ARNOLD
MATHEMATICAL
JOURNAL

2025

Volume 11, Issue 2






Arnold Mathematical Journal

Editor in Chief:
Sergei Tabachnikov, Pennsylvania State University (USA)

Managing Editor:
Maxim Arnold, University of Texas at Dallas (USA)

Editorial Board:
Andrei Agrachev, International School for Advanced Studies (Italy)
Peter Albers, Heidelberg University (Germany)
Gal Binyamini, Weizmann Institute of Science (Israel)
Gil Bor, Centro de Investigacion en Matematicas (Mexico)
Felix Chernous’ko, Institute for Problems in Mechanics, RAS (Russia)
Bertrand Deroin, Cergy Paris Université (France)
David Eisenbud, University of California, Berkeley (USA)
Uriel Frisch, Observatoire de la Cote d’Azur, Nice (France)
Dmitry Fuchs, University of California, Davis (USA)
Alexander Gaifullin, Steklov Mathematical Institute, Moscow (Russia)
Victor Goryunov, University of Liverpool (UK)
Sabir Gusein-Zade, Moscow State University (Russia)
Yulijj Ilyashenko, Higher School of Economics, Moscow (Russia)
Oleg Karpenkov, University of Liverpool (UK)
Askold Khovanskii, University of Toronto (Canada)
Evgeny Mukhin, IUPU, Indianapolis (USA)
Anatoly Neishtadt, Loughborough University (UK)
Evita Nestoridi, Stony Brook University (USA)
Greta Panova, University of Southern California (USA)
Dan Romik, University of California, Davis (USA)
Alexander Shnirelman, Concordia University (Canada)
Frank Sottile, Texas A&M University (USA)
Vladlen Timorin, Higher School of Economics, Moscow (Russia)
Alexander Varchenko, University of North Carolina, Chapel Hill (USA)
Oleg Viro, Stony Brook University (USA)
Michael Yampolsky, University of Toronto (Canada)

Advisors:
Artur Avila, University of Zurich (Switzerland) and IMPA (Brazil)
Etienne Ghys, Ecole normale superieure de Lyon (France)
Dennis Sullivan, Stony Brook University and Graduate Center, CUNY (USA)

Journal of Institute of Mathematical Sciences, Stony Brook University, NY
Published by Association for Mathematical Research, Davis, CA; Jenkintown PA.



Contents

W. Schmaltz, S. Suhr, K. Zehmisch
Non-fillability of Overtwisted Contact Manifolds via Polyfolds

A. Takeuchi, L. Zhao

Kustaanheimo-Stiefel Transformation, Birkhoff-Waldvogel
Transformation and Integrable Mechanical Billiards

S. Lvovski

On fields of meromorphic functions on neighborhoods
of rational curves

97

133



ASSOCIATION
—— FoR ——

AMR @ Arnold Mathematical Journal
Volume 11, Issue 2, 2025

Non-fillability of Overtwisted Contact
Manifolds via Polyfolds

Wolfgang Schmaltz Stefan Suhr Kai Zehmisch

Received 10 Mar 2024; Accepted 10 Nov 2024

Abstract: We prove that any weakly symplectically fillable contact manifold is
tight. Furthermore we verify the strong Weinstein conjecture for contact mani-
folds that appear as the concave boundary of a directed symplectic cobordism
whose positive boundary satisfies the weak-filling condition and is overtwisted.
Similar results are obtained in the presence of bordered Legendrian open
books whose binding—complement has vanishing second Stiefel-Whitney class.

The results are obtained via polyfolds.

AMS Classification: 53D42; 53D40, 57R17, 53D45, 37]55, 34C25, 37C27

1 Introduction

In [22] Eliashberg introduced a dichotomy of closed contact 3-manifolds, the tight and

overtwisted contact structures. He established in [22] an h-principle in the sense of

© 2025 Wolfgang Schmaltz, Stefan Suhr; and Kai Zehmisch
DOI: 10.56994/ARM].011.002.001


http://amathr.org/publications/journals/
http://armj.math.stonybrook.edu
http://dx.doi.org/10.56994/ARMJ
http://armj.math.stonybrook.edu/
https://orcid.org/0000-0002-7589-7719
https://orcid.org/0000-0001-6787-9396
https://orcid.org/0000-0002-9512-860X
http://dx.doi.org/10.56994/ARMJ.011.002.001

Wolfgang Schmaltz, Stefan Suhr, and Kai Zehmisch

Gromov [33] for overtwisted contact structures. The higher dimensional analogue was
defined by Borman-Eliashberg—-Murphy [11]. One way to detect tight contact structures
on a 3-manifoldsis to find a weak symplectic filling. In view of the filling-by-holomorphic-
discs technique such fillable contact manifolds cannot be overtwisted, see [23, 32] and
cf. [29, Corollary 3.8]. In higher dimensions obstructions to overtwistedness in terms of
semi-positive weak symplectic fillings were obtained by Niederkriiger [55] and Massot—
Niederkriger-Wendl [50]. The aim of this work is to remove the assumption of being
semi-positive.

We consider not necessarily connected (2n — 1)-dimensional contact manifolds (M, &)
and assume that there is a contact form a on M defining &, i.e. £ is the kernel of a. The
restriction of da to £ is a symplectic form providing £ with the symplectic orientation
via (da)*"!. The contact manifold (M, &) is oriented by a A (da)"~!. These notions are
independent of the choice of contact form as long as the contact form equals f« for a
positive smooth function f on M.

A compact 2n-dimensional symplectic manifold (W, Q) provided with the symplectic
orientation Q" is called a weak symplectic filling of a given (2n — 1)-dimensional contact
manifold (M, £), if oW = M as oriented manifolds, where W carries the boundary orien-
tation, such that the following condition is satisfied: For all choices of positive contact

forms « for ¢ the differential forms
-1
aAw™! and aA(da+w) , where w:=Qlny,

are positive volume forms on M, see [20, 50]. Fixing a contact form « for £ the latter is

equivalent to

n-1
aA(fda+w) >0

for all non-negative smooth functions f on M. A contact manifold (M,§) is weakly
symplectically fillable if it admits a weak symplectic filling.
If (M, &) contains an overtwisted disc, then (M, &) is called overtwisted; otherwise

(M, &) is called tight, see [11] and Section 2.2.
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Theorem 1. Any weakly symplectically fillable contact manifold is tight.

Potentially, Theorem 1 can be obtained with Pardon’s [59] rigorously defined contact
homology. An argument is indicated in Remark 1 below. We will prove Theorem 1 along
the classical line of reasoning due to Gromov [32] and Eliashberg [23], cf. [69, 55, 50]. In
fact, Theorem 1, will follow as a special case of Theorem 5.1.2 (ii). For that we remark,
that a contact manifold, which contains an overtwisted disc, also contains a parallelisable
small plastikstufe whose core is a torus, see the discussion in Section 2.2 and Theorem
2.2.1. A plastikstufe is an example of a bordered Legendrian open book such that the book
fibration is trivial, the page is a product of an interval with the binding and the binding
is the core, see Section 2.1. Whenever a bordered Legendrian open book in an ambient
closed contact manifold is small, i.e. has a contractible neighbourhood, it was shown in
[50, Theorem 4.4] that no semi-positive weak symplectic filling can exists. The way in
which the theorem is formulated suggests the conjecture that the statement should be

true even without the assumption of semi-positivity. Here we prove:

Theorem 2. A contact manifold is not weakly symplectically fillable provided that it con-
tains a small bordered Legendrian open book such that the complement of the binding has

vanishing second Stiefel-Whitney class.

Theorem 2 implies Theorem 1 and directly follows from Theorem 5.1.2 (ii). The
examples of small bordered Legendrian open books given in [50, Proposition 5.9] all have
vanishing second Stiefel-Whitney class though they are sometimes not orientable and,
hence, are not spin, see Example 2.1.3. This leaves the question, whether there are contact
manifolds that are (i) weakly symplectically fillable (and therefore tight with Theorem 1)
and (ii) that admit a bordered Legendrian open book, whose binding—complement could
be orientable, but is not spin. Note that non of the potential weak symplectic fillings can
be semi-positive.

Restricting to weak symplectic fillings that are semi-positive for a moment Theorem 2
holds true also if the second Stiefel-Whitney class does not vanish. The reason is, that a

compact 1-dimensional manifold has an even number of boundary components which is
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used in a typical Gromov-Witten-invariant type argument performed in a potential weak
symplectic filling. Taking holomorphic discs with boundary on the bordered Legendrian
open book that intersect a given path connecting the binding with the boundary inside a
page yields a 1-dimensional moduli space. At the end of the path on the binding there is a
foliation by boundary circles of Bishop discs; at the other end, which corresponds to the
boundary of the page, no holomorphic disc homotopic to a Bishop disc does exist. After
perturbing the almost complex structure no bubbling off takes place for the relevant
moduli space in a semi-positive setting. In other words, the 1-dimensional moduli space
is compact with an odd number of boundary components. This is not possible thus
contradicts the presence of a weak symplectic filling.

Note that this is in contrast to the 1-dimensional branched manifolds that appear
in the non semi-positive setting. Namely, in general, the solution space of a perturbed
Cauchy-Riemann operator branches, because of the need of multisections near nodal
holomorphic discs with multiply covered sphere bubbles of negative first Chern number.
The vanishing assumption for the second Stiefel-Whitney class in the non semi-positive
setting allows to orient the solution space (see Remark 7.4.1) resulting in an oriented
compact 1-dimensional weighted branched manifold, which has an even number of
boundary components, i.e. yields the desired contradiction to weak symplectic fillability.
We remark, that moduli spaces of holomorphic discs in general are not orientable in
contrast to the case of spheres, see [26].

As a consequence of Theorem 2 we can verify the conjecture stated in [50, Theo-
rem 5.13 (a)] involving circular contactisations of Liouville domains also called Giroux

domaines:

Theorem 3. A contact manifold is not weakly symplectically fillable provided that it con-
tains a domain that is obtained from a Giroux domain with disconnected boundary, where

one boundary component is blown down via a contact cut.

The construction in Example 2.1.3 yields a small bordered Legendrian open book

whose binding-complement has trivial second Stiefel-Whitney class. Hence, Theorem 3

Arnold Mathematical Journal, Vol.11(2), 2025 4
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follows from Theorem 2.

Theorem 5.1.2 also verifies instances of the Weinstein conjecture, which asks for the
existence of periodic Reeb orbits for all closed contact manifolds, see [65]. For a short
historical review see [21, Section 1]. Our approach, besides the usage of polyfolds, is
based on the work of Hofer [35], Albers-Hofer [6] and Niederkriiger-Rechtman [57], and
yields so-called Reeb links: A Reeb link is a finite collection of parametrised periodic
Reeb orbits each of which is oriented by the corresponding Reeb vector field and possibly
multiply covered, see [2]. A Reeb link is called null-homologous if the link components
counted multiplicity add up to zero in homology. The strong Weinstein conjecture as
formulated by Abbas-Cieliebak-Hofer in [2] asserts the existence of a null-homologous

Reeb link for all contact forms on all closed contact manifolds.

Theorem 4. The strong Weinstein conjecture holds true for all contact manifolds that
appear as the concave boundary of a directed symplectic cobordism whose positive end

satisfies the weak-filling condition and that are at least one of the following:
() an overtwisted contact manifold,

(i) a contact manifold that contains a small bordered Legendrian open book such that

the complement of the binding has vanishing second Stiefel-Whitney class,

(iii) a contact manifold that contains a domain that is obtained from a Giroux domain
with disconnected boundary, where one boundary component is blown down via a

contact cut.

The relevant notions related to directed symplectic cobordisms can be found in Section
5.1. Theorem 4 follows from Theorem 5.1.2 together with the remarks made for Theorem
1 and 3 above.

For the proof of Theorem 5.1.2, which implies Theorem 2 and 4, we will use the
following alternative characterisation of weak symplectic fillability from [50]: A compact
symplectic manifold (W, Q) is a weak symplectic filling of a contact manifold (M, ¢ = ker )

if oW = M as oriented manifolds and if there exists an Q-tamed almost complex structure
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J on W such that £ is J-invariant and the restriction of da to £ tames J. In this situation
(W,Q,J)is called a tamed pseudo-convex manifold, see [23] and cf. Section 4. This point
of view allows the use of holomorphic disc fillings in the sense of Bishop, see Section 3.
It turns out that fillability questions can be perfectly described in the language of
symplectic cobordisms, see Section 5. Assuming non-existence of Reeb links of the Reeb
flows that appear on the negative ends of the symplectic cobordism the Gromov-Witten—
invariant type polyfolds can be defined in the sense of Hofer-Wysocki-Zehnder [36, 37,
38, 39, 40, 41, 42, 43]. This was observed in [64] in the context of holomorphic spheres.
Necessary modifications for the usage of holomorphic discs instead are worked out
in Section 6 and 7. Special attention we pay to orientability questions. Similar to the
polyfold version of the Deligne-Mumford space we introduce a Riemann moduli space
of boundary un-noded stable discs with 3 ordered boundary marked points in Section
6. In Section 7 we define the relevant polyfold of stable boundary un-noded disc maps
motivated by the absence of boundary disc bubbling in the Gromov compactification of

the appearing moduli space of holomorphic discs.

