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1 Introduction

The classical continued fraction is a self map 𝑇 on [0, 1] defined by

𝑇 ∶ 𝑥 ↦,→ 1
𝑥 −

⌊1
𝑥

⌋
.

Its absolutely continuous invariant probabilistic density is

𝑑𝜈 = 1
log 2

⋅ 1
1 + 𝑥𝑑𝑥.

The cylinder set ∆[𝑎1, 𝑎2, … , 𝑎𝑛] is the interval whose elements share an initial fraction:

1

𝑎1 +
1

𝑎2 +
1

. . . +
1

𝑎𝑛

.

Then we have

𝜈(∆[𝑎1, … , 𝑎𝑛]) = 𝜈(∆[𝑎𝑛, … , 𝑎1]).

We say that continued fraction algorithm is symmetric in measure if this equality holds

for all cylinder sets. To see this symmetry, a standard way is to consider its natural

extension:

𝑇̂ ∶ [0, 1]2 ∋ (𝑥, 𝑦) ↦→
⎛
⎜
⎝

1
𝑥 −

⌊ 1
𝑥

⌋
, 1

𝑦 +
⌊ 1
𝑥

⌋
⎞
⎟
⎠
∈ [0, 1]2

with the invariant density
1

(1 + 𝑥𝑦)2
𝑑𝑥𝑑𝑦.

The map 𝑇̂ is invertible:

𝑇̂−1 ∶ (𝑥, 𝑦) ↦→
⎛
⎜
⎜
⎝

1

𝑥 +
⌊
1
𝑦

⌋ ,
1
𝑦 −

⎢
⎣
1
𝑦
⎥
⎦

⎞
⎟
⎟
⎠
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Self-duality of continued fractions

and the restriction of 𝑇̂−1 to the second coordinate is equal to 𝑇. The self-duality immedi-

ately follows from this fact.

To make concrete the tractable a natural extension for higher dimensional continued

fractions, F. Schweiger constructed the dual algorithm (𝐵#, 𝑇#) of the fibred system (𝐵, 𝑇).

The pair (𝐵 × 𝐵#, 𝑇 × 𝑉#(𝑘(𝑥))) gives the natural extension of (𝐵, 𝑇) where 𝑉#(𝑘) is a local

inverse branch of 𝑇#. In this framework, if there exists an isomorphism 𝜙 which satisfies:

𝐵#
𝑇#

,,,,,,→ 𝐵#

𝜙
⏐⏐⏐⏐⏐⏐⏐↓ 𝜙

⏐⏐⏐⏐⏐⏐⏐↓

𝐵
𝑇

,,,,,,→ 𝐵

then the system is self-dual. We say that self-duality is realized by an intertwining map 𝜙.

We will define an algebraic self-duality. If such a map 𝜙 is found we simply say that the

system (𝐵, 𝑇) is algebraic self-dual. See section 2 for details. In this paper we start with

an easy observation:

Theorem 1. If the fibred system (𝐵, 𝑇) is full and algebraic self-dual, then it is symmetric

in measure.

However, we do not know when the self-duality holds in general, nor how to construct

the intertwining map 𝜙 for a given full-branched fibred system. In the later section,

we shall construct 𝜙 for several fibred systems in [12] and also give examples of fibred

systems which is not self-dual.

2 Invariant measure and self-duality

In this chapter, we briefly review the concept of higher dimensional continued fractions

by F. Schweiger and show Theorem 1.

We say that the dynamical system (𝐵, 𝑇) is a fibred system if {𝐵(𝑘) ∶ 𝑘 ∈ 𝐼} is a partition

of the set 𝐵 where 𝐼 is countable and 𝑇|𝐵(𝑘) is injective.
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Definition 1. The fibred system (𝐵, 𝑇) is multidimensional continued fraction (𝐦.𝐜.𝐟 .) if

1. 𝐵 ⊂ ℝ𝑛,

2. For every digits 𝑘 ∈ 𝐼, there is a matrix 𝐴𝑇(𝑘) = ((𝐴𝑖𝑗)) ∈ 𝐺𝐿(𝑛 + 1,ℤ) such that 𝑦 = 𝑇(𝑥),

𝑥 ∈ 𝐵(𝑘) is given as

𝑦𝑖 =
𝐴𝑖0 +

∑𝑛
𝑗=1𝐴𝑖𝑗𝑥𝑗

𝐴00 +
∑𝑛

𝑗=1𝐴0𝑗𝑥𝑗
.

Remark 1. For all invertible (𝑛 + 1) × (𝑛 + 1)-matrix (𝑎𝑖𝑗), we define a transformation

𝑓 ∶ ℝ𝑛 ,→ ℝ𝑛 satisfies

𝑓(𝑥)𝑖 =
𝑎𝑖0 +

∑𝑛
𝑗=1 𝑎𝑖𝑗𝑥𝑗

𝑎00 +
∑𝑛

𝑗=1 𝑎0𝑗𝑥𝑗
,

and we denote by 𝐴𝑓 the matrix ((𝑎𝑖𝑗)). Then, we can verify 𝐴𝑓𝐴𝑔 = 𝐴𝑓◦𝑔.

Since 𝑇|𝐵(𝑘) is injective, there exists a local inverse branch of 𝑇

𝑉(𝑘) ∶ 𝑇(𝐵(𝑘)) → 𝐵(𝑘), 𝑥 = 𝑉(𝑘)𝑦

We denote the inverse matrix of 𝐴𝑇(𝑘) by ((𝐵𝑖𝑗)). Then 𝑦 = 𝑇𝑥 is equivalent to

𝑥𝑖 =
𝐵𝑖0 +

∑𝑛
𝑗=1 𝐵𝑖𝑗𝑦𝑗

𝐵00 +
∑𝑛

𝑗=1 𝐵0𝑗𝑦𝑗
.

where 𝐵𝑖𝑗 satisfies 𝐵00 +
∑𝑛

𝑗=1 𝐵0𝑗𝑦𝑗 > 0.

Definition 2. Let (𝐵, 𝑇) be a m.c.f. with matrices {𝐴𝑇(𝑘) ∶ 𝑘 ∈ 𝐼}. The m.c.f. (𝐵#, 𝑇#) is dual

algorithm if the following conditions holds∶

1. 𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑛) ≠ ∅ if and only if 𝐵#(𝑘𝑛, 𝑘𝑛−1,⋯ , 𝑘1) ≠ ∅,

2. There is a partition {𝐵#(𝑘), 𝑘 ∈ 𝐼} of 𝐵# such that the associated matrices 𝐴𝑇#(𝑘) = ((𝐴#
𝑖𝑗))

of 𝑇# restricted 𝐵#(𝑘) are the transposed matrices of 𝐴𝑇(𝑘) such that 𝑦 = 𝑇#(𝑥), 𝑥 ∈ 𝐵#(𝑘)

is given as

𝑦𝑖 =
𝐴#
𝑖0 +

∑𝑛
𝑗=1𝐴

#
𝑖𝑗𝑥𝑗

𝐴#
00 +

∑𝑛
𝑗=1𝐴

#
0𝑗𝑥𝑗

.
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Given a multidimensional continued fraction algorithm (𝐵, 𝑇), its dual map is formally

defined by the transpose of 𝐴𝑇. We then try to find an appropriate dual space 𝐵# and its

decomposition {𝐵#(𝑘) ∶ 𝑘 ∈ 𝐼} which satisfies condition 1.

