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Hiroaki Ito

1 Introduction

The classical continued fraction is a self map T on [0, 1] defined by

T1x1—>l—llJ.
X X

Its absolutely continuous invariant probabilistic density is

L, 1 1
T log2 1+x

The cylinder set Ala;, a,, ..., a,] is the interval whose elements share an initial fraction:

Then we have

v(Alay, ..., a,]) = v(Ala,, ..., a1]).

We say that continued fraction algorithm is symmetric in measure if this equality holds

for all cylinder sets. To see this symmetry, a standard way is to consider its natural

extension:
N 1 1 1
T: [01 1]2 = (x’y) == = l_J s T 11 € [07 1]2
X x1"y 4 llJ
X
with the invariant density
1
————dxdy.
1+ xy)? Y
The map T is invertible:
e e
X+ l—J youy
y
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and the restriction of 7! to the second coordinate is equal to T. The self-duality immedi-
ately follows from this fact.

To make concrete the tractable a natural extension for higher dimensional continued
fractions, F. Schweiger constructed the dual algorithm (B#, T#) of the fibred system (B, T).
The pair (B x B¥, T x V¥#(k(x))) gives the natural extension of (B, T) where V#(k) is a local

inverse branch of T#. In this framework, if there exists an isomorphism ¢ which satisfies:

T#
B# N B#

S

then the system is self-dual. We say that self-duality is realized by an intertwining map ¢.
We will define an algebraic self-duality. If such a map ¢ is found we simply say that the
system (B, T) is algebraic self-dual. See section 2 for details. In this paper we start with

an easy observation:

Theorem 1. If the fibred system (B, T) is full and algebraic self-dual, then it is symmetric

in measure.

However, we do not know when the self-duality holds in general, nor how to construct
the intertwining map ¢ for a given full-branched fibred system. In the later section,
we shall construct ¢ for several fibred systems in [12] and also give examples of fibred

systems which is not self-dual.

2 Invariant measure and self-duality

In this chapter, we briefly review the concept of higher dimensional continued fractions
by F. Schweiger and show Theorem 1.
We say that the dynamical system (B, T) is a fibred system if {B(k) : k € I} is a partition

of the set B where I is countable and T, is injective.
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Definition 1. The fibred system (B, T) is multidimensional continued fraction (m.c.f.) if
1. B Cc R",
2. For every digits k € I, there is a matrix Ar(k) = ((4;;)) € GL(n + 1, Z) such that y = T(x),
x € B(k) is given as

AiO + Z?:l A”x]

= m .
AOO + Zj:l AQij

Yi
Remark 1. For all invertible (n + 1) x (n + 1)-matrix (a;;), we define a transformation
f 1 R" — R" satisfies

n
Qjo + 21:1 a;jXx;

n bl
Qoo + ijl QpjX;j

fx); =
and we denote by A the matrix ((a;;)). Then, we can verify ApA; = Afo,.
Since T|p ) is injective, there exists a local inverse branch of T
V(k) : T(B(k)) — B(k), x=V(k)y

We denote the inverse matrix of A(k) by ((B;;)). Then y = Tx is equivalent to

n
By + Zj=1 Bijy;
X; = n .
By + Zj=1 Byjy;

where B;; satisfies By, + Z;’zl By;y; > 0.

Definition 2. Let (B, T) be a m.c.f. with matrices {A;(k) : k € I}. The m.c.f. (B¥, T#) is dual
algorithm if the following conditions holds:

1. B(ky, ks, -+, k,) # @ if and only if B¥(k,,, k,_1, -, k1) # 0,

2. There is a partition {B*(k), k € I} of B* such that the associated matrices A;«(k) = ((Af;.))
of T# restricted B (k) are the transposed matrices of A;(k) such that y = T#(x), x € B*(k)

is given as

# N a#
At 2 AL

Vi = .
# n %
Ago + Zj:l AgjXj
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Given a multidimensional continued fraction algorithm (B, T), its dual map is formally
defined by the transpose of A;. We then try to find an appropriate dual space B and its
decomposition {B*(k) : k € I} which satisfies condition 1.

After this construction, given an n-dimensional continued fraction we set

1
(1 + X101 + X)p + -+ 4 Xyt

and we denote by w(k;, k,, --- , ks; y) the Jacobian of V(ky, ky, -+, kg) = V(k;)oV (ky)o --- oV (k).