Remark 1. Contact homology, as a formal concept, was introduced by Eliashberg-
Givental-Hofer in [24] as contact-manifold-invariant having functorial properties. Sym-
plectic cobordisms, which are directed from the negative to the positive end, induce
structure preserving maps (e.g. unital) from the contact homology at the positive end
to the contact homology at the negative end. To incorporate non-exact cobordisms and
weak-filling boundary conditions a change of coefficients to a Novikov completion of the
group ring of the second homology (or an adapted quotient thereof) of the symplectic
cobordism resp. contact manifold is necessary by compactness reasons, see Bourgeois—
van Koert [14, Section 1.1], Latschev—Wendl [49, Section 2], and Niederkriger—-Wendl
[58, Section 2.5]. Applying this, one gets that a contact manifold with vanishing contact
homology (i.e. with 1 being a boundary) cannot be weakly symplectically fillable (i.e.
symplectically null-cobordant with empty negative end), as the contact homology of

the empty contact manifold equals the coefficient ring and, therefore, never vanishes

Arnold Mathematical Journal, Vol.11(2), 2025 6
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meaning 1 # 0.

Combining Casals—-Murphy-Presas’ [17, Theorem 1.1] and Bourgeois-van Koert’s [14,
Theorem 1.3] shows that on every overtwisted contact manifold there exists a non-
degenerate, defining contact form that admits a periodic Reeb orbit that bounds precisely
one finite energy plane, which additionally is Fredholm regular, implying the vanishing
of the contact homology. As Pardon rigorously defined contact homology in [59], this
implies, as stated on [59, p. 835/6], the vanishing of the contact homology of overtwisted
contact manifolds. Furthermore, after reworking [59] with group ring coefficients, this

yields symplectic non-fillability even in the weak sense, i.e. Theorem 1.

Similarly and removing the word ‘strong’, part (i) of Theorem 4 could follow along
the same line of reasoning because the vanishing of the contact homology implies the
Weinstein conjecture for the underlying contact manifold. To obtain the strong Weinstein
conjecture as verified in part (i) of Theorem 4 one could argue as above in the case of
non-degenerate contact forms. In order to handle degenerate contact forms one could use
an approximation argument as in [64, Section 6]. A filtered version of contact homology

might yield the required energy, resp., action bounds.

On [59, p. 836] Pardon addresses the vanishing of contact homology in the presence
of a small bordered Legendrian open book based on an idea of Bourgeois—Niederkriiger
[13, p. 69]. It would be of interest, whether Pardon’s approach to broken homolorphic
discs with boundary via orientation local systems could remove the assumption on the
second Stiefel-Whitney class, which we made in Theorem 2 and in part (ii) of Theorem 4
in order to make our approach via boundary un-noded stable holomorphic discs feasible.
The Deligne-Mumford space elaborated in Section 6 might represent a first step in this

direction.
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2 Singular Legendrian foliations

2.1 Legendrian open books

Following [50, 56] we define:

Definition 2.1.1. A relative open book decomposition (B, 9) of a connected manifold N

with boundary 6N consists of

* a non-empty codimension 2 submanifold B of Int N, called the binding,

 and a smooth, locally trivial fibration 9 : N \ B — S, whose fibres 971(0), 6 € S!, are
called the pages,

such that the following conditions are satisfied:

() All pages intersect N transversally.

(ii) The binding B has a trivial tubular neighbourhood B x D? in N in which § is given by

the angular coordinate in the D?-factor.

The pages 9~1(6) in N \ B are co-oriented by the orientation of S, i.e. the linearisation 79
maps positive normal vectors to positive tangent vectors of S'.

As in [50, Section 4] and [56, Section 1.4] we define:

Definition 2.1.2. A connected compact n-dimensional submanifold N with boundary 3N of
a (2n — 1)-dimensional contact manifold (M, §) carries a bordered Legendrian open book

(B,9) if (B, 9) is a relative open book decomposition of N such that

* the pages of (B, 9) are Legendrian submanifolds of (M, §) and

* the singular set of N C (M, ), i.e. the set of all points p € N such that T,N C &, is
equal to BUGN.

In particular, the binding of a bordered Legendrian open book is an isotropic submanifold

of (M, &); the boundary 6N is Legendrian. The complement
N* :=N\ (BUON)

Arnold Mathematical Journal, Vol.11(2), 2025 8
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of BUAN in N is the set of regular points of N c (M, ¢), i.e. the set of all points p e N
such that T,N and §, intersect transversally. The characteristic distribution TN* n¢§
integrates by the Frobenius theorem to the so-called characteristic foliation on N*. The
characteristic leaves, which by definition are the leaves of the characteristic foliation,
coincide with the pages of the open book (B, 9).

If, in addition, ¢ is co-oriented, then £|y. puts a co-orientation to the pages 9-1(6) in
N \ B. We will assume that this co-orientation coincides with the co-orientation induced
by 9 by possibly composing $ with a reflection on S = aD.

It follows from [56, Theorem 1.1.3] or [44, Theorem 1.4] that the germ of a contact
structure (M, £) is unique near a submanifold N c (M, &) (with boundary dN) that carries
a bordered Legendrian open book (B, 9). The germ is uniquely determined by the sin-
gular characteristic distribution { N TN given by the open book decomposition on N
determined by (B, 9).

A bordered Legendrian open book (B, §) is called small if the supporting submanifold
N c (M, §) is contained in a ball inside M.

Example 2.1.3. (A non-spin bordered Legendrian open book) In [50, Proposition 5.9]
examples of contact manifolds (M, &) are constructed that contain a submanifold N, which
carries a small bordered Legendrian open book. Some of the in [50, Proposition 5.9]
constructed examples are indeed non-spin. In order to see this, we repeat the essential
construction steps here.

The construction starts with a cylindrical Lagrangian submanifold L of an ideal Liou-
ville domain Vv with disconnected boundary vV =4,V ud_V (see [50, Theorem C]) such
that L has disconnected boundary 6L = 3, LuUd_L with 6, L c ,V. A perturbation of L x S*
inside the interior of the circular contactisation V x S! of the ideal Liouville domain vV - a
so-called Giroux domain - followed by a contact cut along 3_V x S! (see [50, Section 5.1]),
say, yields a bordered Legendrian open book N. Gluing a Giroux domain along 3,V x S!
with [50, Lemma 5.1] and eventually cutting remaining boundary components yields a

contact embedding of N into a closed contact manifold (M, &).

Arnold Mathematical Journal, Vol.11(2), 2025 9
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In the process, L is the result of Polterovich surgery (see [60]) along, say, two transverse
intersection points of a Hamiltonian deformation of two boundary parallel Lagrangian
discs. If the dimension of L is even, then the Polterovich surgery result L necessarily is
homotopy equivalent to a n-dimensional Klein bottle with two points removed, see [60,
Paragraph 7]. Therefore, N* is not orientable with w,(N*) = 0. If the dimension of L is
odd, one can choose orientations such that L is homotopy equivalent to a n-dimensional

Klein bottle or to S* x S*~! each time with two points removed.

2.2 Overtwistedness

A (2n — 1)-dimensional contact manifold (M, £) is called overtwisted, if (M, &) contains an

overtwisted disc, see [11]. For example R* equipped with the contact structure ker o,
Qo :=cosrdz +rsinrdf,

is overtwisted, as Dgt :={z =0,r < z}is an overtwisted disc.

For a (n — 2)-dimensional closed smooth manifold Q we consider the contact manifold
R3 x T*Q equipped with contact structure €o = ker(ay + A7), Where we identify Q with
the zero section in T*Q and denote the Liouville 1-form of T*Q by Ar.q. Following [11,
Section 10] we define the model plastikstufe with core Q to be the subset P, := D2 x Q
of (R*x T*Q, &y).

We will say that (P, £,) admits a contact embedding into a (2n—1)-dimensional contact
manifold (M, §) if a neighbourhood of P, in (R3xT*Q, fQ) does. In this case the image N of
the model Py, is called a plastikstufe with core Q and carries the structure of a bordered
Legendrian open book with binding Q and pages corresponding to Iy x Q, where I is the
straight line segment in D2 c R? connecting 0 and ze®®. For the original definition of a

plastikstufe and the relation to bordered Legendrian open books we refer to [55, 56].

Theorem 2.2.1 (Borman-Eliashberg—-Murphy [11]). Let Q be a (n — 2)-dimensional closed
smooth manifold, whose complexified tangent bundle is trivial. Then any (2n—1)-dimensional

overtwisted contact manifold admits a small plastikstufe with core Q.
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The assumption on Q is satisfied for any stably parallelisable manifold Q, cf. [9, Section

1.1]. For the converse of Theorem 2.2.1 we note:

Theorem 2.2.2 (Huang [45]). If a contact manifold (M, §) contains a plastikstufe, then

(M, &) is overtwisted.

A forerunner version of this result, which is [45, Theorem 1.2], was given in [17].
Further, it is shown in [45, Theorem 1.3] that if (M, &) admits a bordered Legendrian
open book and dim M = 5, then (M, £) is overtwisted. In fact, a contact manifold (M, &)
is overtwisted precisely if (M, &) contains a bordered Legendrian open book with pages
diffeomorphic to P x %, where P is a closed manifold and = a compact surface with

boundary, see [45, Corollary 1.4].

2.3 Local model near the binding

Let (M, &) be a contact manifold. We consider a bordered Legendrian open book decom-
position (B, 9) of a submanifold N c (M, &). By Definition 2.1.1 the binding B ¢ N admits a
tubular neighbourhood B x D? on which the fibre projection § is given by (b, z = re'®) ~— 6.

By [55, Proposition 4] a neighbourhood of B x D? in (M, &) is contactomorphic to a
neighbourhood of {0} x D? x B in (R x C x T*B, ker @, ), where

a, :=dt + %(xdy — ydx) + A:p ,

denoting by t,z = x + iy the coordinates on R x C and by A the Liouville 1-form on T*B.
The contactomorphism restricts to (b, z) v (0,z,b) on B x D%. Again we identify B with

the zero section in T*B.

2.4 Local model near the boundary

Consider a contact manifold (M, §). Let N c (M, ¢£) be a submanifold that supports a
bordered Legendrian open book (B, 4). By Definition 2.1.1 the restriction of  to N induces

Arnold Mathematical Journal, Vol.11(2), 2025 11
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a locally trivial fibration over S! with fibre F. Denoting the monodromy diffeomorphism

by ¢ : F — F this fibration is equivalent to the mapping torus

[0,27] X F
@7, f) ~ (0, ()

M(p) =
of ¢. The induced diffeomorphism
o* :=(Te~Y)*: T*F - T*F

naturally preserves the Liouville 1-form A;.r so that the mapping torus

T*[0,27] X T*F

M(gp*) =
@)= e 2m) ~ (0, (o)

carries the Liouville form rd6 + Ar.r and can be identified with T*(M(¢)). The corre-
sponding Liouville vector field is of the form rd, + Y;.r and M(¢*) fibres naturally over
(T*S', rd®) with fibre projection map [(r,0),u] ~— [(r,0)].

We equip R x M(¢*) with the contact form «, induced by

a, =dt +rdé + Ap«p .

By [50, Lemma 4.6] a neighbourhood of N c (M, &) is contactomorphic to a neighbour-
hood of

{0} x M(p) C (R x M(¢*),kera,,) ,

so that

({0} x {r =0,u = 0}) = {0} x M(¢p)
corresponds to N and a neighbourhood of N in N ¢ M corresponds to the quotient of
the set {0} x{r < 0,u = 0}in {0} x M(¢*). We orient T*S' = R x S* by dr Ad6. This matches the

co-orientation conventions for the singular distribution determined by & and the pages

of (B,9) in Section 2.1.
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3 Holomorphic discs

3.1 A germ of Bishop disc filling

Motivated by Section 2.3 we define a natural almost complex structure J on Rx(RxCxT*B)
that allows a lifting of obvious holomorphic discs similar to cf. [30, Section 2].

For that choose a Riemannian metric gz on B. Denote by J; .z the almost complex
structure on T*B that is induced by the Levi-Civita connection of gz, see [55, Appendix
B] or [48, Section 5]. Observe that J;.5 is compatible with the symplectic form dir.p.
Furthermore denoting by g?g the dual metric of gz the kinetic energy function on T*B is
defined by k(u) = %gb(u, u), u € T*B, and satisfies A;.y = —dkoJr.5. In other words, k is a
strictly plurisubharmonic potential in the sense of [28, Section 3.1].

