For R as in (5.1)) the local arc 7o is described by the relation y(x) =
§x3 +o(x3), x > 0 and the curve 7y is described by y(x) = 5%3:3 +o(z3), 2 <0.

Proof. Using (3.6 for (5.1]) we see that

b
Yo(t) =t +oft) +1i <§t3 + O(t4)>
with a € R and therefore the slope o(yo(t)) = bt? + O(£3).
The point u € 9 whose associated ray r(u) is tangent to vy at vyo(¢) has the
form

u=7(t) — sR(7o(t)) =t — s+ oft) +i (—sbt2 + gt?’ + O(t4)>

with the condition o (u) = o(y9(t)) = bt? + O(t?). The latter condition means that
s =2t + o(t) and therefore

w=—t+o(t)—i (gbt:” + O(t4)> :
0

Lemma 5.9. For any u € 7y, the ray r(u) does not intersect Yy U~y between u and
the point of tangency z = z(u) of r(u) and 7p.

Proof. By Lemma [5.8] there is function () such that v U%o = {y = v(x)}, with
v(x) = %m3 + o(z?) for > 0 and v(x) = %bacg + o(z®) for z < 0. Both expres-
sions, being power series, can be differentiated and produce asymptotic formulae
for +'(z),~7"(x) as well. In particular, v (x) is continuous and monotone on the
interval [Re o, Re z].

Assume r(u) C {y = kx + b}. By construction, ¥ = y(z) — kxz — b vanishes at
Rewu and has a double zero at Rez. Any other point of intersection of r(u) and
Ao U o will imply the existence of another zero of 4 on [Rewu,Rez], thus 4 will
have four zeros on this interval counting multiplicities. By Rolle’s Theorem this
will imply the existence of two zeros of 4/ = 4" on [Reu, Re z], which contradicts
monotonicity of 4. O

By Lemma [5.8| the curve 7q is tangent to R, thus transversal to Jr and divides
Q_ into two parts. Denote by Q__ the closed part consisting of points whose
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FIGURE 10. A point in the transverse locus of OM%L, N Jx with
empty A correspondence is the starting point of a global arc.

associated rays do not intersect vo and let 2_, denotes the second part. Clearly
Q_+ C MgH

Corollary 5.10. Let u € 5y and set uy = r(u) NJIr and ro(u) =r(u) \ Q__ =
uy + R(u)Ry. Then ry(u)n (MEH)O =0,

Proof. Indeed, the piece of r; (u) between u, and the point of tangency z = z(u)
of r(u) and 7 lies in Q4 _ by Lemma and the remaining piece coincides with
r(z). Thus the claim follows from Lemmas [5.7] and O

Lemma 5.11. For any u € Q__ \ 79, one has

(1) r(uw) Ny =0, .
(2) () \ 2 € ME,".

Proof. Let v2 be the piece of trajectory of R(2)d, containing u and with endpoints
a = alu) € % and § = B(u) € Jr: by Lemma Ao is transversal to the
trajectories of R(z)0; near 0 except vo. Let D(u) = U,_ s7(2) be the domain

sweeped by the rays associated to the points of 42. Since 72 is convex, dD(u) =
r(a)Uy2ur(p). By Lemrnasn E and. 0D (u) NA = {a}, so r(u) N5y = 0.
The boundary of Dy (u) = D(u) \ Q__ consists of r(5), the piece of Jr lying
between 3 and the point ;. and r () which do not intersect M% Ho by Lemma
and Corollary This implies the second claim of the Lemma. O

Proof of Proposition[5.6 Take some u € Q°_ and let Q__(u) be the curvilinear
triangle bounded by v?, 4y and J. The ray r(u) does not cross 72 by convexity and
does not cross 49 by Lemma Therefore it leaves the domain Q__(u) through
3, with r(u) \ Q__(u) C MLy, Lemma Thus r(u) C Q—_(u) UME,".
As Q__(u') C Q__(u) for any v’ € Q__(u), this means that r(v') C Q__(u) U
MZ,,* for all o/ € Q__(u), and therefore Q__ N ML, = 0 by Lernnla
As Q_; C ML, we see that 79 C OME,.
U

d

5.4. Points of C'-inflection type. Recall that a point p € ML, \ Z(PQ)
belonging to the transverse locus J% is called a point of Cl-inflection type if

A*(p) =T(p) = 0 and A~ (p) # 0.

Proposition 5.12. A point p € OMEL; N T% of Cl—inflection type is the starting
point of two global arcs (one in each of the incident inflection domains).
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Proof. We assume that p = 0, R(0) =1 and 79 C J7 lies in the upper half-plane.
We use z = x + iy notations.

Exactly as in the case of bouncing type, the conditions A~ # @ and T" =
imply that 0 is a starting point of a global arc, see Lemma[5.4] Denote this arc by
n = {y = &(z)}. The arguments of Lemma show that 7 lies between tr; o, and
tr,__, where uo, = sup A~. Thus 7 has second order tangency with R . Let k(z) be
the point of intersection of r ((z,&(z))) with Ry. One can easily see that k(x) is an
increasing function, and k(x) — us as x — 0. This means that lim, .o &(x) /22
exists and is positive.

We repeat the arguments of the C?-inflection case above one by one, with 7
replaced by 1. The Lemma can be repeated verbatim (necessarily R'(0) < 0),
and we get Q4 C ML .

Let 77 C 3~ be the curve of points bounding (the germ at 0 of) the domain Q__
consisting of points of J~ whose associated rays do not intersect 7. In particular,
r(u) is a supporting line to i for all u € 7. If 42 is a trajectory of R(2)0. starting at
u € 7j and ending at 3 € Jg then v2 C Q__ by convexity of 7, as in Lemma

Lemma 5.13. For any u € 7 the ray r(u) does not intersect 7] except at u itself.

Proof. Note first that n lies above r(u) for any a € 7. Assume the opposite to
the claim of the lemma, and let v’ € r(u) N7 be such a point of intersection. If
o(u') < o(u) then the ray r(u’) lies below r(u) and therefore cannot intersect 7.
Similarly, if o(u’) > o(u) then r(u) cannot intersect n. Therefore o(u') = o(u), so
u’ is a point of tangency of r(u) and R(2)0, just like u.

Now, recall that 0 € n lies above r(u). Moreover, as u € J~, the germ of r(u) at
u lies in Q__: for v € r(u) close to u we have o(v) < o(u), so r(v) doesn’t intersect
7. Thus the germ of 7 at u lies above r(u) as well. Thus both ends of the part 79
of 7] between u and 0 lie above 7(u), so 70 intersects r(u) in even number of points
not including u, i.e. at least at three points including u, all of them the points of
tangency of r(«) and R(2)0,.

As u — 0 the line r(u) converges to R and the points of tangency necessarily
converge to 0 as well. This means that R0, has point of tangency of order at least
3 with R at 0. However, p € J% means that Im R”(0) # 0, so the order of tangency
of RO, with R at 0 is exactly 2 (as Im R(0) = Im R’(0) = 0). This contradiction
proves the Lemma.

O

The same arguments as in Lemma and in the proof of Proposition [5.6| now
show that Q__ satisfies the conditions of Lemma [3.26 and is therefore disjoint from
MZ ;. d

5.5. Points of switch type. Recall that a point p € OML, \ Z(PQ) belonging
to the transverse locus J% is called a point of switch type if AT (p) # @ and T'(p) U
A (p) =0.

Proposition 5.14. The negative part v, (t) of the integral curve vo(t) is a part of
the boundary OML ;.

As before, we assume that p = 0, R(0) = 1 and Im R”(0) > 0. The trajectory
vo(t) and the curve Jg divide U into four domains Q4 y, with Q4_ intersecting

p/
the oA
Lemma 5.15. In the above notation, Q44 C MgHC,

Proof. Recall that by Lemma the union H(0) = OAgi, U, £ does not intersect
MZ .
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Assume first that R'(0) < 0 and set p := —(R'(0))~! € Ry U {+00}. The set
A(0) is a relatively closed subset of (0, p] not containing p (as A~(0) = (). Thus
there exists a p’ < p such that the ray [p/, +00] is disjoint from ME,. As both
[/, +oc] and M7, are closed in CUS' there is some neighborhood U of [/, +o¢]

in CUS! disjoint from MgH Choose an open sector S C U with the ray (p', +00)
as bisector, necessarily disjoint from M7 ;.