K(x,y) :=

Then, we can see
KV (ky, ..., k)x, Y)w(ky, ..., kg x) = K(x, V#(kg, ..., k)y)o® (ks, ..., ki3 y) @8]

by a straightforward calculation. For any x € B, we define

D(x) :={y € B* : x € (| T*BK{ (), -, kf O}

s=1

Then, it is known that the following assertion holds (see Chapter 3 in [12]):
Proposition 1.
h(x) = f K(x.y)dy
D(x)
is invariant density for T.

Definition 3. A fibred system (B, T) is called full if T(B(d)) = B foralld e 1.

Note that D(x) = B* if the system (B, T) is full. By Proposition 1, we can obtain an

invariant measure u* for the dual algorithm (B#, T#).

Lemma 1. The multidimensional c.f. (B, T) is full, then one has
u(Blky, ky, - k) = p# (B (kg gy, -+ Kp)).

Proof. For all ki, ....k; € I, by Proposition 1,

By Ky, k) = f

f K(x,y)dydx
B(kl’kZ"“J(s) B#*

=/f K(WV(ky, ky, - k)x, y)w(ky, ky, -+, kg; x)dydx.
B JB#
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By (1), we have
U(B(ky, ky, -+, kg)) = fB/B# K(x, V(e ky_y, -, k) (ky, gy, - ky y)dydx
= '/B:#L;K(V#(ks’ks_l""’kl)y’x)w#(ks’ks—19'”’kl;y)dxdy
= u*(B¥ (kg ky_q, -+, k1))
O

Definition 4. A n-dimensional continued fraction (B, T) is "algebraic self-dual"on D c I
if the diagram

B#* LB#

P

T

B——B
is commutative and ¢ is a bijective, differentiable, and measurable function map such

that ¢(B#(k)) = B(k) for all k € D.

For the regular continued fraction algorithm ([0, 1), T), the matrix Ar(k) is symmetric.

Thus, it is clearly self-dual since T = T*.

Proof of Theorem 1. Note that the map ¢ is bijective, since (B, T) is algebraic self-dual (on

D =1I). By substitution, for all k;, k,, -+, k, € I

M#(¢_1B(k1’ k27 ) ks)) = / fK(X, y)dydx
$~1B(ky ks, ks) VB

- f / K(X,Y)dYdX
B(kl’kZ""’ks) B#

= M(B(kla kz, Tty ks))

Therefore, by Lemma 1, we have

M(B(kli k29 Sty ks)) = /'{#(B#(kla k2’ 0y ks))

= u(B(ks, ks_1, -+, k1))
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Note that the m.c.f. (B, T) is algebraic self-dual on D c I, then for all k,k,, -, k; € D
u(B(ky, ky, -+, ky)) = u(Bks, kg1, -+, k1))
Definition 5. The set function
T(B(ky, ka, -+, ky)) 1= p(B(kg, ks, -+ k1))
is called the polar measure for (B, T).

In fact, 7 is also an invariant measure for T. And u = 7 means symmetric in measure.

F. Schweiger gave an equivalent condition for x = 7 under the conditions in [10].

3 Selmer Algorithm
Let E™*! :={x € RI™ : xy > x; > - > x, > 0}. Then define

x € B —— x" = (xg — Xy, Xpy e X))
There is an index i = i(x), 0 <i < n such that

S(X) = (X1, eer s Xjy Xg — Xpps oon » Xpp) € EMFL,

We obtain the bottom map Ts : A — A which makes the diagram

En+1 S ; En+1

gl l

T=TS
A —— A
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commutative. Since

ArM) =i |1 —1 | onA(),

the 1-time partition is A(i) = {x € A : x; > 1 —x,, > x;,;} Where x, = 1, x,,; = 0. We can see

T(A(G)) ={x € A : x; + x,, > 1}. Therefore, fori =0,1,...,n—1

T(A@) = U A(), T(A(n) = A(n—1) U An).
i<j
The system (A, T) is not full, but (X = A(n — 1) U A(n), T) is full-branched system. The
dual map of Selmer’s algorithm (X, T) is defined on X* = R’;. It is known that Selmer

algorithm (X, T) is ergodic and admits an absolutely continuous invariant measure (see

[12D.