On the Liouville manifold
(V,Ay) = (a: x T*B, %(xdy — ydx) + AT*B)
we consider the almost complex structure
Jy=i®Jpp,
which is compatible with the symplectic form d4,.. The function
Yz w) 1= 2z + kw)

is a strictly plurisubharmonic potential ¢ on (V, 4y, Jy,) satisfying 4,, = —dioJy,.
The contactisation (R x V,dt + 4y) of (V, 4y,) is given by (R x C X T*B, a,) and the contact
structure ker ¢, is spanned by vectors of the form v — 4,/ (v)d;, v € TV. Using coordinates s

on the first R-factor of R x (R x V) we define J by requiring J(4;,) = 4, and
J(U — Av(U)at) = JVU - /‘lv(]vv)at

for all v € TV. In other words, J is a s-translation invariant almost complex structure on

R x (R x V) that preserves the contact distributions ker ¢, on all slices {s} x R x V.
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Remark 3.1.1. The form d(s«,) = ds A a, + sda, is symplectic on {s > 0} and compatible
with J. Therefore, the function (s, ¢, z,u) — %sz is strictly plurisubharmonic on {s > 0}

because a, = —dsol.

By [55, Proposition 5] the Niederkriiger map
®(s,t,z,u) = (s —P(z,u) +it, z, u)
is a biholomorphic map
®: (RXRXCXT*B,J)— (C>*XT*B,i®Jr:p),

which maps the hypersurface {s = 0} onto {so®! = 0} = {x; = —¥(z,u)}. As in [55,

Proposition 3.2] we consider a (n — 1)-dimensional family of holomorphic discs
{—€?} x Dy X {b}

in (C?2x T*B,i@® J;.5) with parameters ¢ € R*, b € B. Here, we denote by D, c C the closed
disc with radius r and centre 0. Writing D for the closed unit disc D, the disc family can
be parametrised by

Uep(z) = (—€%,2¢- 2,b)
for z € D. The lifts u. , = ®~'ov,;, via the Niederkriiger map are holomorphic maps
(D,6D) — (R XRXCXT*B,{0} x {0} x C* xB)

given by
ugp(z) = (<c:2(|z|2 -1),0,2¢ - z, b) :
We will refer to the u., as local Bishop discs.

From [55, Proposition 6] we get local uniqueness:

Lemma 3.1.2. For all simple J-holomorphic disc maps u: D - R xR x C x T*B such
that u(éD) c {0} x {0} x C* x B there exist ¢ € R*, b € B and a Mébius transformation

¢: (D,0D) — (D,dD) such that u = u,o¢.
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Proof. Consider the Niederkriger transform v = ®(u) of u. The projection to the T*B-
factor is a Jy.g-holomorphic disc with boundary on the zero section B and is therefore
constant as by Stokes theorem the symplectic energy vanishes. So we are left with a
holomorphic disc v = (f +ig, v,) in C? such that the restriction to dD satisfies f + i|v2|2 =0

and g = 0, because

®({0} x {0} X C* X B) = {x; = —§|z|2,y1 =0,u=0}.

The maximum and minimum principle implies that the harmonic function g vanishes
identically so that f must be constant according to the classical Cauchy-Riemann equa-
tions. Write f = —¢? for some ¢ > 0. Observe, that ¢ indeed cannot vanish as a constant
holomorphic disc is never simple. Hence, zisv2 is a holomorphic self-map of (D, dD). Again
by the simplicity assumption the degree of the restriction of zisv2 to the boundary must
be 1. The argument principle implies that ivz is an automorphism which is given by a

Mobius transformation. O
We remark that the boundary circles
U p(0D) = {0} X {0} X 6D X {b}

of the local Bishop discs foliate {0}x{0}xC*xB. Recall that a neighbourhood of {0}x{0}x{0}xB

corresponds to a neighbourhood of the binding B in N*.

3.2 Pseudo-convexity

We consider a 2n-dimensional almost complex manifold (W,J) with non-empty boundary.
Denote by M a boundary component M c W and by §{ = TM nJTM the J-invariant
hyperplane distribution along M. Assume that there exists a smooth 1-form « on M such
that £ = ker a and that da is J-positive on complex lines in £ in the sense that da(v,Jv) > 0
for all v € &, v # 0. In other words, (M, ) is a J-convex hypersurface of (W,J) as defined
in [23].
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In this situation, £ is a contact structure with contact form «, cf. Remark 4.1.1. Denoting
by R the Reeb vector field of « we additionally assume that —JR is outward pointing. In
other words, (M, £) is a J-convex boundary component of (W,J). Observe, that (W,J) is
naturally oriented by the n-th power of any J-positive (and hence non-degenerate) 2-form
on W. Therefore, the contact orientation a A (de)*~! on M and the boundary orientation

on M c W coincide.

Example 3.2.1. The almost complex manifold ((0, 1] x RxCxT*B,J ) as constructed
in Section 3.1 has J-convex boundary with strictly plurisubharmonic function %sz, see

Remark 3.1.1.

In fact, if M is compact, then M c dW is the regular zero-level set of a strictly plurisub-
harmonic function ¢ defined near M that is negative on the complement of M, see [19,
Lemma 2.7]. The precomposition gou with a holomorphicmapu: G — (W,J),G C C open
domain, is subharmonic where defined, and therefore satisfies the strong maximum
principle. So, for example, non-constant holomorphic spheres in (W,J) are uniformly
bounded away from the boundary component M c W, which we assumed to be compact.
Furthermore, in the case of a non-constant J-holomorphic disc u: (D,dD) - (W, M), we

get u(IntD) ¢ W \ M and the radial derivative
0 < d(gou)(d,) = —(deos)(Tu())
is positive along oD by the boundary lemma of E. Hopf. Because
¢ = ker(dg) N ker (— dgoJ)

is co-oriented by the Reeb vector field of any contact form defining ¢ as a co-oriented
hyperplane distribution this means that the curve u(éD) c M is an immersion positively
transverse to £. In particular, any such holomorphic disc u such that u|p is an embedding

must be simple, see [27, Lemma 4.5].
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3.3 Uniqueness of the germ near the binding

Consider a 2n-dimensional almost complex manifold (W,J) that has a compact J-convex
boundary component (M, &) as described in Section 3.2. Assume that (M, £) contains
a submanifold N supporting a bordered Legendrian open book (B, 8). By Section 2.3 a
neighbourhood of the binding B ¢ W is diffeomorphic to a neighbourhood of {0}x{0}x{0}xB
in (—o0,0] X R x C x T*B such that the restriction to the boundaries M and {0} x R x C x T*B
induces a contactomorphism. In addition, assume that the almost complex structure J of
W corresponds to the one constructed in Section 3.1 under the diffeomorphism.

From [55, Proposition 7] we get semi-global uniqueness:

Lemma 3.3.1. There exists a neighbourhood Uy C W of B such that for all simple J-
holomorphic disc maps u: (D,0D) - (W,N*) with u(D) n Uz # @ we have that u(D) is
contained in Uy and there exist ¢ € R*, b € B and a Mébius transformation ¢ : (D,dD) —

(D, D) such that u = u, ,op.

Proof. Usingthe above diffeomorphism we describe such a neighbourhood Uy, as subset of
(—00,0]XRXCxT*B: For x; < 0,y, € R consider the complex hypersurfaces {x; +iy; }xCxT*B
in (C? x T*B,i @ Jr.5). The intersection with the real hypersurface {x;, = —¢(z,u)} is
the sphere bundle in C @ T*B given by |x,| = i|z|2 + %gb(u, u); the intersection with
{x; < —(z,u)}, therefore, is the corresponding disc bundle in C @ T*B. Here C denotes

the trivial complex line bundle over B. Hence, the complex hypersurfaces

H,, := d)‘l({xl +iy}x C x T*B) N{s <0}

X1

foliate the complement of {0} x R x {0} x B in ((—0, 0] x R x C x T*B,J) including a foliation
by their real boundaries. Then, by definition, Uy corresponds to
Up = ({0} x (—3,8) X {0} X B) v J Huy,
lx1],1y11<é
for § > 0 sufficiently small, under the above mentioned identifying diffeomorphism.
Consider a simple J-holomorphic disc u: (D,0D) — (W,N*) and suppose that G =

u~1(Up) is not empty. Observe that G c D is open. Restricting to G we write ®(u) =
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(f +ig,v,, v3). If gis constant in a neighbourhood of a point in G, then so is the holomorphic
function f + ig. With the identity theorem this implies that f + ig is constant on G \ oD
and, hence, on G. Denoting the constant by f, + ig, this translates into G = u™'(H;, , ) s0
that G c D is closed also. Hence, G = D by an open-closed argument, i.e. u(D) C Uz and
the claim follows with Lemma 3.1.2.

It remains to show that the complementary case, namely that {dg = 0} has no interior
points, cannot occur. Indeed, otherwise the holomorphic disc u(D) and the complex
hyperplane H,. .- intersect along finitely many points for x; < 0, y} # 0. For that observe
with Section 3.2 and Example 3.2.1 (suitably shifted in the s-direction) that the intersection
is along interior points of u(D). This follows because H,: ,» and the boundary condition

N* for the holomorphic disc u are disjoint as
d)({O}x{O}xC* ><B> CR_x{y;=0}xC*xXB.

By positivity of local intersection numbers the total intersection number u « Hy: ye is
positive. On the other hand this total intersection number is equal to the homological

intersection of [u] € H,(W,M) and [dc] € H,,_,W, where the (2n — 1)-chain c is given by

Cc = U Hx,y;‘ .

x€[x],0]
Indeed, the maximum principle implies that u(Int D) does not intersect M so that u(D)

and dc n M are disjoint. Hence,
uesH,,»=[u]l-[0c] =0.

X191

This is a contradiction. In other words, {dg = 0} has to have an interior point. O

3.4 Holomorphic model near the boundary

As in Section 3.1 we define an almost complex structure on M(¢p*): Choose a Riemannian
metric go on F that smoothly depends on 6 € R such that g,, = g5 = ¢*gs_,, for all

0 € @m —¢,2m +¢) and € > 0 small. For each 6 € R we define the kinetic energy on T*F by

1
ko(w) = Sgy(uw), ueT*F,
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denoting by gg the dual metric of gz. For each 6 € [0, 27] we construct an almost complex
structure J, on T*F as on [48, Section 5.3] that is compatible with dA;.r and turns kg into a

strictly plurisubharmonic potential on T*F in the sense of [28, Section 3.1] meaning that
/‘LT*F = —dkeoje .

The almost complex structure J; is uniquely determined by g, and dAr.r; therefore, J,
depends smoothly on 6 and satisfies J,, = Jg = ¢p*J4_,, fOr 6 € 27 —¢,27 + ¢).

The metric on [0, 277] X F obtained by taking the sum of the Euclidean metric and gg
for each 6 € [0,27] descents to a metric g on the mapping torus M(g). The induced kinetic

energy function on M(¢*) is denoted by
P(r,0,u) = %rz + kg(u) .

The almost complex structure i @ J, on T*[0,27] X T*F descents to a compatible almost

complex structure J, on M(p*) and
rd6 + Ap.p = —dipoJ,

modulo second order terms in |u|g, u € T*F, in the sense of [54, Appendix E.5]. Indeed,
the derivative of ky(u) in 6-direction contributes a term that locally is a quadratic form
in the coordinates of u € T*F. Consequently, the restriction of dr A d6 + dAr.r to {u = 0}
in M(¢*) is equal to —d(diol,). As dr A d6 + dAr.r is positive on (i @ Jo)-complex lines and
equals —d(dyoJ,) modulo first order terms in |uls, u € T*F, we conclude that 1 is strictly
plurisubharmonic in a neighbourhood of {u = 0} in M(p*).

We consider the almost complex manifold (CxM(¢*),i®J,) provided with the Liouville
form sdt + rdo + Ar.r, where we denote the coordinates on C by s + it. Observe that the
almost complex structure

J=i®J,
is compatible with ds A dt + dr A d© + dA;.r and that the function
Y(s +it,r,0,u) = %sz +3%(r,0,u)
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is strictly plurisubharmonic in a neighbourhood of {u = 0} in CxM(¢*). This holds because
sdt + rd0 + Apsp = —dWoJ

modulo second order terms in |u|g, u € T*F. Therefore, as above, the restriction of
ds Adt +dr Ad6 + dAp.p to {u = 0} in C x M(¢*) is equal to —d(dWol).

By rescaling the metric g on F by a constant if necessary we can assume that ¥ is
strictly plurisubharmonic in a neighbourhood of {¥ = %}. The hypersurfaces {¥ = %} and
{s = 1} are transverse to s6,+rd,+ Y., which is a Liouville vector field w.r.t. the symplectic
form ds A dt + dr A d6 + dAr.r. Therefore, the contraction into the symplectic form induces
contact forms on both hypersurfaces. The induced contact form on {s = 1} = {1}xiRxM(¢p*)
is a,; the one on {¥ = %} is given by —d%WoJ along {u = 0}.

A reparametrisation of the flow of the Liouville vector field sd; + rd, + Yr.r yields a
contact embedding of {¥ = % s > 0}onto {s = 1} w.r.t. the induced contact structures, see [10,
Appendix A.1]. The hypersurfaces {¥ = %} and {s = 1} intersect along {s = 1,r = 0,u = 0},
on which the flow is stationary. Moreover, as we flow along the Liouville vector field

sd; + rd, + Yr.r We observe that the multi level set {¥ = %,s > 0,t = 0,r < 0,u = 0}

corresponds to {1} x {0} x {r < 0,u = 0} in {1} X iR x M(¢*) under the contact embedding.
The latter set was used in Section 2.4 to describe the germ of contact structure near the
boundary of a bordered Legendrian open book; the boundary being {¥ = %,s > 0,t =
0,r = 0,u = 0}, which corresponds to {1} x {0} x {r = 0,u = 0}.

