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Victor Buchstaber, Alexander Veselov

1 Introduction

The following natural question goes back at least to Lagrange. For a given power series
a(u) = u+2nZl a,u™*! find the inversion g(v) under the substitution: a(8(v)) = v, Bla(u)) =
u. The coefficients of such series (v) = v+} ., b,v"*" are known to be certain polynomials

with integer coefficients:
b1 = —a, b2 =—-a;+ 2a%, b3 = —asz+ 5a1a2 — Sa:f,
by = —a, + 6a,a; + 3a5 — 21aja, + 14a].

Remarkably these coefficients can be interpreted in terms of the combinatorics of the
associahedra (or, Stasheff polytopes), see [5, 43] for the details. For example, the formula
for b, says that 3D associahedron has 6 pentagonal and 3 quadrilateral faces, 21 edges and

14 vertices (see Fig. 1, where we show also its realisation as a truncated cube following
[15D).

Figure 1: 3D associahedron and its realisation as a truncated cube.

It is difficult to trace who was the first to observe this remarkable fact. The first
combinatorial description of the coefficients b, seems to belong to Raney [55]. Stanley
[58] provided 3 proofs in terms of tree combinatorics, known to be closely related to the
associahedron. Loday [43] described this explicitly in terms of the associahedra, see also
recent book by Aguiar and Ardila [5], who used the theory of Hopf monoids to derive

this connection.
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The aim of this paper is to provide one more derivation of this link using the differ-
ential equations for the generating function of the associahedra derived by one of the
authors [12]. This allows us also to prove another known remarkable formula, expressing
the multiplicative inversion of a formal power series in terms of combinatorics of permu-
tohedra (see [5]) and to provide an interpretation of the combinatorics of cyclohedra in
relation with the classical Faa di Bruno’s formula, which was first discovered by Aguiar
and Bastidas [4]. In the case of the stellohedra we derive the relation with permutohedra,
which seems to be new.

We discuss also the link with the rich theory of Deligne-Mumford moduli spaces M, ,,
which are known to be related to associahedra [38], inversion formulas [46] and to the
KdV hierarchy [62].

2 Differential algebra of simple polytopes

We start with a brief description of the differential algebra of simple polytopes following
[12, 16]. For the general theory of convex polyhedra we refer to Ziegler [63].

Let B := 3, ., P" be the free abelian group generated by all convex polytopes, con-
sidered up to combinatorial equivalence and naturally graded by the dimension of the
polytopes. The product of polytopes turns ‘B into a graded commutative ring with the
unit given by the point, considered as 0-dimensional polytope. Simple polytopes form a
graded subring @ c . Note that the ring p is different both from the polytope algebra
[48] of convex polytopes in R"” with product given by the Minkowski sum and from the
Grothendieck ring of I'-rational polytopes considered in [50].

A polytope is called indecomposable if it cannot be represented as a product of poly-

topes of positive dimension.

Theorem 2.1 ([14]). The ring P is a polynomial ring generated by indecomposable com-
binatorial polytopes, so any combinatorial polytope can be uniquely represented as a

product of the indecomposable polytopes.
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The proof can be found in [14] (see also Prop.1.7.2 in [16]). Note that if we introduce
the second grading in % by the number of the facets of polytopes, then the number of
generators in any bi-graded component of ® will be finite [16].

Following [12] introduce the derivation d in $ by defining the boundary dP of a given
polytope P simply as the sum of all facets of P considered as elements in 8. It is easy to

check that d preserves the subring @ c  and satisfies the Leibnitz identity in 8
d(P,P;) = (dP1)P, + P1(dPy).

This supplies P with a structure of the differential ring, with & being its differential
subring. Note that in our case d? # 0 in contrast with the differential introduced in [30].
We will be interested in the special class of simple polytopes known as graph-associahedra.
They were introduced and studied in the work of Carr and Devadoss [21] and indepen-
dently by Toledano Laredo [61] under the name De Concini-Procesi associahedra (see also
Postnikov [53]). This class contains the classical series of permutohedra and associahedra.
Let T be a connected simple (no loops or multiple edges) graph with the set of n vertices,
which we identify with [n] := {1,2,..., n}. The corresponding graph-associahedron Pr is
a particular case of the nestohedron [28] with the building set B = B(I') consisting of
the connected induced subgraphs of T, or equivalently as the subsets S C [r] such that
the restriction T'|g is connected. Explicitly Pr can be realised as the following (n — 1)-