After this construction, given an 𝑛-dimensional continued fraction we set

𝐾(𝑥, 𝑦) ∶= 1
(1 + 𝑥1𝑦1 + 𝑥2𝑦2 +⋯+ 𝑥𝑛𝑦𝑛)𝑛+1

,

and we denote by 𝜔(𝑘1, 𝑘2,⋯ , 𝑘𝑠; 𝑦) the Jacobian of 𝑉(𝑘1, 𝑘2,⋯ , 𝑘𝑠) = 𝑉(𝑘1)◦𝑉(𝑘2)◦⋯◦𝑉(𝑘𝑠).

Then, we can see

𝐾(𝑉(𝑘1, … , 𝑘𝑠)𝑥, 𝑦)𝜔(𝑘1, … , 𝑘𝑠; 𝑥) = 𝐾(𝑥, 𝑉#(𝑘𝑠, … , 𝑘1)𝑦)𝜔#(𝑘𝑠, … , 𝑘1; 𝑦) (1)

by a straightforward calculation. For any 𝑥 ∈ 𝐵, we define

𝐷(𝑥) ∶= {𝑦 ∈ 𝐵# ∶ 𝑥 ∈
∞⋂

𝑠=1
𝑇𝑠𝐵(𝑘#𝑠 (𝑦),⋯ , 𝑘#1 (𝑦))}.

Then, it is known that the following assertion holds (see Chapter 3 in [12]):

Proposition 1.

ℎ(𝑥) = ∫
𝐷(𝑥)

𝐾(𝑥, 𝑦)𝑑𝑦

is invariant density for 𝑇.

Definition 3. A fibred system (𝐵, 𝑇) is called full if 𝑇( ̊𝐵(𝑑)) = 𝐵̊ for all d ∈ 𝐼.

Note that 𝐷(𝑥) = 𝐵# if the system (𝐵, 𝑇) is full. By Proposition 1, we can obtain an

invariant measure 𝜇# for the dual algorithm (𝐵#, 𝑇#).

Lemma 1. The multidimensional c.f. (𝐵, 𝑇) is full, then one has

𝜇(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) = 𝜇#(𝐵#(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)).

Proof. For all 𝑘1, … .𝑘𝑠 ∈ 𝐼, by Proposition 1,

𝜇(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) = ∫
𝐵(𝑘1,𝑘2,⋯,𝑘𝑠)

∫
𝐵#
𝐾(𝑥, 𝑦)𝑑𝑦𝑑𝑥

= ∫
𝐵
∫
𝐵#
𝐾(𝑉(𝑘1, 𝑘2,⋯ , 𝑘𝑠)𝑥, 𝑦)𝜔(𝑘1, 𝑘2,⋯ , 𝑘𝑠; 𝑥)𝑑𝑦𝑑𝑥.
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By (1), we have

𝜇(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) = ∫
𝐵
∫
𝐵#
𝐾(𝑥, 𝑉#(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)𝑦)𝜔#(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1; 𝑦)𝑑𝑦𝑑𝑥

= ∫
𝐵#
∫
𝐵
𝐾(𝑉#(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)𝑦, 𝑥)𝜔#(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1; 𝑦)𝑑𝑥𝑑𝑦

= 𝜇#(𝐵#(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)).

Definition 4. A n-dimensional continued fraction (𝐵, 𝑇) is "algebraic self-dual" on 𝒟 ⊂ 𝐼

if the diagram

𝐵# 𝑇# //

𝜙
��

𝐵#

��
𝐵 𝑇 // 𝐵

is commutative and 𝜙 is a bijective, differentiable, and measurable function map such

that 𝜙( ̊𝐵#(𝑘)) = ̊𝐵(𝑘) for all 𝑘 ∈ 𝒟.

For the regular continued fraction algorithm ([0, 1), 𝑇), the matrix 𝐴𝑇(𝑘) is symmetric.

Thus, it is clearly self-dual since 𝑇 = 𝑇#.

Proof of Theorem 1. Note that the map 𝜙 is bijective, since (𝐵, 𝑇) is algebraic self-dual (on

𝒟 = 𝐼). By substitution, for all 𝑘1, 𝑘2,⋯ , 𝑘𝑠 ∈ 𝐼

𝜇#(𝜙−1𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) = ∫
𝜙−1𝐵(𝑘1,𝑘2,⋯,𝑘𝑠)

∫
𝐵
𝐾(𝑥, 𝑦)𝑑𝑦𝑑𝑥

= ∫
𝐵(𝑘1,𝑘2,⋯,𝑘𝑠)

∫
𝐵#
𝐾(𝑋,𝑌)𝑑𝑌𝑑𝑋

= 𝜇(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)).

Therefore, by Lemma 1, we have

𝜇(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) = 𝜇#(𝐵#(𝑘1, 𝑘2,⋯ , 𝑘𝑠))

= 𝜇(𝐵(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)).
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Note that the m.c.f. (𝐵, 𝑇) is algebraic self-dual on 𝒟 ⊂ 𝐼, then for all 𝑘1, 𝑘2,⋯ , 𝑘𝑠 ∈ 𝒟

𝜇(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) = 𝜇(𝐵(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)).

Definition 5. The set function

𝜏(𝐵(𝑘1, 𝑘2,⋯ , 𝑘𝑠)) ∶= 𝜇(𝐵(𝑘𝑠, 𝑘𝑠−1,⋯ , 𝑘1)).

is called the polar measure for (𝐵, 𝑇).

In fact, 𝜏 is also an invariant measure for 𝑇. And 𝜇 = 𝜏 means symmetric in measure.

F. Schweiger gave an equivalent condition for 𝜇 = 𝜏 under the conditions in [10].

3 Selmer Algorithm

Let 𝐸𝑛+1 ∶= {𝑥 ∈ ℝ𝑛+1
> ∶ 𝑥0 ≥ 𝑥1 ≥ ⋯ ≥ 𝑥𝑛 ≥ 0}. Then define

𝑥 ∈ 𝐸𝑛+1 ↦,→ 𝑥′ = (𝑥0 − 𝑥𝑛, 𝑥2, … , 𝑥𝑛).

There is an index 𝑖 = 𝑖(𝑥), 0 ≤ 𝑖 ≤ 𝑛 such that

𝑆(𝑥) = (𝑥1, … , 𝑥𝑖, 𝑥0 − 𝑥𝑛, … , 𝑥𝑛) ∈ 𝐸𝑛+1.

We obtain the bottom map 𝑇𝑆 ∶ ∆ ,→ ∆ which makes the diagram

𝐸𝑛+1
𝑆

,,,,,,→ 𝐸𝑛+1

𝑝
⏐⏐⏐⏐⏐⏐⏐↓

⏐⏐⏐⏐⏐⏐⏐↓

∆
𝑇=𝑇𝑆,,,,,,→ ∆
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commutative. Since

𝐴𝑇(𝑖) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑖 𝑛

0 1
. . .

1

𝑖 1 −1

1
. . .

1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

on ∆(𝑖),

the 1-time partition is ∆(𝑖) = {𝑥 ∈ ∆ ∶ 𝑥𝑖 > 1 − 𝑥𝑛 ≥ 𝑥𝑖+1} where 𝑥0 = 1, 𝑥𝑛+1 = 0. We can see

𝑇(∆(𝑖)) = {𝑥 ∈ ∆ ∶ 𝑥𝑖 + 𝑥𝑛 ≥ 1}. Therefore, for 𝑖 = 0, 1, … , 𝑛 − 1

𝑇(∆(𝑖)) =
⋃

𝑖≤𝑗
∆(𝑗), 𝑇(∆(𝑛)) = ∆(𝑛 − 1) ∪ ∆(𝑛).