The hypersurface {¥ = %} carries a second contact structure given by
ker (d¥) n ker (— dWoJ),

which turns {¥ = %} into a J-convex boundary of {¥ < %}. The induced singular charac-
teristic foliation on {¥ = %,s > 0,t = 0,r < 0,u = 0} coincides with the one described
in the preceding paragraph, where the contact distribution this time is taken w.r.t.
sdt + rd@ + Ap.p = —d%WoJ along {u = 0}. By uniqueness of the germ of a contact struc-
ture formulated in [50, Lemma 4.6], a neighbourhood of {¥ = % s>0,t=0,r <0,u=0}is

contactomorphic to the contact structure we considered first. In other words, given a
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contact manifold (M, &) containing a submanifold N that supports a bordered Legendrian
open book, we obtain an alternative description of the germ of contact structure near

the boundary oN presented in Section 2.4.

3.5 Holomorphically blocking boundary

Let (W,J) be a 2n-dimensional almost complex manifold so that a given contact manifold
(M, §) is a compact J-convex boundary component of W, see Section 3.2. Let N be a
submanifold of (M, &) that supports a bordered Legendrian open book (B, 8). In view of
Section 3.4 we assume that a neighbourhood of the boundary 6N c W is diffeomorphic
to a neighbourhood of {1} x {0} x {r = 0,u = 0} in {¥ < é,s > 0} such that N ¢ W and {¥ =
%, s> 0,t =0,r <0,u = 0} correspond to each other diffeomorphically. Furthermore we
assume that under the diffeomorphism the almost complex structure J of W corresponds
toidJ,on{¥ < é} in C X M(p*) inducing contactomorphisms on the boundary.

Similarly to [50, Lemma 4.7] we obtain the blocking lemma:

Lemma 3.5.1. There exists a neighbourhood Usy C W of AN such that for all J-holomorphic
disc maps u: (D,0D) - (W,N*) with u(D) n Usy # @ are constant.

Proof. For |s| < 1,t € R consider the complex hypersurfaces
. « 1
Hy, = ({s+it} x M(g") n {¥ < 3}

of {w < %} in (C x M(¢*),i @ J,). Modulo the above identifying diffeomorphism Ugy
corresponds to

Usy := (1x (=8, xM@)u |J H,

1-s,]t|<6
for § > 0 sufficiently small.

Letu: (D,dD) — (W,N*) be a J-holomorphic disc such that the open set G = u=}(Uyy)
is not empty. Write the restriction of u to G as u = (u; = f +ig, u;) W.r.t. (C x M(¢*),i @ Jy).
An argument similar to the last paragraph of the proof of Lemma 3.3.1 (that utilises

J-convexity and positivity of intersections with the complex hyperplanes H;,) shows that
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{dg = 0} has an interior point. As in the second paragraph of the proof of Lemma 3.3.1
this shows that u; = f, +ig, is constant and that G = D, i.e. u(D) C Ugy.

The projection map M(p*) — T*S! sends u, to a smooth map v: D — T*S! such that
v(@D) C {r < 0} ~ S'. In particular, the degree of v|3p must be zero so that v(dD) is tangent to
a fibre of T*S!. Therefore, u(6D) admits a point of tangency with a page of the Legendrian
open book on N. In view of the maximum principle by E. Hopf, which implies the positive

transversality property formulated in Section 3.2, this implies that u must be constant. [

4 Tamed pseudo-convexity

Let (W,J) be a 2n-dimensional almost complex manifold that admits a compact J-convex
boundary component (M, §), see Section 3.2. We assume that there exists a symplectic
form Q on W that is J-positive on complex lines in TW, i.e. J is tamed by Q, cf. [23]. Define

an odd-symplectic form on M by setting w := Q|ry.

4.1 Magnetic symplectisation

Let « be a defining contact form for £ on M such that da is positive on complex lines in

(&)

Remark 4.1.1. As w is positive on complex lines in (¢, ), it follows that for all non-zero
v € £ the contraction ¢,w does not vanish. In other words, w restricts to a symplectic form
on £. Choosing a symplectic basis for (§,w) of the form v,,Jv,,...,v,_1,Jv,_; yields that
w1 is a positive volume form on (&,J). Furthermore the contact form « does not vanish
on the characteristic foliation given by kerw, i.e. £ and ker w intersect transversally. In
fact, according to our orientation conventions, « A w1 is a positive volume form on M.

Observe, that the same reasoning applies to all 2-forms that are positive on complex

lines in (&,J). This shows positivity of a A (da)*~! which was used implicitly in Section 3.2.
The symplectic neighbourhood theorem for hypersurfaces implies that there exist
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¢ > 0 and a symplectic embedding
((=€,0] x M, d(s) + @) — (W, Q)

whose restriction to {0} x M is the inclusion of M = 8W into W, cf. [52, Exercise 3.36] and

[50, Remark 2.7]. Observe that
h n n—1
(d(soc) + co) = (ds Aa+ sda + co) =ndsAaA(sda+w) .

Therefore, we find ¢ > 0 and a large positive constant s, such that, considered on (—¢, o) X
M, d(sa) + w is symplectic on (—¢,e) x M and (s,, ) X M. In fact, using Remark 4.1.1,
a A (sda + cu)n_1 is a positive volume form on M for all positive s because da and w are
positive on complex lines in (&,J). Therefore, d(sa) + w is a symplectic form on (—e, c0) X M.
Via gluing along {0} x M = M c dW using the above symplectic embedding we build a

symplectic manifold, the so-called magnetic completion,

(W,8) := (W, ) U ([0,00) x M, d(sx) + @) .

4.2 Truncating the magnetic completion

We continue the considerations in Section 4.1. In addition, let N c (M, &) be a submanifold
that carries the structure of a bordered Legendrian open book decomposition (B, 9).
Choose contact embeddings of the model neighbourhood of the binding B (see Section 2.3)
and of the alternative model neighbourhood of the boundary N (see Section 3.4) into
(M, ¢ = kera). The push forward of the respective contact forms «, and the restriction
of —dWoJ to the tangent spaces of {¥ = %} are equal to e"a for a smooth function # on
the images of the model neighbourhoods. Alter the contact form a by cutting off & to 0
near the boundary of these images, so that the considered contact embeddings — after
shrinking the model neighbourhoods a bit — are in fact strict. Observe that this conformal
change of the contact form « does not effect the property of da to be positive on complex

lines in (&,J).
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Let s, be a positive real number and consider the truncation
(W, 0) := (W, 2) U ([0,25,] x M, d(sa) + @) .

The resulting contact embeddings of the model neighbourhoods into {2s,} x M, which
are strict up to conformal factor 2s, w.r.t. the contact form 2s,a, extend along collar
directions to embeddings of the neighbourhood Uy constructed in Lemma 3.3.1 and of
the neighbourhood U,y constructed in Lemma 3.5.1 into (-0, 25,] X M in the following
way: For the embedding of Uy simply cross with the identity in the s-direction; for the
embedding of U,y denote by Y the vector field on {¥ < %} obtained by multiplying the
Reeb vector field of the contact form —d¥oJ on the level sets of ¥ with —J and follow the
flow lines of Y in backward time (taking time logarithmically). Observe that Y coincides
with the Liouville vector field sd, + rd, + Y. along {u = 0}, see Section 3.4.

The images of the neighbourhoods are again denoted by Uy and Ugy. Taking s,
sufficiently large we achieve that Uy U Uy fit into [s,,2s,] X M. Push forward yields
an almost complex structure J, on Uy U U,y that allows the conclusions of Lemmata 3.3.1
and 3.5.1. We remark that J, is invariant under translations in s-direction that shift off
Ug; along [s,,2s,] X 0N the almost complex structure J, is independent of s.

Moreover, the symplectic form d(sa) is compatible with J, on Uz and on Uy, see
Remark 3.1.1 and Section 3.4, resp. Furthermore J, sends J, to the Reeb vector field and
preserves the contact distribution. Applying [52, Proposition 2.63(i)] to the symplectic
bundle

(&,d(sa)) — [s5,,25,] X M

we extend J, to an almost complex structure on [s,, 2s,] X M keeping the properties just
listed. In particular, {2s,} X M is a J,-convex boundary independently of the conformal
factor 2s,, see Section 3.2.

Placing the whole scenario to [s,, 2s,] X M for s, sufficiently large we can additionally
assume that J, is also tamed by the symplectic form d(sa)+w on [s,, 2s,]xM. This is possible

because for s, sufficiently large d(sa) = ds A a + sda dominates d(sa) + w = ds Act + (sda + w)
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on J,-complex lines. With [52, Proposition 2.51] we extend J, to a tamed almost complex
structure f on (W, Q) that restricts toJ on W and to J, on [s,, 2s,] X M. Moreover, {2s,}x M C
oW is a J-convex boundary component. We will refer to the construction of (W, Q,J) as

magnetic collar extension.

4.3 Deforming the Truncation

Assuming exactness of w|yy in the situation of Sections 4.1 and 4.2 the symplectic form in

the magnetic collar extension (W, Q7 ) can be assumed to satisfy
Q=2s,da  on T({2s,}xN)

after deformation:

Write w = df3 in a neighbourhood of N taking a neighbourhood that strongly deforma-
tion retracts to N. Extend 8 to a 1-form on M that vanishes outside a larger neighbourhood.
Define a 2-form 7 := w — d(¢f3) on [s,, 2s,] X M, where ¢ is a smooth function that vanishes
on {s < s,}, equals 1 on {s > 2s,}, and satisfies 0 < ¢’ < 2/s,. We claim that for s, sufficiently
large

([so, 25,] X M,d(sa) + n)

is symplectic. Indeed, spelling out the n-th power of d(sa) + n we find
n—1
nds A (a —¢'B) A (sdoc +w-— Qdﬁ) :

For s, sufficiently large « — ¢’ will be a contact form on all slices {s} x M, s € [s,,2s,],
so that, restricted to the related contact structures, (sda)"~! is a positive volume form.
Making s, even larger (sda)"~! dominates lower order terms in the (n — 1)-st power of
sda + w — ¢df restricted to the mentioned contact structures.

Starting with the deformed symplectic structure corresponding to d(sa) + z the tamed
complex structure J can be constructed as in Section 4.2. In order to achieve that d(sa)
dominates

d(sa) + 7 =ds/\(oc—9’6)+(sdoc+cu—9d6)
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on J,-complex lines on [s,, 2s,] x M simply choose s, sufficiently large.
We will refer to the construction of (W, Q,2s,a,f) as deformed magnetic collar

extension.

4.4 Gromov compactness

We consider a deformed magnetic collar extension of the O-tamed almost complex struc-
ture (W,J) as in Section 4.3. The resulting tamed almost complex manifold together with
the choice of contact form on the J-convex boundary component is denoted by (W, Q, a,J).
In particular, the restriction of the 2-forms Q and d« to the tangent spaces of the bordered
Legendrian open book (N, B, 8) Cc (M, £ = kera) are equal as 2-form on N.

Notice, that the regular set N* of N (see Section 2.1) is a totally real submanifold of
(W,J),1.e. TN* nJTN* is the zero section. Indeed, denoting by E the real linear span of
v,Ju for a given tangent vector v € T,N* the only possibility for the complex line E to be
tangent to N* ¢ M is to be tangent to the page of (B, 8) through p, which is Legendrian
W.r.t. § = TM NJTM. Positivity of da on complex lines in (£,J) implies the vanishing of v
because the pages of (B, 8) are Legendrian submanifolds, and, hence, have Lagrangian
tangent spaces inside (&, da).

Via the neighbourhood Uy c W of the binding B ¢ N constructed in Lemma 3.3.1 we

obtain an embedding relative boundary, a so-called local Bishop filling,
F: ((0,8)XDXB,(0,8)x3D X B) — (W,N*)

for some & > 0 such that for all (¢, b) € (0,5) x B the maps u.;, = F(e, ., b) are J-holomorphic
discs (D, D) — (W,N*). Furthermore F extends smoothly to a map defined on [0,5) XD xB
that maps {0} x D x B to B via (¢, z,b) ~— b.

We consider the moduli space M of J-holomorphic discs u: (D,dD) — (W,N*) that
are homologous in W relative N* to one of the Bishop discs u. ;. For all u € M we have

the following:
1. The degree of the map Sou: 9D — S!, the so-called winding number of v, is equal
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to 1. The boundary lemma of E. Hopf implies, that u(éD) is an embedded curve in

N* positively transverse to £. Hence, u is simple, see Section 3.2.