dimensional convex polytope

PF={xeR”:Zn:xi=3",inz3|5|,SeB,S¢[n]}, ¢))
i=1 ies
where |S| is the number of elements in S (see [61]).
The boundary of the graph-associahedra can be given by the following formula (see
e.g. [16], Prop. 1.7.16). For any connected induced subgraph S of I" with vertex set [S] C [n]
define the graph I'/S with the vertex set [n] \ [S] having an edge between two vertices i

and j whenever they are path-connected in the restriction I'|gy ;3. Then the boundary of
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the graph-associahedron P can be given combinatorially as
dPF= Z Psxpr/s. (2)
SeB(I),S#T
Proposition 2.2. For any connected graph I the corresponding graph-assiciahedron Py

is indecomposable.

Proof. We can prove this by induction in the number k of the vertices of . For k = 1,2
this is obvious. Let this be true for all k < n and consider Py for ' with n vertices. Assume
that Pr = P, x P, is decomposable, so that the boundary dPr = dP, X P, + P; X dP,.
On the other hand the boundary can be given by formula (2), so
dPyXPy+P;xdP,= ), PsXPrs.
SeB(I),S#T
Byinduction in the right-hand side we have the products of the indecomposable polytopes,
containing Pg¢ X Pr/g = Pr/s for any one-vertex S. From the uniqueness part of Theorem 2.1

it follows that either P, or P, must be a segment, which easily leads to a contradiction. [

There are two famous particular cases of graph-associahedra: associahedra a, (or
Stasheff polytopes, traditionally denoted as K,,;;) and permutohedra r,, corresponding
to path and complete graphs with n vertices respectively.

For the associahedron a, the corresponding graph I is a path with edges (k,k + 1), 1 <
k < n. The connected subgraphs S are strings [i, j] = (i,i + 1,...,j — 1, j), which can be
naturally labelled by the brackets in the product x;x; ... x;_1(X; ... X;)Xj41 ... Xp41, liNKing this
with the original Stasheff’s description (see [51, 63] for the history of this remarkable
polytope and its role in combinatorics and algebra). The number of vertices of a,, is the
Catalan number C, = HLH(ZS) One can also describe a, also as the Newton polytope of
the polynomial H15i<j3n(xi + Xj41 + - + xj_1 + x;). For n = 3 we have pentagon, for n = 4
3D associahedron, which is shown on Fig. 1 together with its realisation as 2-truncated
cube found in [15].

Permutohedron 7, corresponds to the complete graph with »n vertices and can be

described as the convex hull of the points o(p) € R", o € S, with p = (1,2, ...,n), or as the
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Newton polytope of the Vandermonde polynomial [T, _, <j<nXi — X)) For n =3 we have

hexagon, for n = 4 - the truncated octahedron shown on Fig. 2.

Figure 2: 3D permutohedron 7,.

Our first observation is that these two sequences of combinatorial polytopes can be
characterised in terms of the differential algebra of polytopes as follows.

Let P, k > 0 be a sequence of simple polytopes with the dimension of P, equal to k.
Consider the following question: when the corresponding subring of © generated by
these polytopes is closed under differentiation d (and thus is a differential subring of &)?

Assuming that P, = Pr, , are graph-associahedra of the connected graphs I';,; with

k + 1 vertices, we can give the following answer.

Theorem 2.3. A sequence of graph-associahedra P, k > 0 generates a subring of © closed
under differentiation d only in two cases: associahedra P, = a;,; and permutohedra

Py = 41

Proof. LetT,, n > 1 be the sequence of connected graphs, such that the corresponding
graph-associahedra P, = Pr, , k > 0 (which are indecomposable by Proposition 2.2) freely
generate a polynomial subring of &, which is closed under differentiation d.

We need the following result from graph theory.
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Lemma 2.4. Let I, n € N be a sequence of connected graphs with n vertices, such that
any connected induced subgraph S of ', and the corresponding graph I, /S are equivalent

to some of I'; with j < n. Then this must be the sequence of paths or complete graphs.

Proof. We will prove this by induction in n. For n < 3 the claim is obvious since I’ is
either a path or complete graph K; with 3 vertices. Assume now that the claim is true for
n <k and prove itforn =k + 1.

Assume first that all induced subgraphs of I' = T',, are paths. Then I must be either a
tree, or a cycle. Indeed, if Tis not a tree, it must contain a cycle C C T, so the corresponding
induced subgraph C is not a path. The only exception is when C =T, so I' is a cycle.