Fig. 1: The 1-time and 2-time partition of (A, Ts).
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Fig. 2: The 1-time partition of (x#,T}).

Note that the 1-time partition of X* is

X*m-1)={xeX®:x,_, <x,}
X*n)={xeXx®:x,_1>x,}

We construct the intertwining map ¢ for the Selmer algorithm.

For n = 2, the same method in the previous chapter gives

211
Ag=[1 11
110

A simple analogy for the n-dimensional case works fine and we obtain

Proposition 2. Selmer’s algorithm is algebraic self-dual. And

2 211
A¢,= 2

1 1

1 1 0

Proof. We can see that for all k € {n — 1, n}

Arnold Mathematical Journal, Vol.12(2), 2026
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Let ¢(By, ...,B,) = (by, ..., b,). Then, for all (B, ...,B,) € X#(n — 1),

B
by +b,—1= nl >0
n-1 T on 2+42B;+ - +2B, ,+B,_; +B,
and
B, —B,_
1-2b, n___n-l 0.

= >
2+2B1 + +2Bn_2 +Bn_1 +Bn

Thus, ¢(X#(n — 1)) c A(n — 1). We show ¢(X#(n — 1)) D A(n — 1). Since

1 -1

for all (by,...,b,) € A(n — 1), we can verify that B; > 0,i = 1,...,n and

B,—B, _, = 1 - 2by >0
" nl T bn—2 - bn—l '

Thus, ¢(X*(n — 1)) = A(n — 1). Similarly, we can see $(X#(n)) = A(n).

Corollary 1. Selmer’s algorithm (X, T) is symmetric in measure. i.e, for all a;,a,, -

{n—1,n}

H(A(al’ Az, -+, as)) = ,LC(A(CIS, Ag_1,°, al))-

4 Brun Algorithm

Let E™! :={x € R!*™ : x5 > x; > -+ > x,, > 0}. Define
x € M —— x' = (xg = X1, Xg, e, Xp)-

Then, there is an index i = i(x), 0 < i < n such that

B(X) = (X1, 0ee s Xjy Xg — X1, 005 X)) € E"FL,

Arnold Mathematical Journal, Vol.12(2), 2026
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We obtain the bottom map T : A — A which makes the diagram

En+1 B , En+1

dl gl

T=Tjg
A —— A

commutative, where p(x) = (ﬂ o

Xo Xo Xo

). The 1-time partition of A is

A@)={xeA:x;>21—x; > X1}

where x, = 1, x,,,; = 0. For digits i € {0, 1,2, ...}, the matrix A;(i) is

ArD) =i |1 -1 on A(i).

The dual space of Brun’s algorithm (A, T) is A# = R, x [0,1)""! and the 1-time partition

of A* is
A*F(0) = {x € A* . x; > 1},
A*)=fxeA® 1 0<x; <1,x;<x,1<j<nk.
We found the intertwining map ¢ of Brun algorithm for only n = 2:

110
Ay=|1 0 0
0 01
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Proposition 3. The Brun algorithm for 2-dimensions is self-dual.
Now, let (A, Ts),) be a multidimensional continued fraction with matrices

i

Ar,®=i|1 -N on A[(i, N

1

This algorithm is called the Brun multiplicative algorithm. Since A* = [0, 1]?, we can
get the invariant measure yu for Tg,,. The invariant density when n = 2 is

1 1
Qr00+x+y) el txty)

For the invariant measure in higher dimensions, see [1]. It is known that the multiplicative

version is ergodic with respect to y, see e.g. [12]. When n = 2, we found

p(Al(1, 1), (2, D] # u(A[(2,1), (1, DD,
n(Al(1,2),(2, D] # u(A[(2,1), (1, 2)D,

This implies that the polar measure r doesn’t coincide with .

5 Garrity-Schweiger Algorithm

Let E™! :={x € R"™ : x; > x; > -+ > x,, > 0}. We define

Xg — X
G(x) = (X1, s X, X — X; — kx,) € E", k= lLJ

Xn
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With the help of the projection

X1 Xn
p:E" — A, p(xp,Xq1,.r X)) = <—,..., —) ,
Xo Xo

we obtain the bottom map T : A — A which makes the diagram

En+1 G ; En+1

gl 7|

T=TG
A —— A

commutative. The map T is

1-— -k 1-—
T(x):(ﬁ’ﬁ,...x_n’M>’ kzk(x)zl le.
X1 X1 X1 X1 Xn

The 1-time partition of A is
Ak)={xeB:1-x;—kx,>0>1—-—x;,—(k+1)x,}, ke{0,1,2,..}

and this fibred system is full.