The system (∆, 𝑇) is not full, but (𝑋 = ∆(𝑛 − 1) ∪ ∆(𝑛), 𝑇) is full-branched system. The

dual map of Selmer’s algorithm (𝑋, 𝑇) is defined on 𝑋# = ℝ𝑛
≥. It is known that Selmer

algorithm (𝑋, 𝑇) is ergodic and admits an absolutely continuous invariant measure (see

[12]).

2

1
0

21

12
11

22

Fig. 1: The 1-time and 2-time partition of (∆, 𝑇𝑆).
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1

2

Fig. 2: The 1-time partition of (𝑋#, 𝑇#𝑆 ).

Note that the 1-time partition of 𝑋# is

𝑋#(𝑛 − 1) = {𝑥 ∈ 𝑋# ∶ 𝑥𝑛−1 ≤ 𝑥𝑛},

𝑋#(𝑛) = {𝑥 ∈ 𝑋# ∶ 𝑥𝑛−1 ≥ 𝑥𝑛}.

We construct the intertwining map 𝜙 for the Selmer algorithm.

For 𝑛 = 2, the same method in the previous chapter gives

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

2 1 1

1 1 1

1 1 0

⎞
⎟
⎟
⎟
⎠

.

A simple analogy for the 𝑛-dimensional case works fine and we obtain

Proposition 2. Selmer’s algorithm is algebraic self-dual. And

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 ⋯ 2 1 1
... . . .

...
...

2

1 ⋯ 1

1 ⋯ 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Proof. We can see that for all 𝑘 ∈ {𝑛 − 1, 𝑛}

𝐴𝜙𝐴𝑇#(𝑘) = 𝐴𝑇(𝑘)𝐴𝜙.
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Let 𝜙(𝐵1, … , 𝐵𝑛) = (𝑏1, … , 𝑏𝑛). Then, for all (𝐵1, … , 𝐵𝑛) ∈ 𝑋#(𝑛 − 1),

𝑏𝑛−1 + 𝑏𝑛 − 1 =
𝐵𝑛−1

2 + 2𝐵1 +⋯+ 2𝐵𝑛−2 + 𝐵𝑛−1 + 𝐵𝑛
> 0

and

1 − 2𝑏𝑛 =
𝐵𝑛 − 𝐵𝑛−1

2 + 2𝐵1 +⋯+ 2𝐵𝑛−2 + 𝐵𝑛−1 + 𝐵𝑛
> 0.

Thus, 𝜙(𝑋#(𝑛 − 1)) ⊂ ∆(𝑛 − 1). We show 𝜙(𝑋#(𝑛 − 1)) ⊃ ∆(𝑛 − 1). Since

𝐴−1
𝜙 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 −1

. . . −1

1 . . .

−1 1 1

1 −1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

for all (𝑏1, … , 𝑏𝑛) ∈ ∆(𝑛 − 1), we can verify that 𝐵𝑖 ≥ 0, 𝑖 = 1, … , 𝑛 and

𝐵𝑛 − 𝐵𝑛−1 =
1 − 2𝑏𝑛

𝑏𝑛−2 − 𝑏𝑛−1
> 0.

Thus, 𝜙(𝑋#(𝑛 − 1)) = ∆(𝑛 − 1). Similarly, we can see 𝜙(𝑋#(𝑛)) = ∆(𝑛).

Corollary 1. Selmer’s algorithm (𝑋, 𝑇) is symmetric in measure. i.e., for all 𝑎1, 𝑎2,⋯ , 𝑎𝑠 ∈

{𝑛 − 1, 𝑛}

𝜇(∆(𝑎1, 𝑎2,⋯ , 𝑎𝑠)) = 𝜇(∆(𝑎𝑠, 𝑎𝑠−1,⋯ , 𝑎1)).

4 Brun Algorithm

Let 𝐸𝑛+1 ∶= {𝑥 ∈ ℝ𝑛+1
> ∶ 𝑥0 ≥ 𝑥1 ≥ ⋯ ≥ 𝑥𝑛 ≥ 0}. Define

𝑥 ∈ 𝐸𝑛+1 ↦,→ 𝑥′ = (𝑥0 − 𝑥1, 𝑥2, … , 𝑥𝑛).

Then, there is an index 𝑖 = 𝑖(𝑥), 0 ≤ 𝑖 ≤ 𝑛 such that

𝐵(𝑥) = (𝑥1, … , 𝑥𝑖, 𝑥0 − 𝑥1, … , 𝑥𝑛) ∈ 𝐸𝑛+1.
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We obtain the bottom map 𝑇 ∶ ∆ ,→ ∆ which makes the diagram

𝐸𝑛+1
𝐵

,,,,,,→ 𝐸𝑛+1

𝑝
⏐⏐⏐⏐⏐⏐⏐↓ 𝑝

⏐⏐⏐⏐⏐⏐⏐↓

∆
𝑇=𝑇𝐵,,,,,,→ ∆

commutative, where 𝑝(𝑥) = (𝑥1
𝑥0
, 𝑥2
𝑥0
, … , 𝑥𝑛

𝑥0
). The 1-time partition of ∆ is

∆(𝑖) = {𝑥 ∈ ∆ ∶ 𝑥𝑖 ≥ 1 − 𝑥1 > 𝑥𝑖+1}

where 𝑥0 = 1, 𝑥𝑛+1 = 0. For digits 𝑖 ∈ {0, 1, 2, … }, the matrix 𝐴𝑇(𝑖) is

𝐴𝑇(𝑖) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑖

1
. . .

1

𝑖 1 −1

1
. . .

1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

on ∆(𝑖).

The dual space of Brun’s algorithm (∆, 𝑇) is ∆# = ℝ≥ × [0, 1)𝑛−1 and the 1-time partition

of ∆# is

∆#(0) = {𝑥 ∈ ∆# ∶ 𝑥1 ≥ 1},

∆#(𝑖) = {𝑥 ∈ ∆# ∶ 0 ≤ 𝑥1 < 1, 𝑥𝑗 < 𝑥𝑖, 1 ≤ 𝑗 ≤ 𝑛}.

We found the intertwining map 𝜙 of Brun algorithm for only 𝑛 = 2:

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 1 0

1 0 0

0 0 1

⎞
⎟
⎟
⎟
⎠

.
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Proposition 3. The Brun algorithm for 2-dimensions is self-dual.

Now, let (∆, 𝑇𝐵𝑀) be a multidimensional continued fraction with matrices

𝐴𝑇𝐵𝑀 (𝑖) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝑖

1
. . .

1

𝑖 1 −𝑁

1
. . .

1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

on ∆[(𝑖, 𝑁)].

This algorithm is called the Brun multiplicative algorithm. Since ∆# = [0, 1]𝑛, we can

get the invariant measure 𝜇 for 𝑇𝐵𝑀 . The invariant density when 𝑛 = 2 is

1
(1 + 𝑥)(1 + 𝑥 + 𝑦)

+ 1
(1 + 𝑦)(1 + 𝑥 + 𝑦)

.

For the invariant measure in higher dimensions, see [1]. It is known that the multiplicative

version is ergodic with respect to 𝜇, see e.g. [12]. When 𝑛 = 2, we found

𝜇(∆[(1, 1), (2, 1)]) ≠ 𝜇(∆[(2, 1), (1, 1)]),

𝜇(∆[(1, 2), (2, 1)]) ≠ 𝜇(∆[(2, 1), (1, 2)]),
... .

This implies that the polar measure 𝜏 doesn’t coincide with 𝜇.