Let T be a tree. If T" has a vertex V of index m > 3, then I'/V contains a complete graph
K,,, which is impossible. So all vertices of ' have index 1 or 2 and I'is a path. If T'is a
cycle with n > 3 vertices, then for its subpath S with n — 3 vertices the graph I'/S = K,
which contradicts the assumption. Thus I',, must be a path in this case.

Assume now that all induced subgraphs of T" are complete graphs. If T has two vertices
vV, and V, which are not connected by an edge, then the shortest path connecting them is
an induced subgraph, which is not complete. Thus I',, must be a complete graph in this

case. O

The theorem now follows from Lemma and the boundary formula (2) since the paths

and complete graphs correspond to the associahedra and permutohedra respectively. [

Remark 2.5. Note that there are other sequences of the simple polytopes P, generating a
subring in @ invariant under differentiation (e.g. simplices A, cubes [J;), but the general
problem of description of all such sequences seems to be open. We conjecture that in the
indecomposable case the answer is given by the sequences of simplices, associahedra

and permutohedra.’

IThis conjecture fails to be true, the counterexamples include so-called pellytopes introduced in string
theory (see [35, 10]). We are very grateful to Konni Rietsch and Hannah Tillmann-Morris for pointing out

these examples to us.

Arnold Mathematical Journal, Vol.12(3), 2026 7


http://dx.doi.org/10.56994/ARMJ

Victor Buchstaber, Alexander Veselov

3 PDEs for graph-associahedra and inversion formulas

We start with the differential equations for the generating functions of some special
polytopes, derived by one of the authors [12] (see also [11] and [16], section 1.8).

Let P be a convex polytope of dimension »n and #,(P) be the set of all faces of P of
codimension k considered as elements of 8. Consider the corresponding generating

function Fp(t) € PB[t] defined by

Fp(t>=2t’<[ >, f]= D, feodimf, (3

k=0 |\ feri(P) feF(P)

One can check that the valuationmap F, : B — P sending P to Fp(t,) is a ring-homomorphism
for all ¢,.
Define now the motivic interior P° of a polytope P as the alternating sum of all the

facesof P :
P i=Fp(-1)= ), (DU fePp. 4

feF®)

At the level of the set-theoretical characteristic functions this formula agrees with a
well-known result in the theory of finitely additive measures of convex polytopes [47, 54]
with P° = relint(P) being the standard relative interior [63] of the polytope P. Note that
the polytope P can be represented simply as

P= ufef(P)relint(f),

where U denotes the disjoint union of sets (see [63]). More justification for the terminology
is given by the theory of toric varieties, see Section 5 below.

For simple polytopes we have the following formula, which will be important for us.

Lemma 3.1. For any simple convex polytope P we have

tk
Fp(t) = e'dP := > HdkP, (5)
k>0

which can be used to characterise the simple polytopes among all polytopes.
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The proof easily follows from the simplicity of the polytope. In particular, for simple
polytope P the motivic interior can be written as P° = e~?P.
Following [12], consider now the generating functions of Fp(t) for the families of

associahedra and permutohedra

o
A(t,x) 1= Z Fo (Ox™ = ayx? + (a3 + 2a;6)x% + (a3 + 50,5t + 5a,t2)x* + ...,
n=1
0 (6)
x" x? x3
P(t,x) := Z Fr ()= =mx + (w3 + 2m1) 57 + (3 + 675t + 6 t2)= + ...
= onl 2! 3!

Here both a; and 7, are points and thus are units in the polytopal ring, but for our
purposes we will keep track of them considering them as independent variables. In
particular, we define the corresponding weighted motivic interiors as

aj 1= Fo(-a) = 3, (-a)odim/y,
fes(ay)

Ty 1= Fp (-m) = Z (—my)codim/ f.
feF(my,)

(7)

For example, for n = 3 we have a; = a3 — 5a,a; + Sai‘, V94

3 = m3 — 6mymy + 67;. The cor-

responding motivic interiors (4) can be found from the weighted motivic interiors by
setting a; = m; = 1.
Denote by

0 0
u(t,x) := Eu(t,x), u,(t,x) := au(t,x)

the corresponding partial derivatives of the function u(t, x).

Theorem 3.2 ([12, 16]). The generating functions (6) satisfy the partial differential equa-

tions in P[z][[x]]
ay A, = AA,, A0,x) = A(x) := Z a,x"*1, (8)
n=1
TP, = P2, P0,x) = P(x) := nzzjl 71'% 9)
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Indeed, the boundary formula (2) in this particular case gives

n—-1 n—1
da, = Z(i +1a; X a,_;, dm,= Z (’Z)ﬂ'i X TTpis (10)
i=1 i=1

which together with Lemma leads to the differential equations (8), (9).