Fig. 3: The 1-time partition of (A, T;) for n = 3.

This continued fraction algorithm for n = 2 was introduced by Garrity in [4], which is

commonly known as the triangle algorithm or Garrity’s triangle algorithm. An alternative
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extension of Garrity’s triangle algorithm is studied in [2]. On the other hand, the following
map was introduced by Schweiger in [9]:
e (G- B SR )
on [0,1) X [R{g‘l. The dynamical system ([0, 1) X Rg‘l, F) is isomorphic to the dual algorithm
of (A, Tg). It is known that the (A, T) is ergodic with respect to the Lebesgue measure for
n = 2 (see [7]). It was shown that this system is also ergodic with respect to absolutely
continuous invariant measures for all dimensions [5]. In this paper, we call the system
(A, Tg) the Garrity-Schweiger algorithm.
We show that the m.c.f. (A, Tg) is algebraic self-dual. Since

0 1 0 0
0 0 1

Ar(k) =| o0 on A(k),
0 1
1 -1 0 —k

the dual map 7# is

1- Xn X1 Xn—2 Xp—1— kxn
T#(x)=(—,— )
Xn Xn Xn Xn

This dual map is defined on
Af={xeR":x,2>0,1<i<n-1,0<x,<1}=RI'x[0,1)

and the 1-time partition is given by

A*k)={xeA* i x,_; —kx, 20> x,_; —(k+Dx,}, k=k*x)= lx;_1 J '

n

Since the Garrity-Schweiger algorithm is full system, the invariant density 4 is

1
K(x,y)dy ~ .
—/[R;’Z'_IX[O,I) Xy xn—l(l + xn)
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Fig. 4: The 1-time and 2-time partition of (A, Tg).

We found that this algorithm is self-dual for n = 2 and the matrix Ay is given by
1 10
Ag=11 0 0
0 01

Here, we describe our heuristic method to find such a matrix. First we assume that
Ay = ((a;)) has integer entries. From AyAr+ = ArAyg, We see A, is symmetric. Assume

that ¢ sends A#(k) n A#(k + 1) to A(k) n A(k + 1). In particular, if ¢(0,0) = (1, 0), then we see
app =ap, az =0.

Put a;; = x, A4 has to have a form

x x 0
X % %
0 =* =
Further if ¢(k,1) = (kiﬂ, kiﬂ), then
x+kay kaptaz 1
X+ kx X+ kx k+1

Therefore we have x = 1, a;;, = a3, = 0,a33 = 1 and the condition AyAr«(k) = Ar(k)Ag,

$(A*(k)) = A(k) are guaranteed. Thus, we obtain the following.
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Fig. 5: The 1-time partition of (A%, Ty).

Proposition 4. The Garrity-Schweiger algorithm is algebraic self-dual. And

1 --- 1
A¢=

1

Proof. By a straightforward calculation, we can see that for all x € A

$oT#(x) = Tog(x).

Let ¢(By,B,, ..., B,) = (b, by, ..., b,). Then, since

we have
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Therefore, we can see ¢(A*#(k)) = Ak) for all k € Z,,. O

Corollary 2. The Garrity-Schweiger algorithm is symmetric in measure.

We introduce the slow version of the Garrity-Schweiger map. F. Schweiger defined
the Flip-flop map in [13]. It is known that the jump transformation of the map is Garrity’s
triangle map (See also [3]). Similarly, we can see that the jump transformation of the
n-dimensional Flip-flop map is the Garrity-Schweiger map and it is algebraic self-dual.

LetA={xeRl:1>x; > >x,> 0} Let the cylinder set of the Selmer algorithm

and Brun algorithm be Ag(i) and Ag(i) respectively. Then, since
As)={xeA:x;>1—x,2Xx;11}, Agl)={xe€A:x;>1—x>Xi11}
and x, =1 x,,; =0, we have
A = Ag(0) U Ag(n).

Now, we definethemap T : A —» A as

on A;(0),

Ar = > <

on Ag(n).