5 Garrity-Schweiger Algorithm

Let 𝐸𝑛+1 ∶= {𝑥 ∈ ℝ𝑛+1
> ∶ 𝑥0 ≥ 𝑥1 ≥ ⋯ ≥ 𝑥𝑛 ≥ 0}. We define

𝐺(𝑥) = (𝑥1, … , 𝑥𝑛, 𝑥0 − 𝑥1 − 𝑘𝑥𝑛) ∈ 𝐸𝑛+1, 𝑘 = ⎢
⎣
𝑥0 − 𝑥1
𝑥𝑛

⎥
⎦
.
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With the help of the projection

𝑝 ∶ 𝐸𝑛+1 ,→ ∆, 𝑝(𝑥0, 𝑥1, … , 𝑥𝑛) = (
𝑥1
𝑥0
, … ,

𝑥𝑛
𝑥0
) ,

we obtain the bottom map 𝑇 ∶ ∆ ,→ ∆ which makes the diagram

𝐸𝑛+1
𝐺

,,,,,,→ 𝐸𝑛+1

𝑝
⏐⏐⏐⏐⏐⏐⏐↓ 𝑝

⏐⏐⏐⏐⏐⏐⏐↓

∆
𝑇=𝑇𝐺,,,,,,→ ∆

commutative. The map 𝑇 is

𝑇(𝑥) = (
𝑥2
𝑥1
,
𝑥3
𝑥1
,⋯

𝑥𝑛
𝑥1
,
1 − 𝑥1 − 𝑘𝑥𝑛

𝑥1
) , 𝑘 = 𝑘(𝑥) = ⎢

⎣
1 − 𝑥1
𝑥𝑛

⎥
⎦
.

The 1-time partition of ∆ is

∆(𝑘) = {𝑥 ∈ 𝐵 ∶ 1 − 𝑥1 − 𝑘𝑥𝑛 ≥ 0 > 1 − 𝑥1 − (𝑘 + 1)𝑥𝑛}, 𝑘 ∈ {0, 1, 2, … }

and this fibred system is full.

012

Fig. 3: The 1-time partition of (∆, 𝑇𝐺) for 𝑛 = 3.

This continued fraction algorithm for 𝑛 = 2 was introduced by Garrity in [4], which is

commonly known as the triangle algorithm or Garrity’s triangle algorithm. An alternative
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extension of Garrity’s triangle algorithm is studied in [2]. On the other hand, the following

map was introduced by Schweiger in [9]:

𝐹 ∶ 𝑥 ↦,→ (
𝑥2
𝑥1

− ⎢
⎣
𝑥2
𝑥1
⎥
⎦
,
𝑥3
𝑥1
, … ,

𝑥𝑛
𝑥1
, 1𝑥1

− 1)

on [0, 1) ×ℝ𝑛−1
≥ . The dynamical system ([0, 1) ×ℝ𝑛−1

≥ , 𝐹) is isomorphic to the dual algorithm

of (∆, 𝑇𝐺). It is known that the (∆, 𝑇𝐺) is ergodic with respect to the Lebesgue measure for

𝑛 = 2 (see [7]). It was shown that this system is also ergodic with respect to absolutely

continuous invariant measures for all dimensions [5]. In this paper, we call the system

(∆, 𝑇𝐺) the Garrity-Schweiger algorithm.

We show that the m.c.f. (∆, 𝑇𝐺) is algebraic self-dual. Since

𝐴𝑇(𝑘) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 0 ⋯ 0

0 0 1
...

...
. . . 0

0 1

1 −1 0 ⋯ −𝑘

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

on ∆(𝑘),

the dual map 𝑇# is

𝑇#(𝑥) = (
1 − 𝑥𝑛
𝑥𝑛

,
𝑥1
𝑥𝑛
,⋯ ,

𝑥𝑛−2
𝑥𝑛

,
𝑥𝑛−1 − 𝑘𝑥𝑛

𝑥𝑛
) .

This dual map is defined on

∆# = {𝑥 ∈ ℝ𝑛 ∶ 𝑥𝑖 ≥ 0, 1 ≤ 𝑖 ≤ 𝑛 − 1, 0 ≤ 𝑥𝑛 < 1} = ℝ𝑛−1
≥ × [0, 1)

and the 1-time partition is given by

∆#(𝑘) = {𝑥 ∈ ∆# ∶ 𝑥𝑛−1 − 𝑘𝑥𝑛 ≥ 0 > 𝑥𝑛−1 − (𝑘 + 1)𝑥𝑛}, 𝑘 = 𝑘#(𝑥) = ⎢
⎣
𝑥𝑛−1
𝑥𝑛

⎥
⎦
.

Since the Garrity-Schweiger algorithm is full system, the invariant density ℎ is

∫
ℝ𝑛−1
≥ ×[0,1)

𝐾(𝑥, 𝑦)𝑑𝑦 ∼ 1
𝑥1⋯𝑥𝑛−1(1 + 𝑥𝑛)

.
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0

1
2

00
0110

1120

Fig. 4: The 1-time and 2-time partition of (∆, 𝑇𝐺).

We found that this algorithm is self-dual for 𝑛 = 2 and the matrix 𝐴𝜙 is given by

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 1 0

1 0 0

0 0 1

⎞
⎟
⎟
⎟
⎠

Here, we describe our heuristic method to find such a matrix. First we assume that

𝐴𝜙 = ((𝑎𝑖𝑗)) has integer entries. From 𝐴𝜙𝐴𝑇# = 𝐴𝑇𝐴𝜙, we see 𝐴𝜙 is symmetric. Assume

that 𝜙 sends ∆#(𝑘) ∩ ∆#(𝑘 + 1) to ∆(𝑘) ∩ ∆(𝑘 + 1). In particular, if 𝜙(0, 0) = (1, 0), then we see

𝑎11 = 𝑎21, 𝑎31 = 0.

Put 𝑎11 = 𝑥, 𝐴𝜙 has to have a form

⎛
⎜
⎜
⎜
⎝

𝑥 𝑥 0

𝑥 ∗ ∗

0 ∗ ∗

⎞
⎟
⎟
⎟
⎠

.

Further if 𝜙(𝑘, 1) = ( 1
𝑘+1

, 1
𝑘+1

), then

𝑥 + 𝑘𝑎22
𝑥 + 𝑘𝑥

=
𝑘𝑎32 + 𝑎33
𝑥 + 𝑘𝑥

= 1
𝑘 + 1

.

Therefore we have 𝑥 = 1, 𝑎22 = 𝑎32 = 0, 𝑎33 = 1 and the condition 𝐴𝜙𝐴𝑇#(𝑘) = 𝐴𝑇(𝑘)𝐴𝜙,

𝜙(∆#(𝑘)) = ∆(𝑘) are guaranteed. Thus, we obtain the following.
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0 1 2

Fig. 5: The 1-time partition of (∆#, 𝑇𝐺).

Proposition 4. The Garrity-Schweiger algorithm is algebraic self-dual. And

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 ⋯ 1
... . . .

1

1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.

Proof. By a straightforward calculation, we can see that for all 𝑥 ∈ ∆

𝜙◦𝑇#(𝑥) = 𝑇◦𝜙(𝑥).

Let 𝜙(𝐵1, 𝐵2, … , 𝐵𝑛) = (𝑏1, 𝑏2, … , 𝑏𝑛). Then, since

𝐴−1
𝜙 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1

1 −1

. . . . . .