The partial differential equation

U, = uu, (11)

is called Hopf equation (or inviscid Burgers’ equation) and used as the simplest model to
describe the breaking of waves phenomenon.
It is well-known that its solution u(t, x) with initial value u(0, x) = f(x) can be given
implicitly by the formula
u= f(x+ut), (12)

which can be easily checked directly. Applying this now for the equation (8), we have the
identity

A(aqt,x) = A(x + A(aqt, x)t). 13)

Substituting here t = —1 we see that the generating function

A°(x) 1= A(—a;,x) = Z adx"+l (14)
n=1
satisfies the relation
A°(x) = A(x — A°(x)). (15)

Consider the series £ = x — A°(x), then

x=E+A%(x) =&+ A).

Thus we have proved the following theorem, which is an interpretation of the result

of Loday [43] (see also [5]).
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Theorem 3.3. The generating power series of associahedra and their weighted motivic
interiors
[o0] oo
a(x) =x+ Z a,x" B(x)=x-— Z apxntl (16)
n=1

n=1

are compositionally inverse to each other in the polytopal ring *B[[x]]:

aB(x) =x, pla(x)) = x.

Note that since by Theorem 2.1 and Proposition 2.2 the associahedra are algebraically
independent in B, this implies the following universal inversion formulae: the coefficients

of the formal series a(x) = x + Y, _. a,x"™! and its compositional inverse f(x) = x +

n>1
Y5, bax"t1 are related by the following formulae, expressing each other as certain

polynomials with integer coefficients:
b1 = —ay, bz =—a,+ 2a%, b3 = —az+ 5a1a2 — Sai,

2 2 4
b, = —a, + 6a,a3 + 3a; — 21aja, + 14a],

in agreement with the formulas for the weighted motivic interiors of the associahedra

a = aj,a) = a,—2a2, a3 =a;—5a;a,+ 5a3,

a$ = a; — 6a;a3 — 3aj + 21ala, — 14af.

Note that the faces of a,, of codimension d are in one-to-one correspondence with dis-
sections of a based (n + 3)-gon by d non-intersecting diagonals (see [31, 26]). Alternatively,
the faces of a,, can be labelled by non-isomorphic planar rooted trees with n + 1 leaves
[24], which can be used to rewrite the inversion formulas in these terms (see [58]).

The corresponding polynomials can also be expressed in terms of the partial Bell

polynomials B, (see e.g. [22], Section 3.8) or, more explicitly, as

! > R e e (17)

n= ! kol 172
(n + 1) Ky 42Ky 4=, ;=0 kl'kZ'

where k =k, + k, + ... (see e.g. [32]).
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Similarly, the corresponding permutohedral differential equation (9) has the explicit

solution
7(x)
Pyt x) = ————. 18
mb) = 10w 18
Substituting here t = —1 we have the relation P(-x;,x) = 1:();)). This implies that
X
1—P(—my,x) = 1+;(x) and the following result, which is an interpretation of the known

result from [5].

Theorem 3.4. The exponential generating series of permutohedra and their weighted
motivic interiors
[ee] xn (o] xn
P(x)=1+z:17rnm, P°(x)=1-217z;;m (19)
n= n=

is multiplicatively inverse to each other in the polytopal ring *B[[x]]:
P(x)P°(x) =1.

Again since permotohedra are algebraically independent in ‘B, this implies the univer-
sal multiplicative inversion formulae for the formal power series. Namely, the coefficients
xn

of the series p(x) =1 + Z:’_l Pn— and its multiplicative inverse g(x) =1 + Z:’_l qnx—y: are
= n! - n:

related by the polynomial formulas with integer coefficients: g, = —p;, g, = —p, + 2p},

Q3 = —D3 +6p1ps — 6D, Q4 = —py+8p1Ps + 6p; — 36p2p, + 24p7,

in agreement with the fact that z; is hexagon and 7, has 8 hexagonal and 6 quadrilateral
faces, 36 edges and 24 vertices (see Fig. 2). This is also in a good agreement with the

formulas for the weighted motivic interiors of the permutohedra: #7 = —p;, 75 = —p, +
2p3,

M =73 — 6my 7y + 673, T = My — 8T T3 — 675 + 36737, — 247, (20)

4 Inversion formula and the Deligne-Mumford moduli spaces

There is an interesting link with the moduli space M,, = M, ,, of stable genus zero curves

with n ordered marked points. Its real version M, ;(R) is known to be tessellated by
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n!/2 copies of associahedron K, (see [38, 24]). This explains the result of McMullen, who
interpreted the compositional inversion formulas in terms of the corresponding real
strata [46].