1 -1

\

We consider the jump transformation over the cylinder Ag(0), then we obtain a map

with matrices

Arnold Mathematical Journal, Vol.12(2), 2026 141


http://dx.doi.org/10.56994/ARMJ

Hiroaki Ito
This map is Garrity-Schweiger map T;. The dual space is R", and the invariant density
is

1
x1x2 ...xn.

Proposition 5. The n-dimensional Flip-Flop algorithm is algebraic self-dual. And

A¢=

6 Poincaré Algorithm

Finally, we give an example that is not self-dual. Note that the algorithm below is conjugate
to the original Poincaré algorithm. There are maps F, G that the original map is FoG, but
ours is GoF, where G is the sorting map into non-increasing order. We commonly refer
to the projective map of the original map FoG is the Parry-Daniel map. See e.g. [8], [12,
Chapter 21] or [11, Chapter 14].

Let E"! :={x € RI™ : x; > x, > -+ > x,4; > 0}. Then define
F:x€E™ — x' = (X; — X3,% — X300, Xy — X1 Xp):
There is an element o of symmetric group §,,,; such that

— /! /! / _ +1
P(x) - (xO'(l),xU(Z)’ oo ’xa(n+1)) - GOF(X) (S En .

In this section, we consider the normalized map Tp : A — A which makes the diagram

En+1 P , En+1

gl gl

T=Tp
A —— A

commutative, where p(x) = (ﬁ LT E)

b b
X1 X X1
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Then for all digitc € 8,,,1, y = Tx, x € A(0) is given by

n+1
2jo1 Aom1(jXj1

T ntl
2jm1 Aom1(1)iXj-1

Vi

where x, =1 and

Ar(e) = ((Ai,j)) L=

The dual map is defined on A# = RZ. Therefore the invariant density is

1
xlxz...xn'

Note that

o7 l(i) o) +1 n

Ar(o) = ((Aa—l(i)j)) = ,

o(1) o(i) o(i—1)

1. 1

AT#(O') = .
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Then, we have

{x €A xg—l(i)_l - xo-—l(i) > xg—l(l'+1)_1 - xU—l(l‘_l_l), fori = 1,2,..,n (l # ] -1, ]),

Xo-1(j—1)-1 — Xo-1(j-1) > Xn» Xn > Xo-1(j+1)-1 — xU—l(j+1)}, lf] #1l,n+1,

A(o) = 1 {xeA: Xp > Xg-12)—1 — Xg-1(2)s
Xo-1(1)—-1 — Xo-1(i) > Xo-1(i+1)—1 — Xo-1(j+1)s fori= 2,..., I’l}, lf] =1,

{X SIARN Xo-1(1)—1 — Xo-1(i) > Xo-1(+1)—1 — Xo-1(i+1)» fori= 1,2,...,n—1,

Xo-1(n)—1 — Xo-1(n) > X} lf] =n+1

and

A#(O') = {x € A# . xa-(H_l)_l - xg(i)_l >0fori= 1,..., n}

where x, =1 and j is a integer satisfies c(n + 1) = j.

J

(13)

(23) (132)

Fig. 6: A[(12),(123)] and A[(123), (12)] for n = 2

In the case n = 2, the domain A has six partitions Afe], A[(12)], A[(23)], A[(13)], A[(123)],
and A[(132)] (see Fig. 6). By direct computation we have
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o
1(A[(12),123)]) f —dxdy - i log 2 — 0.0408 --
[x—— —x+1)

f —dxdy—%(log ) — 0.0413 ---
1
2

3
4

u(A[(123),(12)])

2
3

Thus,

p(A[(12), (123)]) # u(A[(123), (12)]).

From Theorem 1, this algorithm is not algebraic self-dual for n = 2.

All the same, we shall prove that this algorithm is algebraic self-dual on {e, (13), (123), (132)}

with the intertwining map ¢ defined as

111
Ay=11 1 0
1 00
Let us explain our empirical method to find this intertwining map. At first, we follow

the heuristic way as before. Assume that Ay = ((q;;)) has integer entries. From AyA7«(0) =

Ar(0)A,, We see it is symmetric. If ¢(1,1) = (%, %), then we see
a11+alz+al3 . a21+a22+a23 . a31+a32+a33 =3:2:1. (2)

Assume for now that A#[e] n A#[(12)] is mapped to Ale] n A[(12)]. Then from

$(1,y) = (an +ay +axy az; +azp+ a33y>
aj +ap; + a3y’ app +app +ay/’

if lim,_, o, ¢(1,y) = (%, 0), then there exists an integer k that we have

* % 2k
Ag=| = =* k
2k kO
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However in this case, it is natural to assume lim,_,, ¢(x, x) = (0,0), and then we have
Ay + a4y =az =0.