1 −1

1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

we have

𝐵𝑛−1 −
⎢
⎣
𝐵𝑛−1
𝐵𝑛

⎥
⎦
𝐵𝑛 =

1 − 𝑏1 −
⎢
⎢
⎣

1 − 𝑏1
𝑏𝑛

⎥
⎥
⎦
𝑏𝑛

𝑏𝑛−1
.
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Therefore, we can see 𝜙( ̊∆#(𝑘)) = ̊∆(𝑘) for all 𝑘 ∈ ℤ≥0.

Corollary 2. The Garrity-Schweiger algorithm is symmetric in measure.

We introduce the slow version of the Garrity-Schweiger map. F. Schweiger defined

the Flip-flop map in [13]. It is known that the jump transformation of the map is Garrity’s

triangle map (See also [3]). Similarly, we can see that the jump transformation of the

𝑛-dimensional Flip-flop map is the Garrity-Schweiger map and it is algebraic self-dual.

Let ∆ = {𝑥 ∈ ℝ𝑛
> ∶ 1 ≥ 𝑥1 ≥ ⋯ ≥ 𝑥𝑛 > 0}. Let the cylinder set of the Selmer algorithm

and Brun algorithm be ∆𝑆(𝑖) and ∆𝐵(𝑖) respectively. Then, since

∆𝑆(𝑖) = {𝑥 ∈ ∆ ∶ 𝑥𝑖 > 1 − 𝑥𝑛 ≥ 𝑥𝑖+1}, ∆𝐵(𝑖) = {𝑥 ∈ ∆ ∶ 𝑥𝑖 > 1 − 𝑥1 ≥ 𝑥𝑖+1},

and 𝑥0 = 1 𝑥𝑛+1 = 0, we have

∆ = ∆𝑆(0) ∪ ∆𝐵(𝑛).

Now, we define the map 𝑇 ∶ ∆ → ∆ as

𝐴𝑇 =

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 −1

1
. . .

1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

on ∆𝑆(0),

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1
. . .

1

1 −1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

on ∆𝐵(𝑛).

We consider the jump transformation over the cylinder ∆𝑆(0), then we obtain a map

with matrices

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1
. . .

1

1 −1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 −1

1
. . .

1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

𝑘

=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1
. . .

1

1 −1 −𝑘

⎞
⎟
⎟
⎟
⎟
⎟
⎠

Arnold Mathematical Journal, Vol.12(2), 2026 141

http://dx.doi.org/10.56994/ARMJ


Hiroaki Ito

This map is Garrity-Schweiger map 𝑇𝐺 . The dual space is ℝ𝑛, and the invariant density

is

1
𝑥1𝑥2⋯𝑥𝑛

.

Proposition 5. The 𝑛-dimensional Flip-Flop algorithm is algebraic self-dual. And

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 ⋯ 1
... . . .

1

⎞
⎟
⎟
⎟
⎠

.

6 Poincaré Algorithm

Finally, we give an example that is not self-dual. Note that the algorithm below is conjugate

to the original Poincaré algorithm. There are maps 𝐹, 𝐺 that the original map is 𝐹◦𝐺, but

ours is 𝐺◦𝐹, where 𝐺 is the sorting map into non-increasing order. We commonly refer

to the projective map of the original map 𝐹◦𝐺 is the Parry-Daniel map. See e.g. [8], [12,

Chapter 21] or [11, Chapter 14].

Let 𝐸𝑛+1 ∶= {𝑥 ∈ ℝ𝑛+1
> ∶ 𝑥1 ≥ 𝑥2 ≥ ⋯ ≥ 𝑥𝑛+1 ≥ 0}. Then define

𝐹 ∶ 𝑥 ∈ 𝐸𝑛+1 ↦,→ 𝑥′ = (𝑥1 − 𝑥2, 𝑥2 − 𝑥3, … , 𝑥𝑛 − 𝑥𝑛+1, 𝑥𝑛+1).

There is an element 𝜎 of symmetric group 𝒮𝑛+1 such that

𝑃(𝑥) = (𝑥′𝜎(1), 𝑥
′
𝜎(2), … , 𝑥

′
𝜎(𝑛+1)) = 𝐺◦𝐹(𝑥) ∈ 𝐸𝑛+1.

In this section, we consider the normalized map 𝑇𝑃 ∶ ∆ ,→ ∆which makes the diagram

𝐸𝑛+1
𝑃

,,,,,,→ 𝐸𝑛+1

𝑝
⏐⏐⏐⏐⏐⏐⏐↓ 𝑝

⏐⏐⏐⏐⏐⏐⏐↓

∆
𝑇=𝑇𝑃,,,,,,→ ∆

commutative, where 𝑝(𝑥) = (𝑥2
𝑥1
, 𝑥3
𝑥1
, … , 𝑥𝑛+1

𝑥1
).
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Then for all digit 𝜎 ∈ 𝒮𝑛+1, 𝑦 = 𝑇𝑥, 𝑥 ∈ ∆(𝜎) is given by

𝑦𝑖 =

∑𝑛+1
𝑗=1 𝐴𝜎−1(𝑖)𝑗𝑥𝑗−1

∑𝑛+1
𝑗=1 𝐴𝜎−1(1)𝑗𝑥𝑗−1

where 𝑥0 = 1 and

𝐴𝑇(𝑒) = ((𝐴𝑖,𝑗)) ∶=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 −1
. . . . . .

1 −1

1

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.

The dual map is defined on ∆# = ℝ𝑛
>. Therefore the invariant density is

1
𝑥1𝑥2⋯𝑥𝑛

.

Note that

𝐴𝑇(𝜎) = ((𝐴𝜎−1(𝑖)𝑗)) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜎−1(𝑖) 𝜎−1(𝑖) + 1 𝑛
...

...
...

𝑖 ⋯ 1 −1

𝑗 ⋯ 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

𝐴𝑇#(𝜎) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝜎(1) 𝜎(𝑖) 𝜎(𝑖 − 1)

1 ⋯ 1
...

...

𝑖 ⋯ 1 ⋯ −1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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Then, we have

∆(𝜎) =

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

{𝑥 ∈ ∆ ∶ 𝑥𝜎−1(𝑖)−1 − 𝑥𝜎−1(𝑖) > 𝑥𝜎−1(𝑖+1)−1 − 𝑥𝜎−1(𝑖+1), for 𝑖 = 1, 2, … , 𝑛 (𝑖 ≠ 𝑗 − 1, 𝑗),

𝑥𝜎−1(𝑗−1)−1 − 𝑥𝜎−1(𝑗−1) > 𝑥𝑛, 𝑥𝑛 > 𝑥𝜎−1(𝑗+1)−1 − 𝑥𝜎−1(𝑗+1)}, if 𝑗 ≠ 1, 𝑛 + 1,

{𝑥 ∈ ∆ ∶ 𝑥𝑛 > 𝑥𝜎−1(2)−1 − 𝑥𝜎−1(2),

𝑥𝜎−1(𝑖)−1 − 𝑥𝜎−1(𝑖) > 𝑥𝜎−1(𝑖+1)−1 − 𝑥𝜎−1(𝑖+1), for 𝑖 = 2, … , 𝑛}, if 𝑗 = 1,

{𝑥 ∈ ∆ ∶ 𝑥𝜎−1(𝑖)−1 − 𝑥𝜎−1(𝑖) > 𝑥𝜎−1(𝑖+1)−1 − 𝑥𝜎−1(𝑖+1), for 𝑖 = 1, 2, … , 𝑛 − 1,

𝑥𝜎−1(𝑛)−1 − 𝑥𝜎−1(𝑛) > 𝑥𝑛}, if 𝑗 = 𝑛 + 1

and

∆#(𝜎) = {𝑥 ∈ ∆# ∶ 𝑥𝜎(𝑖+1)−1 − 𝑥𝜎(𝑖)−1 > 0 for 𝑖 = 1, … , 𝑛}

where 𝑥0 = 1 and 𝑗 is a integer satisfies 𝜎(𝑛 + 1) = 𝑗.