By shrinking Q41 we can assume that |0(z)| < |0(5)] for all z € Qy, where
+0(S) are the slopes of the sides of S. Moreover, we restrict ourselves to a neigh-
borhood U of 0 so small that rays 7(z) do not intersect the interval [0, p'] for
z€UN{Rez >0} and z # 0: this is possible since the trails of these points lie in
the lower half-plane. In particular, for any z € Q4 C UN{Rez > 0} the ray r(z)
intersects the boundary of H(0) U .S only once at g ().

The same conclusion holds in the case R'(0) > 0. In this case o(z) > 0 for all
zeU,Imz > 0.

Since I'(0) = @ there exists a point ¢ € Q14 \ M%L;;. We can now repeat the
arguments of Lemma for U: the crucial fact used in Lemma was that r(p)
doesn’t intersect M7, and this holds for points of 2 . Therefore QML = 0.

(]

Proposition 5.16. Take p = ~o(t) for some t < 0 sufficiently close to 0. The
open curvilinear triangle H(p) C Q_1 bounded by r(p), the curve vy (t) and the
inflection curve lies outside ML ;.

Denote z = Rez, y = Im 2.

Lemma 5.17. One has a%a(m—l—iy) < 0 as long as z = x + iy lies in a sufficiently
small sector {|z| < d,z < 0, |y| < —ex} for some €,6 > 0 depending on the rational
function R(z) only.

Proof. Recall that R(z) =1+ az + bz% + .., with Imb > 0. Then

a2
log R =az + (b— ) 224 ..

2
and
(logR) =a+ (2b —a?)z + ...

Therefore

0 , 0 / 2

—o(x+1y) = =—Im(log R) = Im (log R)" = Im(2b —a”)z + 0o(2) <0

Oz Ox
if |arg z — | < m — arg(2b — a?) and |2| is sufficiently small (note that 0 < arg(2b—
a?) < masImb>0and a € R). O

Lemma 5.18. The associated ray r(z) does not intersect ~y, (t) for any z € H(p).

Proof. First consider the case Imz < 0. As 7, (¢) is tangent to R, we can assume
that this part of H(p) satisfies the conditions of Lemma [5.17} so o(z) > o(z4) > 0,
where zy = z +t € 7, (t). Thus the ray r(z) lies in the half-plane bounded by
the line tangent to v, (¢) at z; and containing z. Therefore r(z) does not intersect
v (t): by convexity of v, (¢)it lies in the other half-plane bounded by the line
tangent to vy, (f) at z4.

Now, assume that Im z > 0. Recall that we have chosen U so small that for any
z € U, Im z > 0, the intersection 7(z) "R C (p’,+00) C Ry. Thus r(z) N {Imw <
0} € {Rez > p’ > 0} which is disjoint from ™. O

Lemma 5.19. The associated ray r(z) does not intersect r(p) for any z € H(p).
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Proof. Let v, be a part of the integral curve of RJ, ending at z and let 2’ € v, Nr(p)
be the first (from z) point where v, enters H(p). This point must necessarily lie
on r(p) because v, does not intersect neither the curve of inflection points Jg nor
~~ by uniqueness of solutions of ODE. Thus o(z’) < o(p).

Assume now that the ray r(z) intersects r(p). Then o(z) > o(p) > o(2’) as z
lies below r(p). Therefore the slope o(w), w € v, , is not monotone, implying that
v, has an inflection point. But this is impossible since v, does not intersect the
curve of inflections. O

Proof of Proposition[5.16. By minimality, it is enough to prove that r(z) C H(p)U
MZ,, for any z € H(p). By Lemmas the ray r(z) does not intersect r(p)
and 7, (¢). Thus r(z) leaves H(p) through the curve of inflections Jr with a small
slope.

If the slope is positive then r(z) \ H(p) C U4+ U H(0). In particular, this is the
case for all z € H(p), Imz < 0 by Lemma

Assume now that o(z) < 0 (and therefore Im z > 0). Recall that we have chosen
U so small that for any z € U, Im z > 0, the intersection r(z) R C (s', +00) C R..
Thus 7(z) \ H(p) C Q14 UH(0)U S.

Taken together, r(z) C H(p) UMEL, " for all z € H(p). Therefore H(p) C M%,;°
by Lemma |3.26

(]

Proposition 5.20. Consider a point p € 3M5H of switch type. Then there is a
neighborhood V' of p such that MchH NV is contained in a half-disk centered at p.
Besides, no neighborhood of p in MgH can be contained in a cone centered at p
with an angle strictly smaller than 7. A point of switch type is the ending point of
both a local and a global arcs.

Proof. We essentially repeat the arguments of Lemma Take u € A(0) # 0 and
let tv)” be a germ of the branch of tr, C ML, lying in the lower-right quadrant.
For any q € tvf let z = z(q) € v} be the last point such that r(z) N M&y # 0.

This point exists since 'y; # () eventually enters OAZ;, c MZ Hc. As in Lemma

z € OML; and therefore Im z < 0, as otherwise z € OAZ,. The points z(q) form a
global arc ending at 0. ]

5.6. Classification of boundary points. Here, we summarize several results ob-

tained in the previous sections to finalize our classification of boundary points on
OMZ,,.

Proof of Theorem[1.9 It follows from Corollary[3.8that there are at most 4 deg P+
deg Q — 2 < 2d singular points in the curve of inflections (d = 3deg P +deg@Q — 1).
Propositionproves that the tangency locus T is formed by at most 2d? isolated
points and d lines.

The classification of points in J% is trivial. If A" is nonempty, then a point is
of bouncing or switch type depending on whether I' U A~ is empty or not. If AT
is empty, then a point is of C'-inflection or C2-inflection type depending whether
the conjunction of A~ # () and " = () is satisfied or not.

Finally, for points outside Z(PQ) U Jg, we just have to check that T' and A
cannot both be empty. This is proved in Proposition [£.7} O

5.7. Estimates concerning local and global arcs. We introduce the following
notations:

e |L] is the number of local arcs;
e |G| is the number of global arcs;
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|B] is the number of points of bouncing type;

|€] is the number of points of extruding type;

|Z1| is the number of points of C!—inflection type;
|Z| is the number of points of C%2—inflection type;
|S| is the number of points of switch type.

We prove that the number of points of switch type provides an estimate for the
number of local arcs (up to an error term depending only on deg P and deg Q).

Lemma 5.21. In the boundary 8M£H, the ending point of every local arc, except
at most d(2d+ 1) of them, is a point of switch type where d = 3deg P + deg @ — 1.
Conversely every point of switch type is the endpoint of some local arc.

In other words, we have |S| < |L£]| < |S]+d(2d + 1).

Proof. Proposition proves that every point of switch type is the endpoint of
some local arc. It remains to list all possible endpoints for local arcs.

Following Proposition every local arc has an endpoint that either belongs
to Z(PQ) or to Jg. For any point a which is the endpoint of a local arc, L,
contains an interval of length at most 7. It follows from Corollary [3.5] that such a
point is either a simple pole of R(z) or a point which is neither a zero or a pole of
R(z). Only two local arcs can have the same simple pole as their endpoint. Any
other point is the endpoint of at most one local arc (because only one integral curve
passes through such a point). Consequently, at most 3 deg P+deg @ local arcs have
an endpoint in Z(PQ).

It remains to count local arcs one endpoint of which belongs to Tz \ Z(PQ). Any
such point is incident to a unique integral curve which implies that it can be the
endpoint of only one local arc. If such a point belongs to the transverse locus of the
curve of inflections, then it is a point of switch type (see Propositions
and [5.20). There are |S| of them. Following Proposition [3.14] the tangency locus of
Jg is formed by at most 2d? points and d straight lines where d = 3 deg P+deg Q—1.
As arg(R(z)) is constant on each such line, they contain at most one endpoint of a
local arc. Thus |£| < |S|+d(2d + 1).

O

Similarly, we prove an estimate on the number of global arcs that do not start
at a point of the transverse locus of the curve of inflections.

Lemma 5.22. In the boundary 3M5H, the starting point of every global arc, except
at most 12d + 5d? of them, is either a point of C'-inflection, C?-inflection or of
bouncing type.