2. We find a 2-chain C in N with boundary —u(8D) such u(D) + C is null-homologous in
W. Therefore, by applying Stokes theorem twice, we get that the symplectic energy

0</u*Q:—fQ:f uta,
D c oD

as Q = da on TN. Denote by d9 the pullback of d6 along §: N\ B — S!. According

of u satisfies

to our co-orientation convention in Section 2.1 and the local models in Sections
2.3 and 2.4 we observe that a|;y = fd¢ for a non-negative function f on N, that
vanishes precisely along the singular set B u dN. Consequently, we get uniform

energy bounds

0<fu*Q=/ u*f - (Sou)*dé < 2w max f .
D oD

3. The restriction of u to 4D is uniformly bounded away from the boundary N
as the intersection of u(D) with U,y is empty by Lemma 3.5.1. Recall that if u(D)
intersects the neighbourhood Uy of the binding then u is a reparametrisation of a
local Bishop disc u, ;, see Lemma 3.3.1. We truncate the moduli space M (keeping
the notation) by removing all holomorphic discs that are reparametrisations of u,
for (¢,b) € (0,6/2) X B.

Remark 4.4.1. Under the assumption of uniform C°bounds for M, i.e. that there exists
a compact subset of W that contains all holomorphic discs u(D), u € M, we obtain: Any
sequence of holomorphic discs in M admits a Gromov converging subsequence, see [25].
Observe that by J-convexity (see Section 3.2) no sequence of holomorphic discs u(D),
u € M, can escape the boundary component M of W.

The total winding number of the Gromov limit u must be 1 according to the properties
of Gromov convergence, see [25]. Moreover, all individual winding numbers of non-
constant disc bubbles of u are positive by positive transversality, see the boundary lemma

to E. Hopf in Section 3.2. Therefore, u contains precisely one disc component u, that
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is necessarily simple and of winding number 1. In particular, u|;p is an embedding
positively transverse to &.

If the image of u intersects U, then u does it along the disc component u, by the
maximum principle, see Section 3.2. This implies that u, is one of the Bishop discs u_
by Lemma 3.3.1, so that there are in fact no bubbles in this situation. Indeed, potential
sphere bubbles must be null-homologous or subject to an argument using the maximum
principle. Therefore, any sequence of holomorphic discs in M that Gromov converges to
u with u,(D) intersecting Uy converges in C* to u, up to reparametrisation.

Consequently, M can be compactified to M by adding all Gromov limits to M. The
resulting moduli space M is compact in the sense that any sequence in M admits a Gromov
converging subsequence. The resulting limit objects u share the properties mentioned
in the proceeding remark. In particular, we obtain uniform gradient bounds near the
boundary w.r.t. a given background metric: There exists constants p € (0,1) and C > 0
such that for all u in M we have that |Vu,| < C restricted to D n{|z| > p}, where u, is the

disc component of u parametrised such that dou,(i%) = i* for k = 0,1, 2.

5 Symplectic cobordisms

A symplectic cobordism is a compact 2n-dimensional symplectic manifold (W, Q) with
boundary M :=0W. We assume that (W, Q) is connected and oriented via Q". The odd-
symplectic form w := Q|r), is closed and maximally non-degenerate with 1-dimensional
kernel ker w. The line bundle ker w on 0W is trivialised by the restriction of the Hamiltonian
vector field of a collar neighbourhood parameter to M = dW c W. Therefore, one finds a
1-form o on M that does not vanish on ker w. The sign of « defines an orientation on each
component of 6W via the volume form « A »"~. If the boundary orientation (induced by
the outward pointing normal) coincides with the one given by a we call the components

of M = W positive, otherwise negative. We will write

oW,Q)=—-M_,w_,a_)+(M,,w,,0y)
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accordingly. Due to the symplectic neighbourhood theorem there exist collar neigh-
bourhoods [0,¢) x M_, resp., (—¢,0] x M,, such that the symplectic form Q can be writ-
ten as d(sa;) + w; with s € [0,¢), resp., s € (—¢,0]. This allows gluing of symplectic
cobordisms along boundary components of opposite sign that are orientation reversing
odd-symplectomorphic. The most prominent examples of symplectic cobordisms have
contact type boundary, i.e. the 1-form a on M can be chosen such that w = da, see [51].
In the contact type context positive boundary components are called convex; negative

ones concave.

5.1 A directed symplectic cobordism

We consider a symplectic cobordism (W, Q). We assume that the boundary (W, Q) de-
composes into concave boundary components, whose union we denote by (M_,w_, a_),
and positive boundary components, whose union we denote by (M, w,,«,). In addition,
we require the weak-filling condition: «, can be chosen to be a contact form, which
according to our conventions implies that a, A (da;)" and a, A »""! are positive, such
that

n—1
ay A(feday +w) >0

for all non-negative smooth functions f, on M,. We call (W, Q) a directed symplectic

cobordism, cf. [24].

Remark 5.1.1. Observe that if M_ is empty, (W, Q) will be a weak symplectic filling of the
contact manifold (M, &,) with contact structure &, := kera,. If additionally (M, §,) is
the convex boundary of the symplectic cobordism (W, Q) with M_ = ¢ then (W,Q) is a
strong symplectic filling of (M, &.).

As in [28, 64] such symplectic cobordisms (W, Q) can be used to verify the strong
Weinstein conjecture for the contact manifold that appears as the concave boundary
component of (W, Q). The 3-dimensional variant is related to the ball theorem, see [29,

Theorem 2.2 and Corollary 3.8]:
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Theorem 5.1.2. Let (W, Q) be a directed symplectic cobordism. Assume that the contact
manifold (M, &) contains a submanifold N with non-empty boundary such that N supports
a bordered Legendrian open book (B, 8) and such that w, |1y is exact. Furthermore assume

that one of the following conditions is satisfied:
(i) The symplectic cobordism (W, Q) is semi-positive.

(ii) The second Stiefel-Whitney class w,(TN*) of N* = N \ (B U dN) vanishes; or N* is

orientable and there exists a class in H*(W; Z,) that restricts to w,(TN*).

Then M_ necessarily is non-empty and for any &¢_-defining contact form there exists a

null-homologous Reeb link.

Theorem 5.1.2 part (i) is contained in [50]. We include a variant of the argument
in Section 5.3 as guideline for the polyfold proof of part (ii). Following [54] we call a
2n-dimensional symplectic manifold (W, Q) semi-positive if the first Chern class ¢; of
(W, Q) satisfies the following condition: ¢;(A) > 0 for all spherical homology 2-classes A
of W with ¢;(A) > 3 —n and Q(A) > 0. If 2n < 6 the condition is automatic. The proof of
part (ii) of Theorem 5.1.2 is postponed to Section 7.

We remark that the inclusion N* ¢ W induces in cohomology the restriction map
H?*(W;Z,) - H*(N*; Z,). The long exact cohomology sequence with Z,-coefficients yields,
that the restriction map is surjective if and only if the co-boundary operator H*(N*; Z,) —
H3(W,N*;Z,) vanishes. Furthermore the choice of an orientation on N* induces an
orientation on each page 971(6), 6 € S!, via the co-orientation induced by 9. The binding
is oriented via the boundary orientation of a page. Therefore, N is orientable if and only
if N* is.

Observe that the inclusion map f: N* c N induces TN* = f*TN, so that naturality of
the Stiefel-Whitney classes implies w,(TN*) = f*w,(TN). In particular, if w,(TN) vanishes
so does w,(TN*). Further, if the fibration 9 on N* is trivial (as it is the case for the
plastikstufe), e.g. a product of the page 9-1(1) with S!, the second Stiefel-Whitney class
w,(TN*) is equal to w,(T971(1)) according to the Whitney cross product formula for the
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total Stiefel-Whitney class, cf. [16, Chapter 17]. In general, taking a connection on the
fibration 9 we obtain a splitting of TN* into the vertical ker 79 and horizontal subbundle.
As the horizontal subbundle is isomorphic to the trivial bundle §*TS! Whitney sum
formula for the total Stiefel-Whitney class implies w,(TN*) = w,(ker T9). The square
product of the 2-dimensional Klein bottle shows that the latter not always equals the

second Stiefel-Whitney class of a fibre.

Remark 5.1.3. Consider a symplectic cobordism (W, Q) that satisfies all the requirements
of Theorem 5.1.2. Notice that if M_ =, then (W, Q) would be a weak symplectic filling of

(M4, £,). Hence, by Theorem 5.1.2 no such weak symplectic filling can exist.

Remark 5.1.4. The exactness requirement for w, |ry in Theorem 5.1.2 is fulfilled e.g. if

(M,, £,) is the convex boundary of (W, Q) or if the Legendrian open book N is small.

5.2 Completing the cobordism

We consider the directed symplectic cobordism (W, Q) from Theorem 5.1.2. According to
the contact type boundary condition along the negative boundary components of (W, Q)
the symplectic neighbourhood theorem allows a description of a collar neighbourhood
of M_ c W as [0,e) x M_ such that the symplectic form equals Q = d(e‘a_) with s € [0, ¢).

Therefore, a partial completion over the concave boundary of (W, Q) can be given by
(=00, 00 x M_, d(e%c)) U (W, )

via gluing along {0} x M_ = M_. Any other contact form defining £_ = kera_ on M_ can be
realised as the restriction to the tangent spaces of a graph over M_ inside (—c0,¢) X M_ up
to a positive constant factor, cf. [28, Section 3.3]. A change of (W, Q) by adding the super-
level set of the graph to the directed symplectic cobordism will allow the verification of
the strong Weinstein conjecture for a particular choice of contact form as announced
in Theorem 5.1.2. In fact, we will assume that «_ is a generic perturbation of a given

¢_-defining contact form which allows an application of the Gromov-Hofer compactness
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theorem as formulated in [15]. This is justifiable with the Arzela-Ascoli theorem, cf. [28,
Section 6.4] and [64, Section 6].

On the negative end ((—co0, 0]xM_, d(e’a_)) we choose a shift invariant almost complex
structure J_ that sends the Liouville vector field 4 to the Reeb vector field of «_ and leaves
§_ invariant such that J_ is compatible with the symplectic structure induced by da_ on
§_. Extend J_ to a tamed almost complex structure J on (W, Q) such that§, = TM, nNJTM,
and the positive boundary (M., &, ) of (W, Q) is J-convex, see [50, Theorem D]. Further, we
glue the deformed magnetic collar extension constructed in Sections 4.2 and 4.3 along

M, = {0} x M, to build (keeping the notation) a symplectic manifold
(W, 0) := (00,00 x M_,d(e*a_)) U (W, Q) U ([0, 25,] X M., d(sat,) + 7).

The resulting almost complex structure is denoted by J. Notice that J equals J, on the
neighbourhoods Ui and U,y of B and AN, resp. Here we think of B and 6N as subsets of

M, ={2s,} x M,. In particular, the results from Section 4.4 are available.

5.3 The semi-positivity case

We prove Theorem 5.1.2 under assumption (i). Recall the moduli space M introduced
in Section 4.4. To cut out the Mobius reparametrisation group geometrically we define
the moduli space M, ; _, to be the set of all holomorphic discs u € M such that Sou(i¥) = i
for k = 0,1, 2. This allows to fix the disc reparametrisations for sequences in M ; _; in the
compactness formulation in Remark 4.4.1.

We choose a base point b, of B and an embedded curve y inside the page §-!(1) that
connects B and N such that y is given by {b,} x (D* n Ry) in the model description
in Section 2.3. We define the moduli space M, to be the set of all holomorphic discs

u € My ;_; with u(1) € y. In other words M, consists of all u € M such that
u(l) ey, dou(i)=1i, Jou(-1)=-1.

The Maslov index of the Fredholm problem defined by M equals 2 (see [55, Proposition
8] or [27]). With [68, Theorem 4.4] there is a generic choice of J such that with the
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first dimension formula in [68, Theorem 3.7] (successively taking relations R = §J, R =
§71 (1) x871(1) x §71(-1), and R = y x §71(i) x $7'(~1)) the moduli spaces M, M, ; _;, and M,
are smooth manifolds of dimension n + 2, n — 1, and 1, resp. By [68, Remark 3.6] we can
assume that the generic perturbation of f is supported in the complement of the union of
the negative end (-0, 0] x M_ of W and Uy U Ugy. This is because all local Bishop discs
are Fredholm regular by [55, Proposition 9] and because all holomorphic discs that are
contained completely inside ((—o0,0] X M_) U U U U,y are the local Bishop discs.
Moreover, the boundary component of M;; _; that corresponds to the local Bishop
filling F has a collar neighbourhood in M ; _; diffeomorphic to [0,1) x B via F. This results
in a collar neighbourhood [0, 1) X {b,} in M, see Section 4.4. By the blocking property of
U,y (see Section 3.5) the evaluation map M, — y, u =— u(1), is not surjective. Invariance
of the mod-2 degree for proper maps, which counts the number of preimages modulo 2,

implies that M, cannot be compact.