e (12)

(23)

(123) (13)

(132)

Fig. 6: ∆[(12), (123)] and ∆[(123), (12)] for 𝑛 = 2

In the case 𝑛 = 2, the domain ∆ has six partitions ∆[𝑒], ∆[(12)], ∆[(23)], ∆[(13)], ∆[(123)],

and ∆[(132)] (see Fig. 6). By direct computation we have
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𝜇(∆[(12), (123)]) = ∫
[ 2
3
, 3
4
)
∫
[𝑥− 1

2
,−𝑥+1)

1
𝑥𝑦𝑑𝑥𝑑𝑦 =

log 2
2 log 98 = 0.0408⋯ ,

𝜇(∆[(123), (12)]) = ∫
[ 1
2
, 2
3
)
∫
[ 1
2
,𝑥)

1
𝑥𝑦𝑑𝑥𝑑𝑦 =

1
2 (log

4
3)

2
= 0.0413⋯ .

Thus,

𝜇(∆[(12), (123)]) ≠ 𝜇(∆[(123), (12)]).

From Theorem 1, this algorithm is not algebraic self-dual for 𝑛 = 2.

All the same, we shall prove that this algorithm is algebraic self-dual on {𝑒, (13), (123), (132)}

with the intertwining map 𝜙 defined as

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1 0

1 0 0

⎞
⎟
⎟
⎟
⎠

.

Let us explain our empirical method to find this intertwining map. At first, we follow

the heuristic way as before. Assume that 𝐴𝜙 = ((𝑎𝑖𝑗)) has integer entries. From 𝐴𝜙𝐴𝑇#(𝜎) =

𝐴𝑇(𝜎)𝐴𝜙, we see it is symmetric. If 𝜙(1, 1) = ( 2
3
, 1
3
), then we see

𝑎11 + 𝑎12 + 𝑎13 ∶ 𝑎21 + 𝑎22 + 𝑎23 ∶ 𝑎31 + 𝑎32 + 𝑎33 = 3 ∶ 2 ∶ 1. (2)

Assume for now that ∆#[𝑒] ∩ ∆#[(12)] is mapped to ∆[𝑒] ∩ ∆[(12)]. Then from

𝜙(1, 𝑦) = (
𝑎21 + 𝑎22 + 𝑎23𝑦
𝑎11 + 𝑎12 + 𝑎13𝑦

,
𝑎31 + 𝑎32 + 𝑎33𝑦
𝑎11 + 𝑎12 + 𝑎13𝑦

) ,

if lim𝑦→∞ 𝜙(1, 𝑦) = ( 1
2
, 0), then there exists an integer 𝑘 that we have

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

∗ ∗ 2𝑘

∗ ∗ 𝑘

2𝑘 𝑘 0

⎞
⎟
⎟
⎟
⎠

.
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However in this case, it is natural to assume lim𝑥→∞ 𝜙(𝑥, 𝑥) = (0, 0), and then we have

𝑎22 + 𝑎23 = 𝑎32 = 0.

This implies 𝑘 = 0 and clearly we have 𝜙(∆#(𝜎)) ≠ ∆(𝜎) which does not fit our purpose.

After this wrong trial, we reach the correct assumption that ∆#[𝑒] ∩ ∆#[(12)] is mapped to

∆[𝑒] ∩ ∆[(23)] (See Fig. 7). Indeed if lim𝑦→∞ 𝜙(1, 𝑦) = (0, 0), then 𝐴𝜙 has the form

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

∗ ∗ ∗

∗ ∗ 0

∗ 0 0

⎞
⎟
⎟
⎟
⎠

.

From lim𝑥→∞ 𝜙(𝑥, 𝑥) = ( 1
2
, 0), we obtain

𝑎22
𝑎12 + 𝑎13

= 1
2.

Considering (2), by several trials we found

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1 0

1 0 0

⎞
⎟
⎟
⎟
⎠

which satisfies all the conditions on ∆[𝑒] ∪ ∆[(13)] ∪ ∆[(123)] ∪ ∆[(132)]. (See Appendix A.)

We define an involution on 𝒮𝑛.

Definition 6. We denote the set of involutions of the symmetric group by

𝐼𝑛𝑣(𝒮𝑛) = {𝜎 ∈ 𝒮𝑛 ∶ 𝜎2 = 𝑒}.

The cardinality of this set #𝐼𝑛𝑣(𝒮𝑛):1, 2, 4, 10, 26, 76,⋯ are also known as telephone

numbers and various studies have been made on these numbers (see Section 5.1.4 of [6]).

Theorem 2. The 𝑛-dimensional Poincaré algorithm is algebraic self-dual on 𝑤0𝐼𝑛𝑣(𝒮𝑛+1)

where

𝑤0 =
⎛
⎜
⎝

1 2 ⋯ 𝑛

𝑛 𝑛 − 1 ⋯ 1

⎞
⎟
⎠
.
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e (12)

(23)

(123) (13)

(132)

e

(12) (23)

(123)
(13) (132)

Fig. 7: The 1-time partition of (∆, 𝑇𝑃) and (∆#, 𝑇#𝑃 ).

And

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 ⋯ 1
... . . .

1

⎞
⎟
⎟
⎟
⎠

.

Proof. Let 𝑀 = ((𝑎𝑖,𝑗)) be a monomial (0, 1)−matrix with 𝑎𝑖,𝑗 = 1. i.e., there is exactly

one “1” in each row and each column. This has the one-to-one correspondence with

permutation, we denote

𝑀 ←→
⎛
⎜
⎝

⋯ 𝑖 ⋯

⋯ 𝑗 ⋯

⎞
⎟
⎠
.

Then, we have

𝑤0𝜎−1 =
⎛
⎜
⎝

𝜎(1) 𝜎(2) ⋯ 𝜎(𝑛 + 1)

𝑛 + 1 𝑛 ⋯ 1

⎞
⎟
⎠
←→ (𝐴𝜎−1(𝑖)𝑗)𝐵,

𝜎𝑤0 =
⎛
⎜
⎝

1 2 ⋯ 𝑛 + 1

𝜎(𝑛 + 1) 𝜎(𝑛) ⋯ 𝜎(1)

⎞
⎟
⎠
←→ 𝐵(𝐴𝜎−1(𝑖)𝑗)𝑡.
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Therefore, we have

{𝜎 ∈ 𝒮𝑛+1 ∶ 𝐵(𝐴𝜎−1(𝑖)𝑗)𝑡 = (𝐴𝜎−1(𝑖)𝑗)𝐵} = {𝜎 ∈ 𝒮𝑛+1 ∶ (𝑤0𝜎)2 = 𝑒}

= 𝑤0𝐼𝑛𝑣(𝒮𝑛+1).

Let 𝜙(𝐵1, 𝐵2, … , 𝐵𝑛) = (𝑏1, 𝑏2, … , 𝑏𝑛) and 𝜎 ∈ 𝑤0𝐼𝑛𝑣(𝒮𝑛+1). By the definition of 𝐼𝑛𝑣(𝒮𝑛+1),

𝜎−1(𝑖) = 𝑤0𝜎𝑤0(𝑖)

= 𝑤0𝜎(𝑛 + 1 − 𝑖 + 1)

= 𝑛 + 1 − 𝜎(𝑛 + 1 − 𝑖 + 1) + 1

and we have

𝑛 − 𝜎(𝑛 − 𝑖 + 2) + 1 = 𝜎−1(𝑖) − 1. (3)

We show 𝜙(∆#(𝜎)) ⊃ ∆(𝜎). Let (𝑏1, 𝑏2, … , 𝑏𝑛) ∈ ∆(𝜎).