Besides, we have 2|T;| + |Zo| < |G| < |B| + 2|T1| + |Zo| + 12d + 5d?.

Proof. Proposition show that every point of C'-inflection is the starting point
of a global arc while Proposition show that every point of C'-inflection is the
starting point of two global arcs. It follows that 2|Z1| + |Z2| < |G].

Then, we list every possible starting point for a global arc (Lemma proves
that global arcs cannot be closed loops).

Since points of extruding type are not starting points of global arcs (see Propo-
sition , every global arc either starts at a point at infinity or at a point of
Z(PQ)UTJR.

We first count the number of global arcs which can start at infinity. If deg@ —
deg P = 1, then by Theoremwe know that MZ , is compact. If deg Q—deg P =
—1, then Propositionproves that Mg ;r has only one connected component while
its complement has two connected components. Therefore, we have at most four
infinite global arcs in this case. If deg@ — deg P = 0, the complement of MZ
is connected so each connected component has at most two infinite global arcs.
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Following Proposition MZ;; has at most deg P+deg @ connected components.
Therefore the number of global arcs starting at infinity is at most 2 deg P42 deg Q.
In the only case where 4 > 2deg P + 2deg @ while deg @ — deg P = —1, Q(z) is
constant while deg P = 1. In this case, MgH is a straight line (see Proposition|6.7]).

Let us consider the points of the transverse locus of Jg. Each point of C'! —inflection
type is the starting point of exactly two global arcs (see Proposition . Each
point of bouncing or C?—inflection type is the starting point of exactly one global
arc (see Propositions and . No global arc starts at a point of switch type
(see Proposition [5.20)).

Now let us consider the tangency locus of Jg. It is formed by at most 2d? points
and deg P 4+ deg @ + 1 R-invariant lines (see Definition . For each such line,
at most 4 global arcs can have start accumulation w_ («) belonging to it, because
each line has two sides and rays have two possible directions. Otherwise, the rays
starting from these global arcs intersect the interior of MZ ; near the other global
arcs. Using Corollaries we conclude that each of the 2d? remaining points of
the tangent locus is the starting point of at most two global arcs. For the same
reasons, each singular point of Jg that does not belong to Z(PQ) is the starting
point of at most two global arcs. There are 4deg P 4+ deg @ — 2 < 2d such points
(see Corollary [3.8)).

It remains to estimate the number of global arcs that can start at a root a of
P(z) or Q(z) in terms of the local degree m, of R(z) in a. Corollary proves
that « is the starting point of at most:

e two arcs if m, = 0;

e 2(1 —my) arcs if m, < —1;

e 2deg P arcs if mqy > 1.
Consequently, in the worst case scenario, the roots of P(z) and Q(z) are simple and
disjoint so at most 2deg P(deg P + 2) global arcs can start at these points.

Therefore, the number of global arcs whose starting point does not belong to J%
is at most (2deg P+2deg Q) +4(deg P+deg Q +1) +4d* + 4d+ 2 deg P(deg P +2).

If degP = 0, then deg@ = 1 (otherwise M%,, is trivial) and MZ,, is fully
irregular (and has therefore no global arcs) so we can replace the obtained bound
by the slightly weaker (but more practical) upper bound 12d + 5d>. 0

5.8. Long arcs. In order to prove Theorem|1.10} we introduce a new decomposition
of the boundary OMZ ;.

Definition 5.23. For any linear differential operator T' given by (|1.1]), we define
the long arcs as the maximal arcs formed by gluing local and global arcs along
points of extruding or bouncing type (see Sections and .

In particular, a long arc belongs to the closure of a unique inflection domain.
Consequently, local and global arcs of a same long arc share the same orientation
(see Section [4.5.2)). This defines the orientation a long arc.

5.8.1. Estimates concerning long arcs. Drawing on the estimates of Section
we prove that the number of long arcs corresponds to the number of intersections
between 81\/[5 y and the transverse locus of Jp that are not of bouncing type (in
other words, where the boundary of the minimal set crosses the curve of inflections).

Lemma 5.24. Every long arc except at most 28d? 4 52d of them goes from a point
of switch type to a point of Ct-inflection or C?-inflection type. The number |A| of
long arcs satisfies the following inequalities:

2|S| < |A| < 2[S| + 26d + 14d;
4|7, | + 2|To| < |A| < 4|Ty| + 2|Zo| + 26d + 14d>.
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Proof. Inequality 2|S| < |A] follows from the fact that every point of switch type is
the ending point of two long arcs. Similarly, points of C'-inflection or C?-inflection
type are the starting points of two long arcs so we obtain 2|Z;| + 2|Z2| < |AJ.

We denote by |Af| the number of long arcs containing a local arc. We already
know that the endpoint of a local arc cannot be a point of extruding or bouncing
type. Therefore, the endpoint of a local arc contained in a long arc is also the
endpoint of the long arc. We deduce then from Lemma that the endpoints of
all but at most d(2d + 1) these long arcs containing a local arc are points of switch
type: |AL| < |S|+d(2d+1).

Then, denote by |Ag| the number of long arcs that do not contain a local arc.
The start accumulations of these long arcs are in particular start accumulations of
a global arc and cannot be points of bouncing type. We deduce from the proof
of Lemma that the start accumulation of these long arcs, except at most
12d + 5d? of them are in fact starting points and they are points of C''*-inflection or
C?-inflection type. In other words, we have |Ag| < 2|Z1| + |Z2| + 12d + 5d2.

Finally, we deduce that the total number of long arcs satisfies |A| < |S] +
2|Z71| + |Zo| + 13d + 7d?. Combining this inequality with 2|S| < |A|, we obtain
that |S| < 2|Z;| + |Z2| + 13d + 7d? and therefore |A| < 4|Z;| + 2|Z| + 26d + 14d>.
We obtain similarly that |A| < 2|S| + 26d + 14d%. This also provides a bound on
the number of long arcs that do not go from a point of switch type to a point of
Cl-inflection or C%-inflection type. O

5.8.2. Admissible long arcs. We will refer to a long arc going from a point of switch
type to a point of C*-inflection or C?-inflection type (or the opposite) as an admis-
sible long arc.

Definition 5.25. We associate to each admissible long arc « a combinatorial sym-
bol s, that contains the following information:

e the connected component of the transverse locus J% containing the starting

point of «;
e the connected component of J} containing the endpoint of oy
e the sign of the inflection domain « belongs to.
Chains of consecutive long arcs define patterns formed by the concatenation of

the combinatorial symbols of their long arcs.

Chains of consecutive long arcs are given the orientation induced by the topo-
logical orientation of MZ ;. Therefore, the orientation of a chain coincides with the
orientation of the long arc inside positively oriented domains of inflection (and does
not coincide with the orientation of the long arc inside negatively oriented domains
of inflections).

Remark 5.26. In particular, at a point z of switch, Cl-inflection or C?-inflection
type in a chain, the associated ray r(z) and the orientation of the chain points
towards the same domain of inflection.

5.8.3. Bounding the number of transverse intersection points between OMELy and
the transverse locus of Jr. Using the fact that an associated ray cannot cross the
curve of inflections more than d times (where d = 3deg P + deg Q — 1), we prove
a bound on the number of chains of admissible long arcs that can realize a given
pattern.

Lemma 5.27. In the boundary BMgH of the minimal set, there cannot be 2d + 2
disjoint chains of 2d admissible long arcs that realize the same pattern.

Proof. We assume by contradiction the existence of 2d+2 disjoint chains 1, ..., V2412

of 2d admissible long arcs realizing the same pattern. We refer to the admissible

long arc of v; corresponding to the j** symbol as Qg ;-
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By definition of the combinatorial symbol, for a given j, the arcs a; ; for 1 < ¢ <
2d + 2 belong to the same inflection domain D;.

We denote by fi,...,B24+1 the connected components of the transverse locus
J% at the endpoints of long arcs ordered according to the orientation of the chains.

We are going to prove the existence of a point z of 5411 such that its associated
ray r(z) also intersects d arcs among fi,...,324+1, defining a straight line that
intersects transversely a real algebraic curve of degree at most d in at least d + 1
points, obtaining the desired contradiction.