This implies k = 0 and clearly we have ¢(A*(c)) # A(c) which does not fit our purpose.
After this wrong trial, we reach the correct assumption that A#[e] n A#[(12)] is mapped to

Ale] n A[(23)] (See Fig. 7). Indeed if lim,_,,, ¢(1,y) = (0,0), then A4 has the form

k0 ok 3k

From lim,_, , ¢(x,x) = (%, 0), we obtain

a 1
app + ag3 2

Considering (2), by several trials we found
1 11
Ag=[1 1 0
1 00
which satisfies all the conditions on Afe] U A[(13)] U A[(123)] U A[(132)]. (See Appendix A.)

We define an involution on §,,.

Definition 6. We denote the set of involutions of the symmetric group by
Inu(s,) ={c s, : o®>=ek
The cardinality of this set #Inuv(S,):1,2,4,10,26,76,--- are also known as telephone
numbers and various studies have been made on these numbers (see Section 5.1.4 of [6]).

Theorem 2. The n-dimensional Poincaré algorithm is algebraic self-dual on wyInv(S,,;)

where

1 2 e n
w0=
n n—1 - 1
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e
(123)/13) 12) 23)
(23) (132)
(123)
e (12) (13) (132)

Fig. 7: The 1-time partition of (A, Tp) and (A%, T#).

And

Proof. Let M = ((a;;)) be a monomial (0,1)-matrix with q;; = 1. i.e., there is exactly

one “1” in each row and each column. This has the one-to-one correspondence with

w0

permutation, we denote

Then, we have

c1) o) -+ on+1)
wea ! = «— (As1();)B,
n+l n - 1
1 2 - n+1 ;
oWy = €« B(Aa—l(i)j) .
on+1) on) --- o(1)
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Therefore, we have

{o €8 B(Aa—l(i)j)[ = (Ag1yj)Bt ={0 € Sp41 - (wyo)? = e}

= wolnuv(8,41)-

Let ¢(By,B,, ..., B,) = (by, by, ..., b,) and ¢ € wyInv(8,,,,). By the definition of Inv(S,.,),

o 1(i) = wyowy (i)
=wyo(n+1—-i+1)
=n+l-on+1—-i+1)+1

and we have

n—on—i+2)+1=013)—1. 3

We show ¢(A*(c)) D A(o). Let (by, b, ..., b,) € A(0).
Fori#n—j+1,n—j+2,by(3),

bn—o’(i+1)+1 - bn—cr(i+1)+2 _ bn—a(i)+1 - bn—a(i)+2

by, by,
_ bo-1(n—i+1)-1 = bo-1(n—i+1) = Do-1(n-i42)-1 + Do-1(n-i42)
= bn

Bsiv1)-1 — Bo(i)-1 =

> 0.

Fori#n—j+1,n—j+2,sincecg(n+1)=jand o € wylnv(S,;1), by 3),o(n—j+2)=1.
Then we have

bn—a(n—j+1)+1 - bn—a(n—j+1)+2
by,

by — bo-1(j+1)-1 + bo-1(j41)

by,

Bstn—j+2)-1 = Bo(n—j+1)-1 = 1 —

>0
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and
bn—a(n—j+3)+1 - bn—a(n—j+3)+2
Ba(n—j+3)—1 - Bcr(n—j+2)—1 = b -1
n

_ 11 = bo-1gj1y — ba
= b

> 0.

Similarly, we have ¢(A#(0)) C A(0). O

Corollary 3. The n-dimentional Poincaré algorithm is symmetric in measure on wolnv(8,,;1),

e, for all oy, 0,,...,0, € WeInv(8,41),

u(Alo1, 03, ..., 05]) = u(Alos, 051, ..., 01 ]).

A Self-duality of 2-dimensional Poincaré Algorithm

We see that the 2-dimensional Poincaré Algorithm (A, Tp) is algebraic self-dual on {e, (13), (123), (132)}

with the intertwining map ¢ defined as

Note that A = {x € R?* : 1> x; > x, > 0}, A* = RZ.