For 𝑖 ≠ 𝑛 − 𝑗 + 1, 𝑛 − 𝑗 + 2, by (3),

𝐵𝜎(𝑖+1)−1 − 𝐵𝜎(𝑖)−1 =
𝑏𝑛−𝜎(𝑖+1)+1 − 𝑏𝑛−𝜎(𝑖+1)+2

𝑏𝑛
−
𝑏𝑛−𝜎(𝑖)+1 − 𝑏𝑛−𝜎(𝑖)+2

𝑏𝑛

=
𝑏𝜎−1(𝑛−𝑖+1)−1 − 𝑏𝜎−1(𝑛−𝑖+1) − 𝑏𝜎−1(𝑛−𝑖+2)−1 + 𝑏𝜎−1(𝑛−𝑖+2)

𝑏𝑛
> 0.

For 𝑖 ≠ 𝑛 − 𝑗 + 1, 𝑛 − 𝑗 + 2, since 𝜎(𝑛 + 1) = 𝑗 and 𝜎 ∈ 𝑤0𝐼𝑛𝑣(𝒮𝑛+1), by (3), 𝜎(𝑛 − 𝑗 + 2) = 1.

Then we have

𝐵𝜎(𝑛−𝑗+2)−1 − 𝐵𝜎(𝑛−𝑗+1)−1 = 1 −
𝑏𝑛−𝜎(𝑛−𝑗+1)+1 − 𝑏𝑛−𝜎(𝑛−𝑗+1)+2

𝑏𝑛

=
𝑏𝑛 − 𝑏𝜎−1(𝑗+1)−1 + 𝑏𝜎−1(𝑗+1)

𝑏𝑛
> 0
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and

𝐵𝜎(𝑛−𝑗+3)−1 − 𝐵𝜎(𝑛−𝑗+2)−1 =
𝑏𝑛−𝜎(𝑛−𝑗+3)+1 − 𝑏𝑛−𝜎(𝑛−𝑗+3)+2

𝑏𝑛
− 1

=
𝑏𝜎−1(𝑗−1)−1 − 𝑏𝜎−1(𝑗−1) − 𝑏𝑛

𝑏𝑛
> 0.

Similarly, we have 𝜙(∆#(𝜎)) ⊂ ∆(𝜎).

Corollary 3. The n-dimentional Poincaré algorithm is symmetric in measure on𝑤0𝐼𝑛𝑣(𝒮𝑛+1),

i.e., for all 𝜎1, 𝜎2, … , 𝜎𝑠 ∈ 𝑤0𝐼𝑛𝑣(𝒮𝑛+1),

𝜇(∆[𝜎1, 𝜎2, … , 𝜎𝑠]) = 𝜇(∆[𝜎𝑠, 𝜎𝑠−1, … , 𝜎1]).

A Self-duality of 2-dimensional Poincaré Algorithm

We see that the 2-dimensional Poincaré Algorithm (∆, 𝑇𝑃) is algebraic self-dual on {𝑒, (13), (123), (132)}

with the intertwining map 𝜙 defined as

𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1

1

⎞
⎟
⎟
⎟
⎠

.

Note that ∆ = {𝐱 ∈ ℝ2 ∶ 1 ≥ 𝑥1 ≥ 𝑥2 > 0}, ∆# = ℝ2
≥.

∆[𝑒]; Since

𝐴𝑇(𝑒) =

⎛
⎜
⎜
⎜
⎝

1 −1

1 −1

1

⎞
⎟
⎟
⎟
⎠

, 𝐴𝑇#(𝑒) =

⎛
⎜
⎜
⎜
⎝

1

−1 1

−1 1

⎞
⎟
⎟
⎟
⎠

,

𝐴𝑇(𝑒)𝐴𝜙 = 𝐴𝜙𝐴𝑇#(𝑒) holds. And

𝑇(𝑏1, 𝑏2) = (
𝑏1 − 𝑏2
1 − 𝑏1

,
𝑏2

1 − 𝑏1
) , 𝑇#(𝐵1, 𝐵2) = (−1 + 𝐵1, −𝐵1 + 𝐵2).
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Thus, the cylinder set ∆[𝑒] and ∆#[𝑒] are

∆[𝑒] = {(𝑏1, 𝑏2) ∈ ∆ ∶ 1 − 𝑏1 > 𝑏1 − 𝑏2, 𝑏1 − 𝑏2 > 𝑏2}

= {(𝑏1, 𝑏2) ∈ ∆ ∶ 1 − 2𝑏1 + 𝑏2 > 0, 𝑏1 > 2𝑏2} ,

∆#[𝑒] =
{
(𝐵1, 𝐵2) ∈ ∆# ∶ −1 + 𝐵1 > 0, −𝐵1 + 𝐵2 > 0

}
.

We show 𝜙(∆#[𝑒]) = ∆[𝑒]. Let 𝜙(𝐵1, 𝐵2) = (𝑏1, 𝑏2). Then,

𝑏1 =
1 + 𝐵1

1 + 𝐵1 + 𝐵2
, 𝑏2 =

1
1 + 𝐵1 + 𝐵2

and

𝐵1 =
𝑏1
𝑏2

− 1, 𝐵2 =
1
𝑏2

−
𝑏1
𝑏2
.

Thus, we can see 𝜙(∆#[𝑒]) = ∆[𝑒] by the following calculation

1 − 2𝑏1 + 𝑏2 =
−𝐵1 + 𝐵2
1 + 𝐵1 + 𝐵2

, 𝑏1 − 2𝑏2 =
−1 + 𝐵1

1 + 𝐵1 + 𝐵2

and

𝐵1 − 1 =
𝑏1
𝑏2

− 2, 𝐵2 − 𝐵1 =
1 − 2𝑏1 + 𝑏2

𝑏2
.

∆[(12)];

𝐴𝑇((12))𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 −1

1 −1

1

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1

1

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

1

1

1

⎞
⎟
⎟
⎟
⎠

,

𝐴𝜙𝐴#
𝑇 ((12)) =

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1

1

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

1

1 −1

−1 1

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

1

1

1

⎞
⎟
⎟
⎟
⎠

.

∆[(23)];
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𝐴𝑇((23))𝐴𝜙 =

⎛
⎜
⎜
⎜
⎝

1 −1

1

1 −1

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1

1

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

1

1

1

⎞
⎟
⎟
⎟
⎠

,

𝐴𝜙𝐴#
𝑇 ((23)) =

⎛
⎜
⎜
⎜
⎝

1 1 1

1 1

1

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

1

−1 1

1 −1

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

1

1

1

⎞
⎟
⎟
⎟
⎠

.

∆[(13)]; Since

𝐴𝑇((13)) =

⎛
⎜
⎜
⎜
⎝

1

1 −1

1 −1

⎞
⎟
⎟
⎟
⎠

,

𝐴𝑇((13))𝐴𝜙 = 𝐴𝜙𝐴𝑇#((13)) holds.

∆[(13)] = {(𝑏1, 𝑏2) ∈ ∆ ∶ 𝑏2 > 𝑏1 − 𝑏2, 𝑏1 − 𝑏2 > 1 − 𝑏1}

= {(𝑏1, 𝑏2) ∈ ∆ ∶ 2𝑏2 − 𝑏1 > 0, 2𝑏1 − 𝑏2 − 1 > 0} ,

∆#[(13)] =
{
(𝐵1, 𝐵2) ∈ ∆# ∶ 𝐵1 − 𝐵2 > 0, 1 − 𝐵1 > 0

}
.