Proof of Theorem 5.1.2 part (i). Arguing by contradiction we suppose that there is a
compact subset K of W such that the holomorphic discs u(D) are contained in K for all
u € M,. In this situation M, can be compactified in the sense of Gromov, see Remark 4.4.1.
Observe that Gromov limiting stable holomorphic discs are contained in K also and have
precisely one disc component that in addition must be simple. With [68] we can assume by
an additional a priori perturbation of J that the moduli spaces of simple stable maps that
cover the stable maps in the Gromov compactification of M are cut out transversally. This
perturbation can be supported in the complement of the union of (—eo, 0]xM_ and UgUU;y
because no holomorphic sphere can stay inside ((—o0,0] x M_) U Uy U Uy completely
by the maximum principle. But, similarly to the computations in [28, Section 6.3], the
moduli spaces of the covering simple stable holomorphic discs are of negative dimensions,
hence, empty. This argument uses the semi-positivity assumption. Consequently, there
is no bubbling off for the moduli space M,; in other words M, is compact. This is a
contradiction and therefore a compact subset K of W that contains all holomorphic discs

that belong to M, cannot exists.
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Consequently, M_ is necessarily non-empty. Moreover, for any choice of {_-defining
contact form «_ there exists a null-homologous Reeb link by the remarks made in Section
5.2. The relevant formulation of Gromov-Hofer convergence is obtained by combining

the convergences statements in [36, 37] with [25]. O

6 A Deligne-Mumford type space

In Section 7 the proof of Theorem 5.1.2 under assumption (ii) will be given. In preparation
we discuss moduli spaces of stable nodal boundary un-noded discs. We follow [43, Section

2.1], [18, 42] and indicate modifications necessary in the presence of boundaries.

6.1 Boundary un-noded nodal discs

Let S be an oriented surface that is equal to the disjoint union of one closed disc and a
(possibly empty) finite collection of spheres. All connected components of S are provided
with the standard orientation. Let j be an orientation preserving complex structure on S
turning (S, j) into a Riemann surface with boundary, i.e. (S, j) admits a holomorphic atlas
whose charts are given by open subsets of the closed upper half-plane.

We call a subset of Int(S) consisting of two distinct points a nodal pair. Each finite
collection D of pair-wise disjoint nodal pairs defines an equivalence relation on S calling
two points equivalent if and only if they from a nodal pair. The set S/D of equivalence
classes is provided with the quotient space topology.

Let D be a finite collection of pair-wise disjoint nodal pairs such the quotient space
S/D is simply connected. We call (S, j, D) a boundary un-noded nodal disc. A point of S
that belongs to a nodal pair in D is called a nodal point. The set of nodal points is denoted
by |D|. Observe that |D| and 4S are disjoint.

Let my, m;, m, be pair-wise distinct marked points on the boundary 6S ordered accord-

ing to the boundary orientation of 4S. We call (S, j,D,{my, my, mz}) a marked boundary
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un-noded nodal disc. Two marked boundary un-noded nodal discs
(S,j,D,{mg,my,my}) and (S',j,D',{m], m},m}})

are equivalent if there exists a diffeomorphism ¢ : S — S’ such that ¢*j’ = j, the injection
D — D' defined by {¢(x), p(y)} € D’ for all {x, y} € D is onto, and ¢(m;) = m, for k = 0,1,2.

Observe that ¢ necessarily preserves orientations.

6.2 Domain stabilisation

In Section 7.2 boundary un-noded nodal discs will appear as the domain of stable maps.
If the domain nodal discs have sphere components, the nodal discs will be unstable.
In order to obtain a natural groupoidal structure on the space of marked boundary
un-noded nodal discs we have to stabilise these by adding marked points. A point that is
a marked point or a nodal point is called special. We call a connected component C of S
stable if the number of special points on C is greater or equal than 3. In particular the
disc component of S is stable.

We consider equivalence classes of stable discs [S, j,D,{my, m;, my}, A] where
(S, j,D,{my, m;,m,}) is a marked boundary un-noded nodal disc as in Section 6.1 that
we provide with an additional finite set of auxiliary marked points A c S\ 43S in the com-
plement of |D| so that #((AuU |D|)nC) > 3 for each sphere component C of S. In particular,
all components C of S are stable. The equivalence relation is given by diffeomorphisms
®: S — S asin Section 6.1 such that in addition ¢ maps A bijectively onto A’.

The set of all equivalence classes R is a nodal Riemann moduli space. Given a non-
negative integer N we denote by Ry C R the subset of stable nodal discs that are equipped
with precisely N = #A auxiliary marked points so that R is the disjoint union over all Ry,
N > 0. The elements in Ry can be represented by stable nodal discs (S, j,D,{my, my, mz},A)
of different stable nodal type 7, which is an isomorphism class of weighted rooted
trees. The vertices are given by the components of S, where the root corresponds to the

disc component. All vertices are weighted by the number of (auxiliary) marked points
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on the corresponding component of S. The edge relation is given by the nodes in D.
Observe that for given N the number of stable nodal types corresponding to stable discs
(S, j,D,{my, my,m,}, A) with N = #A is finite so that Ry is a finite disjoint union of subsets

of stable discs R, c R of the same stable nodal type .

6.3 Groupoid as an orbit space

Let 7 be a stable nodal type. In order to rewrite R, as an orbit space we choose natural
representatives of the stable nodal marked discs [S, j,D,{my, my, m,}, A] in R, as follows:
We fix the oriented diffeomorphism types of CP! and D for the components of S including
the choice {1,i, —1} for the marked points {m,, m;, m,}, i.e. m; = i, k = 0,1,2. We denote by
o the area form on S that is the Fubini-Study form on the CP! components and equals
dx A dy on D taking conformal coordinates x + iy. Let J = g5 be the space of orientation
preserving complex structures on S, which equals the space of almost complex structures
on S tamed by o, cf. [1, 63]. Furthermore we fix a selection of special points |D| and A. By
G = 4(S,D,{1,i,—1}, A) we denote the group of orientation preserving diffeomorphisms of
S that preserve {1, i, —1} point-wise and inject A onto A and D onto D, resp.

We identify the nodal Riemann moduli space R, with the orbit space
R.=J/9  via [S,),D,{L,i, -1} A] = [j],
cf. [61, p. 612] or [67, Section 4.2]. The action
GxJ— 3, (@.))— 9",
of Gon J is given by the pull back
¢*j 1=Tpp ' 0j,oTp

forp € Gand j € 4. By [61, Lemma 7.5] or [67, Lemma 4.2.8] this action is proper, see
also Remark 6.3.2 below. The action is free if and only if all isotropy subgroups §;, j € 4,
of j-holomorphic maps in G are trivial. The action is locally free because all isotropy

subgroups g; are finite by the following Remark 6.3.1:
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Remark 6.3.1. Each connected component of S is provided with at least 3 special points,
see Section 6.2. Hence, all isotropy subgroups g; are finite:

To see this fix a biholomorphic identification of (S, j) with the surface given by the
disjoint union of (D, i) and an at most finite number of copies of (CP!,i). This is possible
by uniformisation, cf. [1] and [54, Theorem C.5.1], [63, Satz 5.33] for boundary regularity.
For the marked points we can assume that m;, = i¥, k = 0,1,2. Then any automorphism in
G; conjugates to an i-holomorphic map that restricts to the identity on (D, i) and defines
Mobius transformations of (CP!,i) corresponding to the maps induced between the not
necessarily identical sphere components. We get a finite number of possibilities to obtain
those Mobius transformations each of which is permuting the set of special points that

admits at least 3 points by the stability condition.

Remark 6.3.2. In order to describe the topology for fixed stable nodal type provide J
with the C*-topology, which is metrisable, complete and locally compact by the Arzela-

Ascoli theorem.

We provide R, = 7/G with the quotient topology meaning that the open setsin /G
are precisely those, whose preimage under the quotient map [.]: J — J/§ is open. In
particular, [ . ] is continuous by definition. The quotient map [.] is open because for any
open subset X of 7 the [ . ]-preimage of [X] is equal to the union of all gk, g € G, which
is open. Hence, a neighbourhood base of the topology on 7/G is given by the family of
subsets whose elements [j] can be represented by complex structures j belonging to
an open subset of . Therefore, /G is a second countable locally compact and, hence,
paracompact topological space.

In fact, R, = /G is Hausdorff. This follows from the properness argument as follows:

Consider a sequence u, of equivalences
u,: (S,j,,D,{1,i,—1},A) — (S,k,,D,{1,i,—1}, A)

with j, —» jand k, — k in J. We claim that u, has a C*-convergent subsequence whose
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limit u will be an equivalence
u: (S,j,D,{1,i,—1}, A) — (S,k,D,{1,i,—1}, A)

also, cf. [42, Proposition 3.25].

It suffices to proof C*-convergence because the limit u will be automatically an
equivalence as u restricts to a degree 1 map on each component of S. Restricting u, to
the components of S we obtain sequences of k,-holomorphic diffeomorphisms v, one
sequence for each component of (S, j,). As the degree of each v, equals 1 viewed as
map onto its image, the area /. vjo = 7, C being D or CP', is uniformly bounded via the
transformation formula. Hence, we find a subsequence of u, so that all corresponding
sequences v, converge in the sense of Gromov, see [25]. Again using that the degree of all
v, is 1 we see that only one of the potential bubbles of each Gromov limit can intersect
0 € C; the remaining bubbles would be necessarily constant as their area vanish. In other
words, the chosen subsequence of u, converges in C*®, because the reparametrisations
by j,-holomorphic diffeomorphisms are fixed, i.e. equal id, due to the stability condition.

We verify the Hausdorff property, cf. [42, Proposition 3.19]: Assume that any pair
of neighbourhoods of given points [j] and [k], resp., intersects non-trivially. Taking
shrinking neighbourhoods of the corresponding points j and k in g we find j, — j and

k, — k in g such that [j,] = [k,] for all v. Then the above properness argument yields

[j] = [k].

6.4 Infinitesimal action

We assume the situation of Section 6.3. Denote by Q° the Lie algebra given by the tangent
space of G at the identity diffeomorphism, which is the space of vector fields on (S, 8S)
that are stationary on the set of all special points. In other words, Q° is the set of all
smooth sections of TS that are tangent to 4S and vanish on |D| u{1,i,—1} U A. We denote
by 93,1 the space of all endomorphism fields of the tangent bundle of S that anti-commute

with j. Linearising the equation j? = —1 we see that Q?’l is the tangent space of 7 at j.
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Viewing 93,1 as the set of all j-complex anti-linear TS-valued differential forms on S, the

infinitesimal action is
QOXQ?’I — Q?l (X,y) —> Lyj + .

A complex linear Cauchy-Riemann operator D is a j-complex linear operator that
maps smooth vector fields of (S, j) to Q‘;’l such that D(fX) = df - X + fDX for all smooth
vector fields X and smooth functions f, where d is the composition of the exterior deriva-
tive with the projection of the space of smooth 1-forms onto those that anti-commute
with j, see [54, Appendix C.1]. Complex linearity can be expressed via D(jX) = jDX for
all vector fields X of S.

In order to compute the Lie derivative Ly j we denote by J; the uniquely determined
complex linear Cauchy-Riemann operator of the holomorphicline bundle (TS, j) (ignoring

boundary points) that agrees with
5X = 2(TX +ioTXoi)

in local holomorphic coordinates (C, i), cf. [54, Remark C.1.1]. The local holomorphic
representation d of 4; implies that d; induces a real linear Cauchy-Riemann operator
on the bundle pair ((TS, T3S), j) taking local holomorphic coordinates in the closed upper
half-plane. Nevertheless the operator d;: Q° — Q‘;.’l is not complex linear because j
does not induce a complex linear vector space structure on Q°. Indeed, jX is not tangent
to 85 for all boundary points of S for which X € Q° does not vanish.

With this preparation we compute
d
i=4d s
xJ dt |t=0¢t I
where ¢, is a smooth path in G through ¢, = id with
d
- =X
det 't:OqD[
In local holomorphic coordinates ¢; j reads as
T%got_loingot .
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Taking the time derivative at ¢ = 0 and using ;' = ¢_, yields
—TXoi+ ioTX = i(ioTXoi + TX),
so that the Lie derivative is equal to
Lyj=2jo;X.

Remark 6.4.1. Taking a path ¢, in the isotropy subgroup §; through ¢, = id, meaning that
the path ¢, in § satisfies ¢} j = j for all t, we obtain X € kerd; by taking time derivative.

Conversely, assuming ;X = 0 for a path ¢, in G through ¢, = id yields
d (o)) = o7(2j8,%) =
S (#1)) = 1(28,x) =0,

i.e. that the path ¢y j in J is constant, hence, equals j. In other words, the tangent space at

the identity of the group of all j-holomorphic maps in §
Tidgj = ker 51
equals the space of all j-holomorphic vector fields in Q°.

Remark 6.4.2. The Cauchy-Riemann operator is conformally invariant: Let ¢ : (S, j) —
(S, k) be a holomorphic diffeomorphism. Then ¢*od, = d;0¢*. In particular, the Cauchy-
Riemann operator 6; commutes with the automorphisms of the Riemann surface with

boundary (S, j).
Remark 6.4.3. Define a Riemannian metric g; on (S, j) by setting
gi(v,w) = %(a(v,jw) + a(w,jv)) , LWETS,

where the area form o is the one chosen in Section 6.3. In particular, the complex structure
j is orthogonal, so that the bilinear form g; is a Hermitian metric. As any 2-form on a
surface is closed the 2-form

1 .
gj = E(O’+] o)
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is symplectic and compatible with j. The latter means that g;(v,w) = o;(v, jw) for all
v,w € TS, so that the symplectic form o; is compatible with j.