It is interesting that the geometry of the complex version M,,; = M,,,(C) allows
also to describe the compositional inversion of the exponential power series. More
precisely, McMullen proved that the compositional inverse of the formal series f(x) =
X=Ys1 a"(;cT?)! is given by

gx)=x+ b, " :_+i), by = Np. nCn 0y, (21)

n>1

where N,, __, is the number of strata S ¢ M,(C) isomorphic to

M, (C)x -+ x M, (C)

(see Theorem 1 in [46]). The proof is based on the well-known bijection between the
strata and the marked stable rooted trees, known also as modular graphs [42].

One can combine this with our result [17] claiming that the generating functions of
the cobordism classes of the complex projective spaces CP" and the theta-divisors ©"

+1 Zn+1

6(z)—z+z @"( o

n

oc(z)—z+z CP"] +1,
n=1

are compositionally inverse to each other, to express the cobordism class [@"!] in terms

of the cobordism classes [CP¥], k < n —1 as follows

(0] =) Ny nQp Gy, a=—kI[CP¥]. (22)

.....

One more remarkable fact here is due to Getzler [33]. Recall that M, is a special
(Deligne-Mumford) compactification of the moduli space M,, of n ordered distinct points
on complex projective line considered up to projective equivalence. Using the frame-
work of the operads, Getzler proved that the exponential generating functions of the
corresponding (in case of M,,, motivic) Poincare polynomials

F(t,x) i=x— ), PMm(o G(t,y) ==y + ), PMMl(t)

n>2 n>2
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are inverse to each other: F(G(t,y),t) = y, G(F(t,x),t) = x. Since the motivic Poincare
polynomial
Py () =(t*=2)(t*=3)..(t* —n+2) (23)

is known explicitly (see e.g. [39]), this determines Py (¢). Substituting here t = —1 we have
the same relation between exponential generating functions of the Euler characteristics

Fx) 1= X = 3 x(Myp)or, GO 1=y + 3 A (Mo

n>2 n>2

Since y(M,,;) = (-1)"(n — 2)! we see that G(y) is the compositional inverse of the series

Fx)=x-Y, CU” yn which allows to compute y(M,), giving OEIS sequence A074059:

n22 p(n-1)

2,7, 34, 213, 1630, 14747, 153946, 1821473...

It is interesting that for the real version of Deligne-Mumford spaces M,(R) McMullen

proved that the same relation

describes the functional inversion G(x) = x — ; _ B,x"*! of the usual power series
F(x)=x+),

Over finite fields one can interpret these results within the approach of Weil and

A,x"*! (see Corollary 5 in [46]).

n>1

Deligne as follows.

Let F, with p prime be the finite field with p elements and

Mn(ﬂ:p) L= MO,n([Fp)’ Mn([Fp) = MO,n([Fp)

be the corresponding varieties over [,. Let [M,(F )| and |M,(F,)| be the number of points

in these varieties respectively.

Theorem 4.1. The exponential generating series of the number of points in M,(F,) and

M, (Fp)

@) =%+ 3 M5, B0 =% = 3, My P (24)

n=2 n=2

are compositionally inverse to each other for all primes p.
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Proof. The number of points in M, (F) is easy to compute directly:
IM,(Fp)l=(p—2)(p—3)..(p—n+2), nx4,

with [M;(F,)| = 1. Note that |[M,(F,)| = 0 for n > p + 1, but this is not true for the number
of points in M,(F,). This number was computed by Amburg, Kreines and Shabat in [3],

who proved, in particular, that

IMn(Fp)l = Py, p= t2.

Since motivic Poincare polynomial of M,,(C) is given by (23), we have the same relation

for M, (C): [M,(Fp)| = Py, c)(®), p = t2. Now the proof follows from Getzler’s result. O

5 Inversion formula and permutohedral varieties

The permutohedral variety X7. is the toric variety [23], corresponding to the n-dimensional
permutohedron 7,,,. In particular, X;, = CP', X7, is the degree 6 del Pezzo surface.
Every toric variety X" is a closure of the algebraic torus T¢ = (C*)", which can be
defined as the motivic interior of X". To justify this consider the set V. of all complex
quasi-projective varieties and the corresponding Grothendieck ring K,(Vc) generated by

the isomorphism classes of complex quasi-projective varieties modulo the relations
[(X]=[Y]+[X\Y],

where Y is a Zariski locally closed subset of X, with multiplication given by the formula
[XTY] = [X x Y] (see e.g. [34]).