A first observation is that the chains 71, ..., 72442 cannot cross each other (be-
cause the interior of M, is connected near endpoints of admissible arcs). Since
the complex plane is simply connected, this fact implies that for a given j, the
intersection points of the chains 7, ..., ¥244+2 with ; determine a cyclic order that
does not depend on j. We assume therefore that the indices of v1,..., 72442 are
elements of Z/(2d + 2)Z and correspond to the previously defined cyclic ordering.

In a given inflection domain Dy, it may happen that the linear orders of these
intersection points with 8; and 3,41 respectively are different. They may differ by
a rotation if 3; and B;41 do not belong to the same connected components of the
boundary of 9D; (if D, is not simply connected).

It follows that for any 1 < j < 2d, for every k € Z/(2d+2)Z except possibly one,
there is a quadrilateral in C bounded by ok, o; k41, one portion of 8; and one
portion of B;11. The exception correspond to the case where the linear orderings
do not match. Since we have 2d + 2 chains, it follows that we can assemble 2d of
these strips into a unique long strip & bounded by some v, v;+1 and portions of
Bo and Bad1-

The chains 7, and 741 are oriented in such a way that for any point z € 0SNS5y,
associated ray r(z) points inside S. Since the orientation of 7, and 7,41 coincides
with the topological orientation of MZ,;;, we can find a point z of S N B44+1 in the
complement of MZ ;. Thus, for any such point 2, associated ray r(z) cannot cross
chains 75 and 7,41 and has to leave S through Sy or B2441. Therefore, r(z) has to
cross either 51, ..., Ba+1 or Bat1,- .-, P2d+1. This ends the proof. O

We deduce a bound on the number of long arcs.

Corollary 5.28. For any linear differential operator T given by (1.1), the number
|A| of long arcs in OML,; satisfies

|.A| S 2616d1n(d) +92d3
where d = 3deg P + deg @ — 1.

Proof. Since the number of connected components of the transverse locus J% is at
most 2d%+6d+2 (see Corollary7 the number of possible combinatorial symbols
for an admissible long arc is 2(2d? + 6d + 2)? (see Definition . Therefore,
the number of possible patterns for a chain of 2d admissible long arcs is at most
224(2d? + 6d + 2)*¢. Since d > 3 (see Remark, we have 2d* + 6d+2 < 3d? and
we obtain the weaker (but simpler) upper bound (25/2)24d%<.

Then, using Lemma [5.27] we deduce that the number of disjoint chains of 2d
admissible long arcs is at most (25/2)24(2d + 1)d®?.

The number of non-admissible long arcs is bounded by 28d? +52d (Lemma [5.24)).
It follows that in the worst case, each non-admissible arc is located between two
chains of (2d — 1) + 2dN admissible long arcs. Consequently, the number of long
arcs is bounded by

(25/2)%%(2d)(2d + 1)d** + (28d* + 52d) + (284> + 52d + 1)(2d — 1).
Since d > 3, this upper bound can be weakened to 2e16¢1n(d) 1 9243, ]
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Theorem then follows from the fact that |S| and 2|Z;| + |Z3| are bounded
by the number of long arcs (see Lemma|5.24]). Corollary then follows from the
combination of Theorem [[.I0] with Lemma [5.21]

6. GLOBAL GEOMETRY OF MINIMAL SETS

At present we do not know a general recipe how to describe non-trivial Mg a
Nevertheless we can prove some general statements about their global geometry
and provide some illuminating examples.

Recall that ML, is nontrivial if and only if deg @ — deg P € {—1,0,1}.

In some cases, description of the convex hull Conv(MZ,;) is easier to obtain.
The following has been proved as Corollary 5.16 in [AHN+-24].

Proposition 6.1. Consider a linear differential operator T given by (1.1). Then
the intersection of all convexr Hutchinson invariant set coincides with the convex
hull Conv(MZL ;) of the minimal set ML ;.

The local analysis of boundary points carried on in the previous sections pro-
vides interesting partial results towards a characterization of points where OMZ,
is locally convex.

6.1. Local convexity of the boundary. Local analysis in terms of correspon-
dences T' and A shows that corner points of M%; have to satisfy very specific
conditions.

Corollary 6.2. For a linear differential operator T given by , consider a
point o which is a corner point of the boundary 8M£H. In other words, there is a
neighborhood V' of a such that V N ML, is contained in a cone with apex o and
with the opening strictly smaller than w. Then one of the following statements hold:
o « is a simple zero of R(z) satisfying ¢o =0 (see ;
e « is a common root of P(z) and Q(z) of the same multiplicity (i.e. « is
neither a zero nor a pole of R(z)).

Besides, if o is a cusp (neighborhoods of a in MLy, can be included in cones of
arbitrarily small opening angle), then one of the following statements holds:

e « is a common root of P(z) and Q(z) of the same multiplicity;
e ML, is totally irreqular and contained in a half-line.

Proof. Corollary immediately implies that o cannot be a pole or a multiple zero
of R(z). Besides, if « is a simple zero, it has to satisfy the condition ¢, = 0. Now
we assume that « is neither a zero nor a pole of R(z). It remains to prove that
a € Z(PQ).

Assume that o ¢ Z(PQ). In this case if some point of the forward trajectory of
R(2)0, starting at a belongs to MgH, then a germ of the integral curve starting at
« is contained in M% (see Proposition and a cannot be a corner point. We
conclude that T'(a) = 0.

If A(a) contains some point y, then a branch of the root trail tr, containing
a belongs to ML, (see Lemmas and . Thus in this case a cannot be a
corner point and we get A(a) = 0.

Now we take a cone C with apex at a, of angle at least 7 which is locally disjoint
from MZ ;. If r(«) is contained in C, but is not one of the two limit rays, we can
freely remove a neighborhood of « from MZ;; and still get an invariant set. In any
other case, we can find an arc contained in a neighborhood of « and the complement
of Mg ;7 Whose associated rays sweep out a domain containing o. Thus we get a
contradiction in this case as well which implies that « has to be in Z(PQ).
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Finally if « is a simple zero of R(z) and a cusp, then we have £, = S! (see
Definition . It follows that ML, has empty interior. All such cases have been
completely classified in Section 7 of [AHN+24]. O

Further local analysis provides necessary conditions under which boundary points
belong to locally convex parts of OMZ ;.

Proposition 6.3. For a linear differential operator T given by , consider a
point o € OMZLy; such that there is a neighborhood V' of o with the property that
vn MEH is contained in a closed half-plane whose boundary contains c.
If « € Z(PQ), then one of the following statements holds:
e « is a simple pole of R(z);
e « is a simple zero of R(z) satisfying ¢o =0 (see ,'
e « is a common root of P(z) and Q(z) of the same multiplicity (i.e. « is
neither a zero nor a pole of R(z)).
If o € 35, \ Z(PQ), then « is a point of switch type.
If a« ¢ Tp U Z(PQ), then one of the following statements holds:
e « is a point of local type;
e « is a point of global type and for any u € A(a), either Im(f(u,a)) =
0 or Im(f(u,a)) and Im(R'(«)) have opposite signs (for f defined as in
Proposition ,

Proof. The case a € Z(PQ) follows from Corollary If €35\ Z(PQ) and
A~ (a) # 0, then MZ,; contains both the germ of an integral curve of the field
—R(2)0, at o and the germ of the root trail tv, for some u € A~ (a). Proposi-
tion implies that M7, cannot be convex at . Besides, if I'(a) # 0, then
MZ,; cannot be convex in « either because a germ of an integral curve having
an inflection point at « is contained in Mg g In the remaining cases, we have
Ia) UA™(a) = 0. If AT(a) # 0, this characterizes points of switch type (see
Theorem . If A=(a) = (), then we obtain a point of C2-inflection type, « is the
starting point of a local arc and I'(a) is therefore nonempty (see Proposition [5.5).

Now we consider the case a ¢ T U Z(PQ). If I'(a) # 0, then « is a point of
local type (o cannot be a point of extruding type because of Proposition [4.30)). If
I'(a) = @, then it follows from Proposition that A(a) # (. Proposition [2.18
then provides the necessary condition. O

6.2. Case deg @ — deg P = —1. We have a rational vector field R(z)0, satisfying
R(z) = % + 4 +0(1/2*) with X € C* and p € C.