We show 𝜙(∆#[𝑒]) = ∆[𝑒]. Let 𝜙(𝐵1, 𝐵2) = (𝑏1, 𝑏2). Then, we can see 𝜙(∆#[(13)]) = ∆[(13)]

by the following calculation

2𝑏2 − 𝑏1 =
1 − 𝐵1

1 + 𝐵1 + 𝐵2
, 2𝑏1 − 𝑏2 − 1 =

𝐵1 − 𝐵2
1 + 𝐵1 + 𝐵2

and

𝐵1 − 𝐵2 =
2𝑏1 − 𝑏2 − 1

𝑏2
, 1 − 𝐵1 = 2 −

𝑏1
𝑏2
.
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∆[(123)]; Since

𝐴𝑇((123)) =

⎛
⎜
⎜
⎜
⎝

1

1 −1

1 −1

⎞
⎟
⎟
⎟
⎠

, 𝐴𝑇#((123)) =

⎛
⎜
⎜
⎜
⎝

1

−1 1

1 −1

⎞
⎟
⎟
⎟
⎠

,

𝐴𝑇(123)𝐴𝜙 = 𝐴𝜙𝐴𝑇#(123) holds.

∆[(123)] = {(𝑏1, 𝑏2) ∈ ∆ ∶ 𝑏2 > 1 − 𝑏1, 1 − 𝑏1 > 𝑏1 − 𝑏2}

= {(𝑏1, 𝑏2) ∈ ∆ ∶ 𝑏1 + 𝑏2 − 1 > 0, 1 − 2𝑏1 + 𝑏2 > 0} ,

∆#[(123)] =
{
(𝐵1, 𝐵2) ∈ ∆# ∶ −𝐵1 + 𝐵2 > 0, 1 − 𝐵2 > 0

}
.

We show 𝜙(∆#[(123)]) = ∆[(123)]. Let 𝜙(𝐵1, 𝐵2) = (𝑏1, 𝑏2). Then, we can see 𝜙(∆#[(123)]) =

∆[(123)] by the following calculation

𝑏1 + 𝑏2 − 1 =
1 − 𝐵2

1 + 𝐵1 + 𝐵2
, 1 − 2𝑏1 + 𝑏2 =

−𝐵1 + 𝐵2
1 + 𝐵1 + 𝐵2

and

−𝐵1 + 𝐵2 =
1 − 2𝑏1 + 𝑏2

𝑏2
, 1 − 𝐵2 =

𝑏1 + 𝑏2 − 1
𝑏2

.

∆[(132)]; Since

𝐴𝑇((132)) =

⎛
⎜
⎜
⎜
⎝

1 −1

1

1 −1

⎞
⎟
⎟
⎟
⎠

, 𝐴𝑇#((132)) =

⎛
⎜
⎜
⎜
⎝

1

1 −1

−1 1

⎞
⎟
⎟
⎟
⎠

,

𝐴𝑇(132)𝐴𝜙 = 𝐴𝜙𝐴𝑇#(132) holds.

∆[(132)] = {(𝑏1, 𝑏2) ∈ ∆ ∶ 𝑏1 − 𝑏2 > 𝑏2, 𝑏2 > 1 − 𝑏1}

= {(𝑏1, 𝑏2) ∈ ∆ ∶ 𝑏1 − 2𝑏2 > 0, 𝑏1 + 𝑏2 − 1 > 0} ,

∆#[(132)] =
{
(𝐵1, 𝐵2) ∈ ∆# ∶ 1 − 𝐵2 > 0, −1 + 𝐵1 > 0

}
.
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Self-duality of continued fractions

We show 𝜙(∆#[(132)]) = ∆[(132)]. Let 𝜙(𝐵1, 𝐵2) = (𝑏1, 𝑏2). Then, we can see 𝜙(∆#[(132)]) =

∆[(132)] by the following calculation

𝑏1 − 2𝑏2 =
−1 + 𝐵1

1 + 𝐵1 + 𝐵2
, 𝑏1 + 𝑏2 − 1 =

1 − 𝐵2
1 + 𝐵1 + 𝐵2

and

1 − 𝐵2 =
𝑏1 + 𝑏2 − 1

𝑏2
, −1 + 𝐵1 =

𝑏1
𝑏2

− 2.

Acknowledgements

This work was supported by JST SPRING. Grant Number JPMJSP 2124.

Reference

[1] Pierre Arnoux and Arnaldo Nogueira. Mesures de Gauss pour des algorithmes de

fractions continues multidimensionnelles. Ann. Sci. École Norm. Sup. (4), 26(6):645–

664, 1993. 136

[2] V. Berthé, W. Steiner, and J. M. Thuswaldner. On the second Lyapunov exponent of

some multidimensional continued fraction algorithms. Math. Comp., 90(328):883–

905, 2021. 138

[3] Claudio Bonanno, Alessio Del Vigna, and Sara Munday. A slow triangle map with a

segment of indifferent fixed points and a complete tree of rational pairs. Monatsh.

Math., 194(1):1–40, 2021. 141

[4] Thomas Garrity. On periodic sequences for algebraic numbers. J. Number Theory,

88(1):86–103, 2001. 137

[5] Thomas Garrity and Jacob Lehmann Duke. Ergodicity and algebraicity of the fast

and slow triangle maps. Ergodic Theory and Dynamical Systems, 46(1):93–127, 2026.

138

Arnold Mathematical Journal, Vol.12(2), 2026 153

http://dx.doi.org/10.56994/ARMJ


Hiroaki Ito

[6] Donald E. Knuth. The art of computer programming. Vol. 3. Addison-Wesley, Reading,

MA, second edition, 1998. Sorting and searching. 146

[7] Ali Messaoudi, Arnaldo Nogueira, and Fritz Schweiger. Ergodic properties of triangle

partitions. Monatsh. Math., 157(3):283–299, 2009. 138

[8] A. Nogueira. The three-dimensional Poincaré continued fraction algorithm. Israel J.

Math., 90(1-3):373–401, 1995. 142

[9] Fritz Schweiger. A new example of jacobi type algorithm with explicit invariant

measure. Arbeitsber. Math. Inst. Univ. Salzburg, 1-2:1–6, 1989. 138

[10] Fritz Schweiger. Invariant measures for maps of continued fraction type. J. Number

Theory, 39(2):162–174, 1991. 131

[11] Fritz Schweiger. Ergodic theory of fibred systems and metric number theory. Oxford

Science Publications. The Clarendon Press, Oxford University Press, New York, 1995.

142

[12] Fritz Schweiger. Multidimensional continued fractions. Oxford Science Publications.

Oxford University Press, Oxford, 2000. 125, 127, 129, 132, 136, 142

[13] Fritz Schweiger. Brun meets Selmer. Integers, 13:Paper No. A17, 12, 2013. 141

AUTHOR

Hiroaki Ito

Montanuniversität Leoben

Franz Josef-Straße, 18

8700, Leoben, Austria

email: hiroaki.i-2.68@outlook.jp

Arnold Mathematical Journal, Vol.12(2), 2026 154

https://orcid.org/0000-0002-8742-7829
http://dx.doi.org/10.56994/ARMJ

	Introduction
	Invariant measure and self-duality
	Selmer Algorithm
	Brun Algorithm
	Garrity-Schweiger Algorithm
	Poincaré Algorithm
	Self-duality of 2-dimensional Poincaré Algorithm