Let X be the smooth toric variety corresponding to a Delzant polytope P and Y C Xp
be the toric subvariety corresponding to the face f € F(P).

The following result provides more justification for our definition of the motivic
interior. In analogy with (4) define the motivic interior of X as

[X3]:= D) (D)UY, ] € Ko(Ve). (25)
feF(p)
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Proposition 5.1. For any Delzant polytope P in the Grothendieck ring K,(V¢) we have

the relation

) ;(P)(—l)“dimf [Y] = [TZ]. (26)

In other words, the motivic interior of toric variety X, is [X};] = [Tel

The proof follows from the Proposition-definition 6 in [54] reformulated in terms of
toric geometry [23] (see also Theorem 3.2.4 in [50]).

Note that similar relation holds for all convex polytopes if we extend it to the frame-
work of the toric topology [16].

This implies that Theorem 3.4 can be reformulated as follows.

Theorem 5.2. The exponential generating series of permutohedral varieties and algebraic

tori

w0 =1+ YIS =1 Y @7)
n=1 ' n=1 '

are multiplicatively inverse to each other in the ring K (V¢)[[x]].

Motivic Poincare polynomial P,(t), Z € K,(V¢) defines the ring homomorphism K,(V¢) —

Z[t], where for the projective varieties X,Y C X by definition

Pix\y)(t) = Px(t) — Py(2),

where Px(t) is the usual Poincare polynomial. In particular, since C* is the complement of
two points in CP?, the motivic Poincare polynomial Pc.((t) = Pepi(1)—2 = (£*+1)—2 = t?—1,
and thus

P (1) = (¢ = D"

As a corollary we have the following well-known fact (see e.g. [52]) relating permu-
tohedral varieties with the classical Eulerian polynomials [20]. These polynomials were

introduced by Euler in 1755 by the relation

“ (1— )t
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They have the generating function

> AS = = (28)

s—1)x
=0 — e(s-1)

and can be computed recursively by
A () =[t(1 - t)% +nt+1]A,(), Ag=A;=1:
Aj=1, Ay=5s+1, A;=s>+4s+1, Ay, =5+ 115> + 11s + 1,
As = s* + 265% + 6652 + 265 + 1, Ag = s> + 57s* 4+ 30253 + 3025% + 57s + 1.

Their coefficients are known as Eulerian numbers and have natural combinatorial inter-

pretations (see [58]).
Corollary 5.3. The Poincare polynomial of permutohedral varieties is

Pya () = Ay (%), (29)
where A,(s) are the Eulerian polynomials.

Proof. The generating function of the motivic Poincare polynomials of the algebraic tori

can be computed explicitly as

0 X+l e(tz—l)x -1
L T()( +1),_Z(2 n( T -1
n=0 n=0

This means that

® X+l 2 = e(tz—l)x
1— == ,
,;,T()( +1)! 2—1

so from Theorem 5.1 we have

n+1 t2 -1

1+ Z i (t)( DI 2@

Comparing this with (28), we have the claim. O

Remark. It is interesting to mention that the permutohedral variety X7; is isomorphic
to the Losev-Manin [44] compactification L, .3, of the moduli space M, ,,; (see more on

this in the recent paper [19]).
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6 Cyclohedra and Faa di Bruno’s formula

There is another remarkable family of the graph-polyhedra: cyclohedra (or Bott-Taubes
polytopes) W, corresponding to the n-cycle graph. In particular, W, is hexagon and W, is
3D polyhedron shown on Fig. 3.

These polytopes first appeared in Bott and Taubes [9] in connection with the link
invariants, although implicitly they were already in the earlier work by Kontsevich [40]

(see more detail in [25]).

Figure 3: 3D cyclohedron W,.