@; Since

Ar(e) = 1 -1 |, A= -1 1 ,

Ar(e)Ay = AyArs(e) holds. And

by —b, b
1-b;’1-b,

T(by,by) = ( )’ T#(By,B,) = (=1 + By, —B; + B,).

Arnold Mathematical Journal, Vol.12(2), 2026 149


http://dx.doi.org/10.56994/ARMJ

Hiroaki Ito

Thus, the cylinder set Ale] and A¥[e] are

A[e] :{(bl,bz)EA . 1—b1 >b1—b2, bl—b2>b2}
={(b1,b2)€A . 1—2b1+b2 >0, bl >2b2},

A#le] ={(B},B,) € A" : =1+ B; >0, =B, + B, > 0}.

We show ¢(A#[e]) = Ale]. Let ¢(By,B,) = (b, b,). Then,

_ 1+B B 1
'™ 1+B,+B,” ? 14+B;+B,

and

bl 1 b1
=1_1,B=—-2
b, 2

B = .
! b, b,

Thus, we can see ¢(A*[e]) = Ale] by the following calculation

—B, + B, -1+ B,
by +b, 1+B,+B, by = 2b; 1+B,+B,
and
b, 1—2b, +b,
1 b2 2 1 b2
A[(12)];
1 -1 111 1
Ar((12)Ag =] 1 -1 11 = 1
1 1 1
111 1 1
AgAT(12) =] 1 1 1 -1 =1
1 -1 1 1
A[(23)];
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1 -1 111 1
Ar((23))Ag = 1 11 =| 1 ,
1 -1 |1 1
111 1 1
AgAT(@3) =] 1 1 -1 1 = 1
1 1 -1 1
A[(13)]; Since
1
1 -1

A[(13)] ={(by,by) €A : by > by — by, by —by >1— by}
={(b1,b2)€A : 2b2—b1>0, 2b1—b2—1>0},

A*[(13)] ={(B;,B,) € A¥ : By —B, >0, 1 - B, > 0}.

We show ¢(A#[e]) = Ale]. Let ¢(B;, B,) = (b, b,). Then, we can see ¢(A#[(13)]) = A[(13)]

by the following calculation

1- B, B, — B,
2 = 2b, — 1
by = by 1+B; +B, by = b, 1+B,+B,
and
2by —b, — 1 b,
By —B, = , 1-B;=2——.
1 2 bz 1 bz
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A[(123)]; Since

Ar((123)) =] 1 -1 ,  Ar((123)) = -1 1 |

Ar(123)A4 = AyAr#(123) holds.

A[(123)] = {(bl’bZ) (S A b2 >1-— bl’ 1-— bl > bl - bz}
:{(bl,bz)EA:b1+b2—1>0,1—2b1+b2>0},
A#[(123)] = {(B,,B,) € A" : =B, + B, >0, 1 — B, > 0}.

We show ¢(A#[(123)]) = A[(123)]. Let ¢(By, B,) = (b;, b,). Then, we can see ¢(A#[(123)]) =
A[(123)] by the following calculation

1-B, —B, + B,
b+b—-1=—=— 1-2b;+b, = ———=—
1+ 02 1+B;+B, 1+ 52 1+B;+B,

and

1—-2b;+b bi+b,—1
—B1+B2:—1 2’ —B, = ! 2 .

b, 2 b,
A[(132)]; Since

Ar((132)) = 1 |, Ar((A32))=] 1 -1 |,
1 -1 -1 1

A[(132)] = {(blabZ) EA: b1 - b2 > bz, b2 >1- bl}
={(b1,b2)€A : b1—2b2>0, b1+b2—1>0},

A#[(132)] = {(B,,B,) € A" : 1—B, >0, -1+ B; > 0}.
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We show ¢(A#[(132)]) = A[(132)]. Let ¢(By, B,) = (b, b,). Then, we can see ¢(A#[(132)]) =
A[(132)] by the following calculation

-1+ B, 1-B,
by—2by=—""1  pho4b—1=— 2
! 27 14B,+B, 1152 1+B;+B,
and
b;+b,—1 b
1-By=——2 ~ _14+B =—-2.
b, b,
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