6.2.1. Horizontal locus and special line. We define the following loci.

Definition 6.4. The horizontal locus Hp is the closure in C of the set formed by
points z ¢ Z(PQ), for which o(z) = %

We also denote by L the special line formed by points z given by the equation
Im(z/X) = Im(p/)?).

For the sake of simplicity, the vector field R(z)0, is normalized by an affine
change of variable as R(z) = —1 + 0(272) (A = —1 and p = 0). The line L then
coincides with the real axis R.

Lemma 6.5. Hpg is a real plane algebraic curve of degree at most deg P 4 deg Q.
It has two asymptotic infinite branches. The line Lg is the asymptotic line for both
of them.

Proof. Curve Hp can be seen as the pull-back of the real axis under the mapping
R(z) : CP' — CP'. We have R(c0) = 0 and oo is a simple root of R(z). Therefore,
H g is smooth near oo.
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It remains to show that the tangent line to Hg at infinity coincides with the real
axis. Actually the tangent line is the line at which the linearization of R(z) at oo
attains real zeroes. Since this linearization is exactly —%, the result follows. (|

Corollary 6.6. The closure ML, of the minimal set in the extended plane contains
asymptotic directions 0 and 7. Besides, the curve Hpg is contained in the minimal
set ML ;.

Proof. Looking at separatrices of the vector field R(z)0, and using Proposition

we get that the closure MZ,; in the extended plane contains asymptotic directions
0 and 7. The associated rays of points of Hg are thus asymptotically tangent to
MZ,; and Hp is contained in the minimal set. a

Proposition 6.7. Consider a linear differential operator T given by such
that deg@Q — deg P = —1. Then the minimal convexr Hutchinson invariant set
Conv(ML ;) is a bi-infinite strip (domain bounded by two parallel lines).

More precisely, Conv(MgH) is the smallest strip containing Hr U Z(PQ).

Proof. The minimal convex Hutchinson invariant set Conv(M% ;) is the comple-
ment of the union of every open half-plane disjoint from MZ ;. Since Hp is con-
tained in MZ;; (Corollary , these open half-planes have to be disjoint from Hg.
Conversely, any open half-plane H disjoint from Hg is such that Im(R(z)) is either
positive or negative for every z € H. Therefore, provided H does not contain any
zero or pole of R(z), one can conclude that it can be removed from any Hutchinson
invariant set. In other words, Conv(M% ) is the complement to the union of all
half-planes disjoint from Hp U Z(PQ). Since Hpr has asymptotically horizontal
infinite branches, the boundary line of every half-plane disjoint from H g has to be
horizontal.

It remains to prove that such half-planes exist. It follows from the asymptotic
description of Hp in Lemma that |[Im(z)| is bounded on Hp. Therefore we
can find two (disjoint) open half-planes that are also disjoint from Hpg. These
half-planes contain half-planes which, in addition, are disjoint from Z(PQ). O

6.2.2. Asymptotic geometry of the minimal set. Following Proposition Conv(MZ% )
is the smallest horizontal strip containing the curve Hgr U Z(PQ). The closure of
the projection of Conv(MELy) on the vertical axis is an interval [y~,y*] where
y~ <0<yt
Lemma 6.8. For 0 < y < yg, denote by M, the intersection point between the
associated ray r(t + iy) and the horizontal line Im(z) = yo. Then the following
statements hold:

e fort — +o0, Re(M;) — —o0 if y < %;

o fort — +o0, Re(M;) — +o0 if L <y < yo.
Analogous statements hold for t — —oo or yg < y < 0.

Proof. For large values of ¢, we have Re(R(z)) = —1 + o(t™!) and Im(R(z)) =
% 4+ 0(t™2). Provided t is large enough, Im(R(z)) is positive and the associated ray
r(z) intersects the line Im(z) = yo. Then the real part of the intersection point

equals t — (yo — y)i +o(t). After simplification, we obtain w +o(t). The sign
of the main term is then determined by the sign of 2y — yo. O

Proposition 6.9. If deg@ — deg P = —1, the minimal set MLy is connected in
C.

Proof. Following Proposition m the complement (M2 ;)¢ of ML, in C has ex-
actly two connected components and it has been proved in Proposition that
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each of them contains a half-plane. We refer to the domain containing an upper
half-plane as DT and to the domain containing a lower half-plane as D~. Since
MZ,; contains Hp, we deduce that Im(R(z)) is positive on D+ and negative on
D~.

Proving that Mg 7 1s connected in C amounts to showing that Dt and D~ have
only one topological end. We will prove this statement for DT (the proof for D~
is identical). We assume by contradiction that D has a topological end & distinct
from the end of the upper half-plane contained in DT (we will refer to this end as
the main end of DT).

For any sequence {z,} of points in (M, )¢ approaching r, we have (up to
taking a subsequence) the sequence {arg(z,)} converging either to 0 or to 7 (since
otherwise, x would not be distinct from the main end). Let’s assume without loss
of generality that it is 0. Again, we can assume that {Im(z,)} converges to some
value ¥, € [0,yT].

If yo > 0, then Lemma shows that for any horizontal line Ly with y; €
1Ye, 2., the associated rays of the points in M7, HC converging to the end x sweep
out points of Ly whose real part is arbitrarily close to +co. Assuming that y. is
the maximal possible limit value, we deduce that no infinite component of Mg I
can separate k from the upper main end containing asymptotic directions of 0, 7[.

Hence, for a sequence {z,} of points in (Mg )¢ approaching s, the only accu-
mulation value of {Im(z,)} is 0. In this case, the associated rays r(z,) accumulate
onto the R-axis which is therefore contained in the closure of DV.

Now we prove that the open upper half-plane defined by Im(z) > 0 is disjoint
from Mg - We assume by contradiction the existence of a point zy such that
Yo = Im(zo) is positive and zy € MLy. We denote by L,, the horizontal line
formed by points satisfying Im(z) = yo. Since there is a family of associated rays
accumulating onto the R-axis, there exists a path (¢ +14f(t)):er such that for any ¢,
f(t) €]0,2[and t +if(t) € D*. Applying Lemma 6.8[to the intersection between
L,, and the family of associated rays starting from ¢+ f(t), a continuity argument
proves that zg belongs to some associated ray of the family (as ¢ moves from —oo
to o0, the intersection of the associated rays with L,  moves from the right end
to the left end of this horizontal line). Therefore, 2o cannot belong to MZ,; and
the open upper half-plane defined by Im(z) > 0 is disjoint from M% ;.

Then, there are interior points of connected a component X of Mg p located
above k whose imaginary value is negative. It follows that the associated rays
of points of DT approaching & intersect the interior of X (these associated rays
accumulate on the R-axis). Therefore, there is no such end x and M% ; is connected.

O

Proposition 6.10. There is a compact set K and a positive constant B > 0 such
that the intersection MgH N K¢ is contained in the closure of the domain bounded
by the hyperbolas given by

+ —
_y B _y BY
y=" <1+$>, v=5 (1+x>. x>0 (6.1)

v (2B s (1B,
y2<1 w)’ y2<1 x) x < 0. (6.2)

Proof. By Lemmafor any yin J = [y, L-[U] %, yT], there is a positive constant
A > 0 such that the union of the two semi-infinite horizontal strips characterized
by Im(z) € J and |Re(z)| > A is disjoint from Hpy.

Consider some positive number B > A and introduce the domain Dp character-
ized by the inequalities:
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e Im(z) > yT if Re(z) € [-B, B];
o Im(z) > g(t) where g(t) = L-+E if ¢ — Re(z) ¢ [-B, B].

2 I¢]

For any point z such that Im(z) > y™, the associated ray r(z) remains in Dg. Now
we assume that z = t + Jy satisfies the conditions

t|+ B
[t| > B and v+
2 i

Without loss of generality, we assume that ¢ < —B.
In order to prove that the associated ray r(z) remains in Dpg, we have to show
that for any ¢ < —B and any s € [t, —B], we have

m(A() _ g(s) ~ oft)
Re(R(z)) s—t

< |yl <yt

Since 79(83:5(0 <

o "< —g, we just have to prove that

Im(R(2)) y*
Re(R(z) ~ 2

In our case Re(R(2)) = —1 + o(t72) and Im(R(z)) = % + o(t %) imply that

( __Y o(t—2
Re(RG) ~ "t T

Since y — % > y;‘r—t]f > 0, the inequality holds provided B is large enough.
By replacing ¥y by y~, we get an analogous result for the lower part of the

complement to MZ ;. g

6.2.3. Ezamples. Consider a family of operators of the form T, = Q(z)d% + P(2)
where Q(z) = (2 —a)* and P(z) = z(a—z)* with the common root a € C of degree
k e N*.