Denoting the Levi-Civita connection of g; by V = V&, [52, Lemma 4.15] says that
closedness of o; and integrability of j together are equivalent to Vj = 0, cf. Remark 6.4.4
below. In particular, V(jX) = jVX for all vector fields X of S, so that V is a Hermitian

connection, i.e. V is a complex linear metric connection. Hence,

(VX)" = 1(VX + joVXoj)

defines a complex linear Cauchy-Riemann operator on (TS, j), cf. [54, Remark C.1.2]. In
local holomorphic coordinates we write VX = TX + I'(.,X) with help of the Christoffel
symbols, so that the map X ~— I'(.,X) is i-complex linear. With symmetry of I we get
iol'(i.,X) =iol(X,i.) = —I'(.,X), so that (VX)O’1 = 0X. Therefore,

(VX)O’1 =0,X.

Furthermore we remark that the Hermitian connection V is uniquely determined by this
equation, see [54, Remark C.1.2]. Consequently, Lyj = 2jd;X can be obtained with the
computations on [54, Theorem C.5.1] or [61, p. 631] as well.

Remark 6.4.4. We give an alternative argument for the fact that j is parallel, which we
used in Remark 6.4.3: For any non-vanishing tangent vectors v, w at any given point of S
consider a curve c tangent to v and extend w to a parallel vector field X along c. As X and
jX are orthogonal and as the length of jX is constant V being metric implies that V:(jX)
is perpendicular to the span of {X, jX}, and hence vanishes. Therefore, with the Leibnitz
rule and parallelity of X we get (V.j)X = 0. Consequently, Vj = 0.

Observe that the argument works for all metrics (and corresponding Levi-Civita

connections) for which j is orthogonal.

Remark 6.4.5. All elements of G; are isometries of g;. Indeed, by finiteness of G; one
finds for each ¢ € G; a natural number k such that ¥* = id. On the other hand ¢ pulls g

back to fg; for some positive function f on S by the description in Remark 6.4.3 and the
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fact that all positive area forms on a surface are positively proportional. Therefore, the

conformal factor of the pull-back of g; by ¢* becomes f*, which necessarily is 1. Hence,
f=1

Remark 6.4.6. Let (¢,, j,) be a smooth path in G x g through (¢, j,) = (¥, j) and denote
the velocity vector field by

d .
E(@n]t) = (Xt,yt) €Ty GxT;d .
The corresponding velocity vector field of ¢; j, equals
d, .. wfn: 3
a(@?]r) = ¢ (2Jtaj[Xt +yt) € Tyyj,d -
If € G; we obtain with (X, y) = (X,,y,) that
d s w5
Tl @) =y (2i8x +y) e 9.
which is equal to
2j0;(%*X) +9*y.
Indeed, this follows with Remark 6.4.2 or with Gauf3’s theorema egregium which gives

P*od ;= 0 joy* because all € G; are isometries of g;, see Remark 6.4.5. Consequently, the

corresponding infinitesimal action reads as
TyG X Qg’l — 931 (X,y) — 2j0;(*X) + ¢*y

for all y € G;. Observe that the infinitesimal action 2jd; @ 1 at (id, j) sends (p*X,9*y) €

Q0 x Q?’l to the same element in QS”

6.5 A Fredholm index

We compute the Fredholm index of the W!3-Sobolev completed Cauchy-Riemann operator

0::

;© W' > L? induced by the Cauchy-Riemann operator from Section 6.4.

Ignoring zeros for the moment, for each component C of S the Fredholm index is

given by the Riemann-Roch [54, Theorem C.1.10] applied to the j-complex 1-dimensional
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bundle pair (TC,TdC). Namely, the Fredholm index is the sum of the Euler characteristic
of C and the Maslov index of (TC, T4C). The Maslov index for C = D is 2 by normalisation;
for C = CP! twice the first Chern number, i.e. twice the Euler characteristic, which gives
4, see [54, Chapter C.3]. Hence, the Fredholm index is 3 restricted to the disc component
and 6 on the spheres.

Now we take the zeros into account. Component-wise, for each boundary zero we
have to subtract 1 from the computed Fredholm index; for each interior zero we subtract
2. Adding up, we obtain that ind d; equals

3—#{L,i,—1} - 2#((ID| U A) N D) +2 ) (3 - #((ID] U A) N C)),
C

where the sum is taken over all sphere components C of S. This gives
indd; = —2#|D| — 2#A + 6(#{C} — 1),

where #{C} = #D + 1 is the number of all components of S. Using #|D| = 2#D we finally

obtain

indd; = 2(#D — #A).

On the other hand, by a boundary version of the argument principle (see [3, Theorem
A.5.4]), the Maslov index of (TC,TdC) for each component C of S is the weighted sum
of the number of zeros counted multiplicities of a non-zero element in the kernel of
d;, where interior zeros are counted twice. As the corresponding Maslov index is 2 on
the disc component and 4 on the spheres, the kernel of J; is trivial due to the stability
condition that the number of special points on each component C of S is at least 3. This
argument uses elliptic regularity saying that the vector fields in kerd; are smooth, see
[54]. Therefore, one can show triviality of kerd i =T (see Remark 6.4.1) alternatively
using finiteness of 9; under the stability condition, see Remark 6.3.1.

Using elliptic regularity as in [54] we see that the Cauchy-Riemann operator d; : Q° —
Q?’l is injective. The image is closed and has codimension 2(#A4 — #D), cf. [43, Proposition
2.5].
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6.6 Interlude: Cayley transformation

We provide Q?’l with the norm |y|; given by the maximum of point-wise operator norms of
y w.r.t. the metric g;. Because y is self-adjoint w.r.t. g; the norm |y|; is equal to the maximum
of the square-root of the point-wise eigenvalues of the j-complex linear endomorphism
field yoy. In particular, the resolvent (1 — y)~! of y at 1 is defined provided |y|; < 1. We

obtain a homeomorphism
i Q?’l NB,0)— g, 0—>j,
defined on the open unit ball about zero via the conjugation
yr— Q=-»ja-»,
whose inverse is given by the
k— (k+ )7k =),

cf. [7, Proposition 1.1.6], [53, Proposition 2.6.4] or [61, p. 634]. Because ; acts by isometries
of g; (see Remark 6.4.5) the conjugation map i is §;-equivariant.

We claim that J is a submanifold of the space Q! of all endomorphism fields of the
tangent bundle of S and that i is a global chart. The case of almost complex structures
compatible with o essentially follows with the expositions in the above cited literature
[7,53, 61]. We will follow [31, Chapter 1.7.3] taking the modifications for the case of almost
complex structures only tamed by ¢ into account:

We call a not necessarily symmetric endomorphism field x € Q! positive and write
x > 0 provided that for all non-zero tangent vectors v € TS the quadratic form g;(v, xv) is
positive. As the kernel of a positive endomorphism field x € Q! is trivial we see that the
inverse x~! € Q! exists. Therefore, for positive x € Q! the endomorphism field 1 + x is
positive as well such that the inverse (1 + x)™! exists. In fact, the half space of all positive
endomorphism fields Q! n {x > 0} is an open cone in Q! closed under taking inverses. As
above we provide Q' with the norm |x|; given by the maximum of point-wise operator

norms of x € Q! w.r.t. the metric g;.
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The Cayley transform
CHX):=1—-x)A+x)t=:7

defines a map

Q' n{x > 0} — Q' n B, (0).

Indeed, setting v = (1 + x)"'w polarisation yields 4g;(v, xv) = |w|§ - |)7w|§, so that x is

positive if and only if |y|; < 1. We remark that there is an alternative formula
Cx)=1+x)"'1-x)

for the Cayley transform because 1 + x and 1 — x commute. Setting
eE) =Q-»a+»~!

we obtain a map

C: Q'nBy(0)— Q' Nn{x >0}

in the converse direction. Again, this uses polarisation and that |j|; < 1 implies triviality
of the kernel of 1 + y. Because the Cayley transform € is involutive the map ¢: Q' n{x >
0} —» Q! n B,(0) is a diffeomorphism.

Extending the conjugation map i: y ~— (1 —§)j(1 — y)! to the open set Q! n B;(0)
yields a smooth map Q! nB,(0) —» Q. Observe, that i(y) is a complex structure potentially
reversing orientation. Restricting i to the j-complex anti-linear part Q?’l of Q! we get

i(y) = jé(-y)forally € 93,1 N B,(0). This defines an injection
i = joCo(—1): Qj?’l NnB,(0) — Q.
In order to describe the image we observe that
Co(=1): Q?’l NB,(0) — Q' n{x >0} n{jx = x7j}

is a well defined homeomorphism with inverse (—1)oC. Additionally, the multiplication

map j: Q! - Qlisadiffeomorphism with inverse —j and restricts to the homeomorphism
j: Q'n{x>0n{jx=xtj}—7.
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Indeed, positivity of x is equivalent to the positivity of o;(v, jxv) for all v € TS. Moreover,
we find a smooth function f on the surface S such that the 2-forms o and o; satisfy o = fo;.
Because o(w, jw) = flw |§ is positive for all non-zero w € TS the function f must be positive.
Hence, positivity of x is equivalent to the positivity of o(v, jxv) for allv € TS, as o; and
o are positively proportional. It follows that the complex structure jx is tamed by o, i.e.

preserves the orientation of the Riemann surface (S, j). In total, the conjugation map
i=joCo(-1): QF' NB(0)—J

is a well defined homeomorphism. The inverse is k ~— —C(—jk) = (k + j)~'(k — j),
where equality follows with the above alternative commuted formula for the Cayley
transform. Furthermore i = joCo(—1) is the restriction of the diffeomorphism obtained
as the composite of Co(—1): Q' N B;(0) —» Q! n{x > 0} with j: Q! - Q! where defined. In
other words, the inverse (—1)oCo(—j) of joCo(—1) serves as a global submanifold chart of
J c Q! the model being 03,1 N B,(0) c Q.

In fact, 7 is a complex manifold: A complex structure on the vector space Q?’l is given

by y ~— jy. An almost complex structure on J is given by
i =>0-»ja-y
on the tangent space T,,J = Q?(;) forally e Q?’l N B;(0). Taking derivative of the equation
A=) =Q0Q-y)j
w.rt. y we get T,i(y)(1 — y) — t(y)y = —yj and, using —yj = jy, that
Tyi() = (j + i)y -y

for the linearisation of i at y € B;(0) for all tangent vectors y of B;(0) C Q‘J” Using

i(j + () = (j + i(y))j we obtain
i(y)oT,i = Tyioj .

In other words, the linearisation 7t is complex linear for all y € Q‘;’l N B,(0). Therefore,

i 93,1 N B,(0) — J is biholomorphism.
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Remark 6.6.1. With [5, Corollary 6.4] one finds a further action by conjugation via
y == e¥je” for ally € Q7' defining a §;-equivariant diffeomorphism Q%" — g: To see
this it is enough to argue fibre-wise. Identifying any given tangent space of S with R? we
claim that the space of all orientation preserving complex multiplications J on R? is the
homogeneous space PSL,(R)/ PSO,. Indeed, the group GI; (R) of orientation preserving
invertible linear maps on R? acts transitively on J by conjugation A ~— AiA~! and the
isotropy subgroup at i is isomorphic to Gl,(C), cf. [52, Proposition 2.48]. Normalising
via the determinant and dividing out +1 this action descents to a transitive and faithful
action of PSl,(R) with isotropy subgroup PSO,, as a conformal linear map that preserves
the area necessarily preserves the metric. In particular, we see that J is the hyperbolic

upper half-plane PSI,(R)/ PSO,, cf. [52, Exercise 4.17].

The Lie algebra of PSI,(R) decomposes as a vector space into the Lie algebra of PSO,
and the set Q?’l of all 2 x 2 matrices that anti-commute with i. Observe that the elements
of Q?’l are symmetric and trace-free. Therefore, the exponential map of the tangent space

of PSI,(R)/ PSO, at [1] can be written as
Q' — PSL(R)/PSO,, Y — [e¥].

This map is a diffeomorphism because any A € SI,(R) can be written uniquely as A = e5R
fory e Q?’l and R € SO, by the polar form theorem. Therefore, the composition with

[A] - AiA~

0,1 .
Q" — g, Y+—e¥ie ¥,
1

is the diffeomorphism we wanted.

We remark that the composition with [A] -— A - i, where A - i denotes the action of
PSL,(R) on the upper half-plane by Mobius transformations (which preserve the hyper-
bolic metric) is the exponential map Y ~— e - i of the hyperbolic upper half-plane at

i.
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6.7 The Kodaira differential

We continue the considerations from Section 6.5. For all j € J the operator jd; : Q° — Qg’l
is injective and
1 ._ 0,1 .3
H; := Q7 /Im(jo;)
has real dimension 2(#A — #D). Moreover, the operator jd; is §;-equivariant by Remark
6.4.2. Alternatively, argue with the theorema egregium and with Remark 6.4.5 as done in

Remark 6.4.6. Therefore, conjugation
P*y =Ty loyyoTy

by elements 3 € G; leaves Im(jd;) invariant, so that §; induces an action on HJ1 via
PrIyl = [*y].