Its combinatorics was studied by Simion [57], who had shown, in particular, that the

number f(W,,,) of faces of dimension k of W, equals

F W = (790,

n

In particular, W, has (**) vertices and n(n + 1) facets. The corresponding boundary for-
n
mula dW, = n Z:: a; X W,,_; implies that the generating function €(t,x) := Y, FWn(t)x?,

satisfies the following non-autonomous linear differential equation
[oo] xn
C, = At, )€y, €(0,x)=W(x) =) W,—,
n=1 n

where A(t, x) are the corresponding function for the associahedra (6) and we set for

simplicity a; = W, = 1. It is best to combine these two functions together as the solution
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of the following system of PDEs

A, = AA,, €, =AC,. (30)
The solution of this system with the prescribed initial values is given by (15) and

C(t,x) = W(x + tA(t, x)).

Substituting here t = —1 we have the following result. Let W; be the motivic interior (4)

of the cyclohedron w,,.

Theorem 6.1. The generating function of the motivic interiors of the cyclohedra

We(x) : Z = W(B(x)) (31)

is the result of the substitution into W(x) the series 5(x), which is the compositional

inverse of the associahedral series a(x) given by (16).

The result of the substitution of formal series can be given by the following combina-
torial formula attributed to Faa di Bruno (see the history in [37]). It has several important
interpretations within the theory of Lie and Hopf algebras and operads [29], as well as
relations with integrable systems [56].

For the formal power series Faa di Bruno formula has the following form. Let f(x) =
Zn>1 n oglx)= ZnZl b,x", then the coefficients of the composition f(g(x)) = an1 c,x"

can be written as
n = Zk1'k2 e ky 'akHb (32)

where k = k; + --- + k,, and the summation is taken over all integer (ky, ..., k,), k; > 0 such

that k; + 2k, + --- + nk,, = n. In particular, we have
C = albl, C = albz + azbl, C3 = a1b3 + 2a2b1b3 + a3b:1)),
C4 = a1b4 + az(bg + 2b1b3) + 3a3b%b2 + a4bzll.
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Combining this with the inversion formula (17), one can compute the coefficients d,, of

the function

h(x) = f(gV(x) = D dyx",

n>1

assuming for convenience that a; = b; = 1:
dl = 1, d2 =a; — bz, d3 = a3 - 2a2b2 + 2b§ - b3,

d4 =ay — 3a3b3 + a2(5b§ — 2b3) + —Sbg + 5b2b3 - b4.

The combinatorial formulas for the corresponding modification of the Bell polynomi-
als d, = D,(a, b) in terms of the so-called pointed non-crossing partitions can be found in
[4] (see Theorem 5.8).

As a corollary we have the following polytopal interpretation of the corresponding
polynomials, which was first discovered by Aguiar and Bastidas in relation with the Faa
di Bruno Hopf monoid [4] (see Theorem 5.6). Note that both composition and inversion
of formal series are naturally embedded into the so-called Faa di Bruno Hopf algebra,
playing important role in various problems of mathematics and physics, see [49] and

references therein.

Corollary 6.2. The motivic interior of the cyclohedron W, can be written in the algebra
of polytopes as
W
Wy =nDy(a,b), a;= T, bj=aj_;. (33)

In particular, we have the formulas
W =Wy, W5 =W, —2a;, Wi =W; —3W,a; — 3a, + 603,

WZ = W4 - 4W3(11 + 10W2(1% — 4W2(12 - 4W103 + 20W1a1(12 - 20W10i

This is in agreement with the fact that W5 is a hexagon and W, has 4 hexagonal, 4
pentagonal and 4 quadrilateral faces, 30 edges and 20 vertices (see Fig. 3). Again since

cyclohedra are algebraically independent, these formulae are universal.
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7 Equation and formulas for the stellohedra

There is another interesting graph-associahedron called stellohedron S,, corresponding
to the star-graph with n vertices (see Fig.4). In particular, S; = a; is a pentagon and S, is
the polyhedron shown on Fig.4. For more details about combinatorics of stellohedra we

refer to [12, 52].

™
< B

Figure 4: Star-graph and 3D stellohedron S,.

The corresponding boundary formula

n—1

S, = (n=1)Su_y + Y. (” : l)si X 7T,

i=1
implies that the corresponding exponential generating functions of stellohedra and

permutohedra

[

83 1= 3 By, (0%, P00 1= Y, B (05

n=0 n=1

satisfy the following system of equations
ytzfpz, 8[=(X+fp)8. (34:)

For given initial data (0, x) = I1(x), 8(0,x) = S(x) := Z:’zo Sn+1);—:l this system can be easily
solved explicitly as
e*S(x)

II(x) _
T 1 —tTI(x)

P = ey

S(t, x)
(see [12, 16]). Substituting here t = —1 and using theorem 3.5 we have
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Theorem 7.1. The exponential generating function of the motivic interiors of the stel-

lohedra can be expressed via permutohedral generating functions (19) by the formula
oo xn
$°(x) 1= 2} Sy = e IP(0S(x) = eI (x)S(x). (35)
n=0 :
In particular, using formulas (20) we have
Sg =Sy —383(1 + 7y) + 38,(1 + 27y + 27} — 1)

—-S1(1 + 37 + 671% + 67rf — 371y — 6171, + 73)

in agreement with the fact that 3D stellohedron has 1 hexagonal, 6 pentagonal and 3

quadrilateral faces, 24 edges and 16 vertices (see Fig. 4).