The family T, provides a rich assortment of examples. We have R(z) = —1.

The special line is the real axis R which coincides with the horizontal locus Hrg.
Besides, the integral curves of R(z)0d, are hyperbolas (level sets of zy).

Proposition 6.11. If a € R, then the minimal set MgH of operator Ty, coincides
with the real azis R.

Proof. This follows immediately from Proposition and Proposition O

If @ does not belong to the real axis, we get different pictures depending on
whether or not « belongs to the imaginary axis. Without loss of generality, we will
assume that Im(a) > 0.

Proposition 6.12. If « is of the form yoi with yo > 0, then the minimal set ML,
is the union of the segment [%21,yoi] with the horizontal strip formed by points z
satisfying 0 < Im(z) < %

Proof. From Proposition it follows immediately that the convex hull of MZ; is
contained in the strip bounded by R and the horizontal line Im(z) = I'm(yp). For
any point of segment [0, yoi], the associated ray contains a so [0, yoi] C MZ .
For any point of the horizontal strip given by the inequalities 0 < Im(z) < %,
a simple computation proves that its associated ray intersects the segment [0, yoi].
Finally, for any point z such that I'm(z) > % and Re(z) # 0, the associated
ray is disjoint from the segment [0, yoi]. This completely characterizes the minimal

set. O
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The latter case provides an example of a partially irregular minimal set whose
irregularity locus is contained in a R-invariant line (the imaginary axis in this case).

In the general case, the boundary of MZ; is more complicated. Up to conjuga-
tion, we can restrict us to the case when Re(a), Im(a)) > 0.

Proposition 6.13. If « is of the form xy + yoi with xg,yo > 0, then the minimal
set MLy, of Ty, is bounded by the following arcs:

the real R-axis ;

global arc (t, f1(t)) where fi(t) = 2tyB;0 fort € [xg,+00];
local arc (t, f2(t)) where fo(t) = #52° for t € [wo, x.);
global arc (t, f3(t) where f3(t)

Rl fort € [0,2.];
global arc (t, f4(t)) where fi(t) = 5225 fort €] — 00,0].

(2\/ IotJrCUo)z
2t—xq

Here, (zc,ye) is a point of extruding type. Its coordinates are x. = (3 + 2v/2)x

and y. = 3+92°\/§.

Proof. The convex hull of Mg 7 is contained in the strip bounded by R and the hor-
izontal line Im(z) = Im(yo), see Proposition The arcs (t, f1(t)) and (¢, f4(¢))
are characterized by the fact that the associated rays starting from their points
contain xo + iyp (this can be checked by a direct computation). In particular, they
belong to two distinct branches of the same hyperbola. Besides, the domain D
between R~ and arc (¢, f4(t)) is automatically contained in MZ ;.

Following Proposition the backward trajectory of the vector field R(z)0,
starting at zo + yoi is contained in MZ ;. The domain between this portion of the
integral curve and the arc (t, f1(t)) is also contained in MZ ;.

We denote by D’ the domain in the open right upper quadrant where the asso-
ciated ray intersects the domain D. At each point (¢,7(t)) of the upper boundary
of D', the associated ray is tangent to the branch of hyperbola (s, f4(s)) for some
5 < 0. Since R(z) = —1, the argument of ¢ +i7(t) equals the negative of the slope

of (s, f4(s)) at s. Since %(s) = —(2;”371%)2, we get

v(#)  woyo

t (25 —x0)2"

Since the tangent line has to intersect the imaginary axis at 2vy(t)i, we obtain the
following equation:

fa(s) =29(t) oo

s (25 — x9)2"

Replacing (t) by 2%l we get t = s

(25—20)2" zo

. . . o Zoyot
Since s is the negative square root of xot, we deduce that v(t) = m In
particular, for s = —x¢, we get t = xg and y(xo) = .

The arc v and the backward trajectory starting at xzo + iyo (which is a branch
of hyperbola) intersect each other at some point z. + iy.. From a computation, we
obtain x, = (3 + 2v/2)z¢ and therefore y, = 34?270\/5

It is then geometrically clear that for any point z above the curve formed by arcs
defined by functions fi, fo, f3, fa, the associated ray cannot intersect any of these
arcs. O

The latter example provides an illustration of a point of extruding type. Since
the boundary arcs are explicit algebraic curves, we can obtain the exact picture
shown in Figure
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FIGURE 11. The case when o« = 1 + 0.81.

6.3. Case deg (@ — deg P = 0. For the sake of simplicity, we normalize the vector
field R(2)0. by an affine change of variable so that R(z) = 14 4 + o(z™""!) for
some p € C* and k > 1. The case of a constant vector field is already treated in
Section 2.3 of [AHN+24].

Under the assumptions Im(u) # 0 and x = 1, we are going to prove that the
minimal set Mg g7 is connected. Firstly we show that Mg g is regular and disjoint
from the curve of inflections T outside a compact set.

Lemma 6.14. Assuming that Im(u)(—1)* > 0, there is a cone C and a compact
set K such that:

o for any z € C, Im(R(2)) > 0 and Im(R/(z)) > 0;

e ML, CCUK.

Besides, ML is a regular subset of C.

Proof. Computing R(t) and R'(t) for a negative real number ¢, we obtain that
R(t) =1+ 4 + o(t~*"1) and thus Im(R(t)) ~ Im(p)t~*. The sign of the former is
thus the sign of Im(u)(—1)". Similarly we obtain that it is also the sign of Im(R'(¢))
for ¢ close enough to infinity and negative.

It follows from Proposition that ML}, is contained in an infinite cone Cy
whose asymptotic directions are |m — €, 7 + €[ for some € €]0, 7[. Besides, since
the asymptotic directions of infinite branches of the algebraic curves defined by
equations Im(R) = 0 and Im(R’) = 0 are not horizontal, Cy and thus M7, are
covered by the union of a cone C and a compact set K such that for any z € C,
Im(R(z)) > 0 and Im(R'(2)) > 0.

Any R-invariant line (see Definition has to be horizontal and therefore it
intersects the cone C. Thus some points of any R-invariant line A have the associated
rays that are not contained in A. Therefore, there are no R-invariant lines for such
a vector field R(z )8 The minimal set MZ,; has hence no tails and Theorem [2.23] -
guarantees that ML, is regular.

Corollary 6.15. Assuming that Im(u)(—1)" > 0, consider a sequence (o)nen of
points of OME&y; such that |a,| — +o00 and Aay,) # 0 for any n € N. Then there
exist a subsequence (Qf(n))nen and a line Ly, given by Im(z) = yo such that:



ON BOUNDARY POINTS OF MINIMAL SETS 53

the line Ly, is disjoint from the interior of My ;
the line L,, contains a point of OME ;;;
Re(af(n)) — —0Q;

Im(af(ny) < yo for anyn € N.

Proof. Up to taking a subsequence, we can also assume that every a, belongs to
the cone C defined in Lemma Lemma [£.17] implies that for any n, points of
A(af(ny) belong to 37, Jr or Z(PQ). Therefore, following Lemma points
of A(w,) accumulate in a compact set as n — oo. We denote by zp one of their
accumulation points and by L,, the horizontal line containing zo (here yo = Im(zo)).

Thus, up to taking a subsequence of «, we get a sequence (y,)nen such that
Yn — yo and y, € A(ay,) for any n € N. As «, goes to infinity while A(ay,)
remains in a compact set, the associated rays r(«,,) accumulate on L,,. Thus the
line L,, is disjoint from the interior of Mg - Besides, since a;, € C for any n € N,
we have Im(R(ay,)) > 0 and therefore Im(av,) < yo. O

Lemma 6.16. Provided that Im(p) # 0 and k = 1, no integral curve has a hori-
zontal asymptotic line at infinity.

Proof. Since R(z) = 1+ £ 4 o(272), the integral curve y(t) satisfies Re(v(t)) ~ ¢
as t — +oo. Then Im(vy/'(t)) = Imf(“) + o(t™!). We obtain that Im(y(t)) has
logarithmic growth as t — +oo and therefore the integral curve has no asymptotic
lines at infinity. O

Corollary 6.17. Provided that Im(p) # 0 and k = 1, the minimal set ML is
connected in C. Besides, 8M£H has exactly two infinite arcs: one is a local arc
starting at infinity while the other is a global arc ending at infinity.

Proof. Without loss of generality, we can assume that Im(u) > 0. Propositionm
shows that there are finitely many connected components of Mg - Moreover they
are attached to the point = € S! at infinity in some linear order. We refer to these
components of Mg g as Xi,..., X where X, is the lowest component while X},
is the highest component. Besides the boundary 0X; of any component X; has
exactly two topological ends. We call them the lower end 0X; and the upper end
OX .

Since OMZL;; N TR is contained in a compact set (see Lemma, points of 0X
that are close enough to infinity are either of local, global or of extruding types.
Proposition proves that every local arc has an endpoint in Iz U Z(PQ). Thus
the ends of X are represented either by a local arc starting at infinity or by a
global arc. Since Im(u) > 0, these points belong to 3~ so the orientation constraint
shows that only the upper end can be represented by a local arc. Otherwise, the
local arc would have the point at infinity as its endpoint. Equivalently, any lower
end 0X; has to be represented by an infinite global arc ending at infinity (see
Lemma .

For any component X;, the lower end 0X; of its boundary is approached by
a sequence of points of global type. Applying Corollary to such a sequence
we prove the existence of a horizontal line L; lying below the component X; and
disjoint from the interior of M% . Thus no component of MZ,; lying below the
line L; can contain an infinite local arc because the latter has no asymptotic line
at infinity (see Lemma . Consequently, among the ends of OMZ;, only 60X ,j'
can be represented by a local arc.

It remains to prove that MZ, has only one connected component. Assuming
that £k > 1, we consider the upper end BXl+ . We already know that it can be
approached by points (o, )nen for which A(a,) # 0. Applying Corollary we
prove the existence of a line L such that:
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e [ is disjoint from the interior of M7 ;;
e there is some point zg € LN OMEL
e points of (a,)nen lie below the line L.

We deduce from the first and the third bullet points that the interior of component
X lies below line L.

Besides, since for each n € N, «,, belongs to 7=, A(w,) is a direct support
point of ML, for the associated ray r(a,) (see Lemma . Then, zp is also a
direct support point of MZ,, for (oriented) line L. It follows that the interior of
the component of M, containing zg lies above line L. In other words, zo belongs
to some component X; such that i > 1.

For any point z of 0X; close enough to 0X; , the associated ray r(z) has to
cross the portion of the line L formed by points whose real part is smaller than
Re(zp) (otherwise, the associated ray would have to cross the interior of X;). This
is impossible since z lies on or above L and I'm(R(z)) > 0. This is a contradiction.
There is no such component X; and Mg  is connected. A neighborhood of its upper
end is contained in a local arc while a neighborhood of its lower end is contained
in a global arc. O

6.4. Connected components of minimal sets. Putting together partial results
for the different values of deg Q —deg P, we are able to state a bound on the number
of connected components of MZ ;; in C. It is already known that the closure of MZ
in the extended plane C US' is always connected.

Proof of Theorem[1.12 For any operator T satisfying | deg @ — deg P| > 1, it has
been proved in Theorem 1.11 of [AHN=+24] that M7, = C. Besides, when deg @ —
deg P = 1, Section 6.3 and Corollary 5.20 of the same paper proves that ML, is
connected and contractible. For deg Q—deg P = —1, it follows from Proposition[6.9]

The only case where there could be several connected components is deg @ —
deg P = 0. If R(z) is constant, then there are two situations. If P,@Q are both
constant, then there is no meaningful notion of minimal set (see Section 2.3.1 in
[AHN=24]). Otherwise, MZ,; is formed by parallel half-lines starting at points of
Z(PQ). Since every point of Z(PQ) is a common root of P and @ (otherwise
R(z) would not be constant) we get that there are at most %degP + % deg Q such
half-lines.

If R(z) is not constant, then we have R(z) = A+ £ +o0(z™") for some A, u € C*
and k € N*. If K = 1 and Im(u/A) # 0, then Corollaries proves that M%
is connected. Otherwise, Proposition provides an upper bound %degP +
% deg Q. O

6.5. Case deg @ —deg P = 1. In [AHN+24] we found that, outside a rather trivial
caseﬂ a necessary and sufficient condition for the compactness of ML, in case
deg Q@ — deg P =1 is Re(\) > 0. Moreover in case Re(\) < 0, we get M&,; = C.

We will describe MZ,; for Re(\) = 0. Unfortunately, in the most interesting
situation Re(\) > 0, we do not have a general description of Mg 17, but we provide
a number of partial results, observations and examples.

6.5.1. Re(\) = 0. In this case a complete characterization of M7, can be carried
out.

Theorem 6.18. Consider a linear differential operator T given by (1.1) such that
deg@ — deg P = 1 and Re(\) = 0. In this case, the neighborhood of infinity is
foliated by a family C of closed integral curves of the vector field R(2)0,.

2When deg P =0 and deg@Q =1, MEH coincides with the unique root of Q(z) when X ¢ R<g
and coincides with C otherwise.
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The boundary OML ; of the minimal set of T is described as the first closed leaf
(according to the natural ordering starting at infinity) of the family C containing a
point of Z(PQ)UJR.

If the latter leaf v contains a point of the curve of inflections Jg, then the latter
point is a tangency point between v and TJr. Moreover it is the first leaf that is
non-strictly convex (the curvature at the tangency point vanishes).

In particular, DML, is formed by finitely many local arcs. It is real-analytic and
convex (but can fail to be strictly convex). It contains neither zeros nor poles of

R(2)0,.

Proof. It follows from A € C* and Re(A) = 0 that Im(A\) # 0. The curve of
inflections Jg is therefore compact. The neighborhood of infinity is foliated by a
family C of integral curves of vector field R(z)0,. The orientation of these integral
curves depends on the sign of Im(\). By compactness of Jg, another neighborhood
C’ of infinity is foliated by strictly convex integral curves (the curvature of integral
curves vanishes precisely on Jg).

We first consider the case when some point « of Z(PQ) belongs to C'. Denoting
by v the periodic leaf a belongs to, we deduce from Proposition [2.10] that v belongs
to ML, and bounds a strictly convex domain D. Provided the complement of D
does not contain any other point of Z(PQ), we obtain that D coincides with Mg a
Since « is disjoint from Jg, it follows from Corollary that it cannot be a zero
or a pole of R(z) (« is a root of both P and @ of the same multiplicity).

In the remaining cases, we can assume that Z(PQ) is disjoint from C’. The
cylinder C is bounded by a singular curve formed by separatrices (integral curves
connecting singularities of R(z)d,). We denote by ¥ the union of these separatrices
and by S the smallest simply connected subset containing 3. By Proposition [2.10
¥ and S are contained in ML ,. For the same reason, a point z of cylinder C is
contained in Mg g if and only if the periodic integral curve containing z belongs
entirely to ML ;. Therefore, the boundary of ML, coincides with some periodic
integral curve of the cylinder C.

Since the associated rays cannot cross the interior of Mg 1, its boundary GME o
(which is a periodic integral curve) has to be convex. Therefore, it is contained in
the domain of inflection of infinity (or in its boundary). Since the domain C’" does
not belong to the interior of Mg p (its complement is clearly a Topg-invariant set),
these conditions characterize the boundary v of C’ as the boundary of Mg o

The curve 7 cannot cross the curve of inflections because it is convex. If it did
not intersect Zr there would be a strictly smaller invariant set whose boundary is
an integral curve between Zr and . Thus v has a tangency point with Zg. At this
point, the curvature of + vanishes.

The boundary OMZ,,; is formed by local arcs joining points of Z(PQ) (with
the same multiplicity of P and @) and some points of the tangency locus. By
Proposition there arcs are strictly convex and real-analytic. O

6.5.2. Re(A) > 0. As we mentioned above, we do not have a general description of
MZ,;, but only a number of interesting examples. Observe that in this case oo is a
sink of R(2)d,).