Corollary 7.2. The exponential generating function of the numbers of vertices V,, of the

stellohedra S, has the form

X

- x" e
ZVn+1m= —. (36)
n=0 :

In particular, this implies that the number of vertices is
n-1
(n—-1)!
V=2~
k=0

More general formulas, expressing the number of faces of stellohedra of any dimension,
can be found in [12] (Section 9) and [52] (Section 10.4).

For completeness consider also the families of simplices with n vertices A, and n-

dimensional cubes [, and define

Aw=Y Ak 00=Y0.5

n>1 n>0

The corresponding exponential generating functions

At x) 1= FAn(t)),fl—T, O, x) := ZFDH(,:)’;—T

nx>1 n>0
satisfy the differential equations [16]

At x) = xA(t,x), [t x) = 2x[(t, x).
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Solving them explicitly with initial data A0, x) = A(x), [J(0, x) = [J(x):

AL, x) = Ax)e™, (¢, x) = CO(x)e*™,

we come to the binomial formulas for the interiors

n—1 n
85 = 2D () A O = D207 ) O
k=0 k=0

It is interesting to note that the polynomials p,(t) = F, (¢) form the universal Appell

sequence [6], satisfying the characteristic relation p/,(t) = np,_,(t) (see [7], Ch. 19.3).

8 Concluding remarks

We have seen that associahedra and permutohedra play a special role in the differential
algebra of graph-associahedra, generating subalgebras of the polytopal algebra B, which
are invariant under the differentiation. This explains their relation with the differential
equations and ultimately with the inversion formulas.

The families of cyclohedra and stellohedra generate the subalgebras of ®8, which can
be viewed as the modules over the differential algebras generated by associahedra and
permutohedra respectively. In the language of operads this was pointed out in [45] (see
also [25, 60]). The description of all such subalgebras and modules over them within the
differential algebra of polytopes 8 seems to be a very interesting open problem.

The equations which appeared here are easily solvable, which hints the link with the
theory of integrable systems. At the combinatorial level this link was already discussed in
the literature, see e.g. [27, 41, 49, 56] and references therein. However, a general picture
of the relations between combinatorics and integrable systems seems to be quite rich
and needs better understanding (see [1, 2] for some very interesting thoughts in this
direction).

In this relation it is worthy to mention that the Hopf equation u; = uu,, which ap-

peared in our paper in relation with associahedra, is the dispersionless limit ¢ — 0 of the
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celebrated KdV equation

U = Uy, + Uy,

well-known in soliton theory and enumerative algebraic geometry. In particular, accord-
ing to Witten [62] the KAV hierarchy determines a certain generating function of the
characteristic numbers of ngn (see [42] for the detail), which makes the appearance of
the inversion formula in the theory of the moduli spaces M, (discussed in Section 4) a
bit less mysterious.

We would like to comment on the choice of the coefficients 1, in the generating func-
tions Fp(x) = ), 4,P,x". Most common cases are 4, = 1 and 4, = 1/n!, corresponding to
the usual and exponential generating functions. However, we have seen that in the case
of cyclohedra the most appropriate choice is 1, = 1/n, related to the usual choice by
integration. The role of different choices of 1,, in Boas-Buck’s approach [8] to the generat-
ing functions was emphasized in [13]. Note that both composition and multiplication of
power series play the central role in this approach, going back to Appell [6] and providing
umbrella for many classical polynomials.

Since the graph-associahedra are indecomposable, it is natural to ask if the corre-
sponding h-polynomials are irreducible over Q. For example, for the permutohedra the
corresponding h-polynomials are the Eulerian polynomials A, (t). It is known that A, (¢)
is divisible by ¢ + 1 (which is h-polynomial of the segment), but there is a conjecture that
Asp(t) and A, (t)/(t +1) are irreducible over Q (see [36]). It would be interesting to study

similar question for other graph-assiciahedra from our paper.
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