A qualitative description of the convex hull Conv(MZ ;) is the best that we can
obtain with our current knowledge.

Proposition 6.19. Consider a linear differential operator T given by with
deg Q — deg P = 1. The boundary dConv(MLy) of the convex hull Conv(Mg&y) of
the minimal set is formed by:

e finitely many straight segments;

e finitely many portions of integral curves of vector field R(2)0,.
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In particular, the latter are strictly convex and belong to local arcs of OML . In
particular, 0Conv(ML ;) is piecewise-analytic.

Proof. We denote by S the set of points where the boundary dConv(M% ) is
strictly convex. They also belong to OMZ,; (these points belong to the support of
the hull). It follows from Theoremthat outside finitely many points, S is formed
by either local or global arcs of BMg - If such a point z belongs to a global arc,
then the line containing the associated ray r(z) is a support line of Conv(MZ )
at z and every point of A(z). It follows that [z, A™%"(z)] is a straight segment
contained in Conv(ML ;). Consequently any arc of S has to be a portion of local
arc.

We know that 9Conv(MZ ;) is formed by straight segments and portions of local
arcs. It remains to prove that there are finitely many of them. We consider an arc
a of dConv(ME ;) contained in a local arc v of OMZ . The endpoint of a (with
the orientation defined by R(z)0,) has at the same time to be the endpoint of ~
(since otherwise the associated rays starting at points of o would intersect Mg )
Therefore, the endpoint of every such arc a in dConv(MZ ;) belongs to Z(PQ)UJ g
(see Proposition [4.12)). Since there are finitely many such points in S, there are
finitely many such arcs in 9Conv(MZ ;).

If the boundary of the convex hull is not formed by finitely many straight seg-
ments and portions of integral curves, then there are infinitely many corner points
of angle smaller than 7 between the pairs of consecutive straight segments of the
boundary. It follows from Corollary that these points belong to Z(PQ). There-
fore, we have finitely many corner points and finitely many straight segments. [

In the examples below (including a very interesting family of operators in which
Q(z) has simple roots and P(z) = Q'(z)), Conv(MLy) is a polygon.

Proposition 6.20. Consider a linear differential operator T given by (L.1)), such
that every root a of Q(z) is simple and satisfies P(a) # 0 and ¢, = 0.
Then, Conv(MZL ;) coincides with the convex hull of Z(Q).

Proof. The argument is similar to the one used in the proof of the classical Gauss—

Lucas theorem (see [Mor]). If the differential form PC(QZ();)ZZ has all positive residues,

then the roots of P(z) are contained in the convex hull of Z(Q).

The proof is based on consideration of the electrostatic force F' created by the
system of point charges placed at the poles of chz()z‘fz where the value of each charge
equals the residue at the corresponding pole. This electrostatic force F' equals the
conjugate of P&)Z”)lz and one can show that if we take any line L not intersecting the
convex hull of Z(Q) then at any point p € L, F' points inside the half-plane of C\ L
not containing Z(Q). Now recall that the associated ray has the same direction as
the conjugate of P/Q. Thus, the associated ray r(p) does not intersect the convex

hull of Z(Q). O

6.5.3. The first family of examples. Consider a family of operators of the form
Ty = Q(2)& + P(z) where Q(z) = Az — 1)¥z and P(z) = (z — 1) for some
principal coefficient A € C* and some degree k € N*.
Integral curves of the vector field R(z)d, are logarithmic spirals parametrized by
7(t) = v(0)e*. In particular, they are concentric circles for Re(\) = 0.
Depending on the value of A\, the shape of the minimal set MgH can change
drastically. Namely,
e if Re(\) < 0, then M7 ;; = C (see Theorem 1.11 of [AHN+24]);
e if Re(\) =0, then ML, is the closed unit disk (see Theorem ;
e if Re(\) > 0 and I'm(X) = 0, then MZ is segment [0, 1].
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When Re(A\) > 0 and Im(X\) # 0, MZ,; has a more complicated shape we describe
below in terms of local and global arcs. Up to conjugation, we will assume that
Im(A) > 0.

Proposition 6.21. If A satisfies Re(\),Im(\) > 0, then the minimal set ML, of
operator T is bounded by the following arcs:

e local arc v where y(t) = e~ and t €]0,to];

e global arc a where o(t) = ﬁ and t €]0,t1].

These two arcs intersect at 1 and the point y(tg) = a(t1) of extruding type charac-
terized as the first intersection point between o and -y defined on R~g.

Proof. The backward trajectory of the vector field R(2)d, starting at 1 is parametrized
by v(t) = e~ and t € [0, 00). Proposition m shows that this arc is entirely con-
tained in M7 ;.

Points z for which the associated ray contains 1 are characterized by the condition

1=2 € R.¢. They form an arc parametrized by a(t) = -5 for t € [0, +oc[. This

T+
arc is also contained in M% ;.

Since R(z) = Az, it is geometrically clear that these two arcs bound Mg - The
boundary OMZ ; is formed by a portion of each of them with two singular points
at 1 (when t = 0) and the first intersection point in the parametrization. There are
different ways to see that such an intersection occurs. One of them is to note that
lim; 00 a(t) = 0 and limy_, o, arg(a/(t)) = limy_, oo = arg(ﬁ) exists. Since the
vector field R(z) has residue with positive real and imaginary parts, it follows that
a(t) and 7(t) intersect infinitely many times. The endpoint distinct from 1 common
to « and +y is the first intersection point between the two parametrized arcs defined

on R>0. O

1.0F 1

0.0r i

-0.5¢ 1

-1.0t

L L L L L

-1.0 -0.5 0.0 0.5 1.0

FI1GURE 12. Illustration of the boundary of the minimal set when

A =1+ 6¢ in Prop. [6.21]
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6.5.4. A second family of examples. Consider the family T' = z(z* — 1)% +(zF+1),
where k is a positive integer. We are going to prove that for any &, the minimal set
MZ,; is the unit disk.

Lemma 6.22. Set f(z) = z + tz(zz:_s__ll), with t > 0. Then |f(2)| > 1 whenever
|z| > 1.

Proof. We substitute z = re® with r > 1. After some algebraic manipulations,
we find that

|f(2)]? . |f(7’%€i9)|2 2r% — 2 4+ 1%t — 2 cos(0k)rt +t

= =1+t 6.3
| 2] r2/k * r2 4+ 2 cos(Ok)r + 1 (6:3)
Setting ¢ := cos kf and rewriting further, we get
% eif)[2 22 = 1)+t ((r—e)?2+ (1 —¢?
r2/k (r+e¢)?+(1-¢?)
Since —1 < ¢ < 1, it follows that
G0
—— > 14+t— > 1
I I | R
Consequently, |f(z)| > |z| whenever |z| > 1 and the statement follows. O

2(zF—1)
zk4+1

Lemma 6.23. The separatrices of the vector field R(2)0, =
of the unit circle, connecting roots of P(z) with roots of Q(z).

0, are the arcs

Proof. Assuming that z is not a root of ), we have that

2F+1 _1 (1 —2F)?
[ (F5)

Now for z = ¢, we find that
Imlog((1 — 27)2/2F) = arg((1 — 2)?/2%) = arg(—2 + ¢ + =) = 1.

As the integral trajectories are level curves of Im [ % away from zeros or poles of
R(z), it follows that the unit circle consists of the integral trajectories of R(z)0,.
Since the roots of P lie on the unit circle and the zeros of () on the unit circle have
positive residues, it follows that these integral trajectories must be separatrices that
are contained in M% ;. O

Corollary 6.24. For T = z(z* —1)9, + (2* + 1), the minimal set ML, coincides
with the unit disk.

Proof. By Lemma[6.22] we have that all the associated rays for points lying outside
the unit disk never intersect the unit disk. Therefore, M% ; is contained in the unit
disk. Since the unit circle consists of separatrices of —R(2)d. (see Lemmal6.23), it
follows that M(T; y contains the unit circle. The associated ray of any point (distinct
from 0) of the open unit disk intersects the unit circle so MZ;; coincides with the
unit disk. U
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