Observe, that the complex structure y ~— jy on 03,1 introduced in Section 6.6 does
not descent to a complex structure on the quotient H}. The reason is that the subspace
Im(jd;) of Q?’l is not j-invariant as the operator jd;: Q° — Q?’l is not complex linear, see
Section 6.4.

Choose a §;-invariant complementary subspace E; C 93,1 of Im(jd;) so that the quotient

map y —— [y] of Q?’l onto Hj restricts to a §;-equivariant linear isomorphism E; — H;.

Example 6.7.1. A §;-invariant complementary subspace E; can be defined as the orthog-
onal complement of Im(jd;) w.r.t. to the L*-inner product on Qg’l induced by a §;-invariant
metric on S. Such a metric can be obtained via averaging any given metric over the
finite set G;- The obtained G j—invariant L*-inner product on 93,1 can be symmetrised as
in Remark 6.4.3 so that the action of j will be orthogonal in addition. Alternatively, a
natural choice for G;-invariant metric on S would be the following: The area form o;
and the metric g;, both being G;-invariant, together determine a Hodge star operator on
TS-valued differential forms on S, namely, via y ~— —yoj. Restricting to elements y € Q?’l

this yields y ~— jy so that we obtain a §;-invariant L?-inner product on 03,1 by
. 1 7
Y1.¥2)j = 5]3’1/\])’2'
s

Arnold Mathematical Journal, Vol.11(2), 2025 48


http://dx.doi.org/10.56994/ARMJ

Non-fillability of Overtwisted Contact Manifolds via Polyfolds

The wedge product of two TS-valued differential forms is defined component-wise w.r.t.
local g;-orthonormal frames. Using conformal coordinates one shows that the integrand
Y1 A jy, equals 2R(y;0y,) o;, where, point-wise, R(y;0y,) denotes the real part of the
complex eigenvalue of the j-complex linear map y;oy, € Q! between complex lines. This

shows j- and G;-invariance of the metric

Yrya); = f R(y1092) 0.
S

whose induced norm ||y||; is given by the square-root of the integral of the point-wise
eigenvalues of the j-complex linear endomorphism field yoy over S against o;. Neverthe-
less, the orthogonal complement E; of Im(jd;) in Q?’l of any j-invariant metric will not be
invariant under j as Im(jd;) is not invariant under j. In Section 6.9 we will construct a

complex linear complement E;.

Consider a so-called deformation of (S, j, D,{1,i,—1}, A), which is a map

defined on an open neighbourhood V; c E; of 0. If j is an embedding whose image (V)
is transverse to the orbits of G, then the deformation j is called effective, cf. the [67,
Definition 4.2.13] of a local slice through j. Transversality can be expressed via the
invertibility of the so-called Kodaira differential

A 0.1 1
[Tyil: Ej — Q) — Hj )

for all y € V;, which is the composition of the linearisation T,j with the quotient map
[.]. Furthermore we call the deformation j symmetric if V; is §;-invariant (e.g. taking
metric balls about 0 € E; w.r.t. to the L®-norm |. |; from the beginning of Section 6.6 or
the L2-norm ||.||; induced by (., .); from Example 6.7.1) and j is G;-equivariant. The latter

means that for all y € V; and ¢ € G; we have that %*(j(»)) = j(*y) so that

‘()b : (S’J(¢*y)’D’{171’_1}’A) - (S,J(y),D,{l,l,—l},A)
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is a holomorphic isomorphism. Finally, the deformation j is called complex provided
that the complementary subspace E; C Q‘;’l is invariant under j, i.e. is a complex linear
subspace, and that j is holomorphic in the sense that the differential Tj is complex linear,

i.e. j(y)oTyj=Tyjojforally € V; CE;.

Example 6.7.2. The Cayley transformation from Section 6.6 or the conjugation by the
exponential map studied in Remark 6.6.1 yield symmetric effective deformations j re-
stricting

y— A+ j»jl+jy)" or y~——eje
toV;=E;n 93,1 N B;(0) or to V; = E;, resp. Indeed, the differentials at 0 € V; in direction
of y € E; are given by y ~— 2y. For complex linear E; the corresponding deformation will

be complex.

Remark 6.7.3. The Kodaira differential is natural in the following sense: Consider
deformations j: V; o y ~— j(y) and £: V, 3 z ~ k(z) of (S,j,D,{1,i,—1},A) and
(S, k,D,{1,i,—1}, A), resp. Choose a linear isomorphism ¢ : E; — Ej, which we will write

as¢: y+r— z(y). Let y v ¢(y) be a smooth family of diffeomorphisms
()¢ (S,J0). D, {11, =1}, 4) — (S.k(z(). D, {11, -1}, A)
defined on V; n¢{~'(V}) and deforming the equivalence
¢ =9¢0): (S,j,D,{1,i,—1}, A) — (S,k,D,{1,i,—1},A).
Then the Kodaira differentials at 0 satisfy
[Tojl = ¢*o[Tot]o¢,

cf. [42, Proposition 1.6]. In particular, j is effective if and only if £ is.
Indeed, choose y € E; and write j, = j(ty), ¢, = ¢(ty), and £, = ¥({(ty)) for ¢ € (-1,1)
and take the Lie derivative of j, = ¢;f,;. By conformal invariance of the Cauchy-Riemann

operator ¢*okdy = jd;op* (see Remark 6.4.2) we obtain
Toi(y) = 2j8;(¢"X) + ¢*(Tot (¢ ) )
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similarly to Remark 6.4.6, where X is the velocity vector of the path ¢t ~— ¢, in G at 0.
As the restriction of ¢, to the special points in D u{1,i,—1} U A is constant by continuity
of t ~— ¢, we obtain that X € Q°. Hence, ¢*X € Q° and therefore 2jd;(¢*X) represents

the zero class. The claim follows now because ¢ defines a well-defined isomorphism

*

¢*: Hy — H; viag*[y] :=[¢"y],
@*y 1= Typ loy,oTy,
by the previous argument. Hence,

[Toi()] = ¢*| Tt ()]

forally € E;.

If both deformations j and £ are effective, then there is a tautological choice for an
isomorphism ¢ for the given diffeomorphism ¢, namely ¢ = [T£] 1o(¢p*)1o[T,i]. On the
other hand, in the situation of Example 6.7.1, where the local slices are constructed
via orthogonal complements, we get ¢*E; = E; because g; and ¢*g, are conformally

equivalent. This allows the choice (¢*)™!: E; — E; for { and yields

[Toi] = ¢*o[Totlo(e")" .

6.8 Orbifold structure - fixed stable nodal type

In the situation of Section 6.7 we assume for the moment that the isotropy group g;

is trivial. Invertibility of the Kodaira differential [T,

). With the arguments from [61, p. 634/5]

il implies that the linear subspace
0,1

i»
and [67, Theorem 4.2.14] we obtain that

T,i(E;) in Q' is complementary to Im (j)a i)

GxV;—3d, (p.»)— ¢*(i®),

is a diffeomorphism onto a neighbourhood of the G-orbit of j = id"(jj(0)) for a sufficiently
small open neighbourhood V; C E; of 0. In other words, the map (id, y) ~— j(y) induces a

homeomorphism

(id,y) — [S, i), D,{1,i,—1}, A] = [i()]
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defined on V; onto a neighbourhood of [S, j,D,{1,i,—1}, A] = [j] in R, = 7/§. The inverse
serves as a chart of a smooth manifold structure on .

For G; non-trivial we give an equivariant version of the above construction: As-
suming the situation of Section 6.7 we consider a symmetric effective deformation
i: (vV;,0) = (d,j), which we also denote by y ~— j(y). We would like to find a g-

equivariant diffeomorphism

Gxg,V;—3d,  (@.»)— ¢* (i),

onto a neighbourhood of the G-orbit of j = id"(j(0)), where GXg,V;jis the quotient of GxV;

by the action (¢,y) = (¥ ~'op,9*y), p € G;.
In order to do so we would like to find an isomorphism

¢: (S,j»),D,{1,i,—1}, A) — (S,k,D,{1,i,—1}, A)

for given k € 7 sufficiently close to j € 7 and for some y € V;. Holomorphicity of ¢
translates to ¢*k = j(y). In other words, (p,y,k) is a zero of the non-linear Cauchy-

Riemann operator
F(9,9,k) 1= 3(Tp + koTpoj()).
which is a section into the bundle € - Gx V; x g, whose fibre E.yk 18 the vector space of
sections of the bundle of complex anti-linear bundle homomorphisms from (TS, j(y)) to
(TS, k).
Setting F, := F(., ., k) we will write the solutions (¢, y) of F;(¢,y) = 0 as a function of

k via the implicit function theorem. The linearisation
TaanF; : QX E; — Q(;’l
of (¢,y) = Fj(p,y) at (id, 0) equals
(X,9) — ;X + 5 - (To}) ().
With Sections 6.5 and 6.7 the operator
=2j-TaanF; = —Zjéj @ Toi
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is an isomorphism.

The implicit function theorem combined with an intermediate Sobolev completion
and a subsequent elliptic regularity argument as in [61, p. 634/5] or in [67, Theorem 4.2.14]
implies: There exists an open neighbourhood X c 7 of j, a possibly smaller §;-invariant
open neighbourhood V; C E; of 0, an open neighbourhood 7 C G of id such that the sets

P*J are pair-wise disjoint for all ) € G;, and a unique map
®: (X,j)— (IH X V;, (id, 0))

such that

Filp,y) =0 < (p,y) =d(k),

whenever (¢,y,k) € H x V; x K. Notice, that uniqueness implies ®(j(») = (id, y) for all
yYev;
For all ) € ; define a map

y: (5, 5) — (977 x V;,(,0))

setting
Dy (k) :=9*(@(k)).

Observe that @, (j(y)) = (»,%*y) for ally € V;. Moreover, by symmetry of the deformation
j, which reads as y*oj = joy* for all € G;, we get p*oF; = Fyo9*, and hence Fy(®y(k)) =0
forallkegandyp € G . In other words, forally € G j there exists a unique map D, with

the above properties such that

Fi(p,y) =0 < (p,y) = dyk),

whenever (¢, y,k) € p*H X VixX.

We get the following global uniqueness statement: There exists potentially smaller
neighbourhoods V; and X such that for all solutions (¢,y,k) € Gx V; x X of F(p,y,k) =0
there exists a unique ¥ € §; such that ¢ € ¥*7 and (¢,y) = ®y(k). This follows arguing by

contradiction with properness of the action Gx 7 — 4, (¢, j) —— ¢*j, see Remark 6.3.2.
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Based on the current results of the implicit function theorem an orbifold chart
about j € J can be obtained as follows: Let U; be the image of X under the projection

[.]: 9> R. =3/ ie.

so that, in particular, U; is open according to the quotient topology described in Remark
6.3.2. With help of ® we find ¢ € 7 and y € V; for each given k € X such that p*k = j(y).
Hence, [k] = [j(y)], so that ¥; is the set of all isomorphism classes [S, j(y),D,{1,i,—1}, A] =
[i] withy e v;.

The isotropy group G; acts linearly on V; by conjugation. In view of the metric obtained
by restriction of the metric described in Example 6.7.1 this action is orthogonal. Hence,

the action is effective, i.e. only for id € G; all points of V; are fixed points. The map
pj: V;/9— U, [y] — [JO)]

is well-defined by symmetry of the deformation j; p; is continuous because the defor-
mation j is and the respective quotient maps are open and continuous as explained in
Remark 6.3.2.
We claim that
U —V;/G;,  [kl—[@*(K)],

is the inverse map of p;, where ®%(k) denotes the second component of ®(k). First of all
the map is well-defined by the following compatibility condition for uniformisers:

Write [j(y,)] = [k] = [j(y2)] for y;,y, € V; and choose an isomorphism

¢ . (S’j(yl)aD’{l’i’_l}’A) - (S,j(yz),D,{l,i, _l}aA) ’

whose existence is guaranteed by the definition of the equivalence relation. We claim
that

p€9; and y; =¢%y,.
Indeed, we get F(¢,y,j(y,)) = 0, so that we find a unique ¢ € §; such that ¢ € p*#
and (¢,y;) = ®4(j(y,)) by the above global uniqueness statement. Because of ®,(j(y,)) =
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(,¥*y,) we obtain ¢ =3 € G; and y, = *y,. Being well-defined follows now with the
equation ®(j(y)) = (id,y) for y € {y,, y,}. Similarly, in order to verify the two-sided inverse
property we obtain

] — 0] — [22()] = ¥

and, writing ¢p*k = j(y) fory e v;,

[k] — [@*()] = [y] — [i()] = [k].

Therefore, the assignment [k] ~— [®2(k)] is the inverse map pJTl . U; — V;/G;. The
inverse pjfl is continuous as well. This follows because k —— ®2(k) is is continuous and
the involved quotient maps are open and continuous, cf. Remark 6.3.2. Consequently, the
Gj-invariant map
lil: V; — U;

induces a homeomorphism p; form v;/§; onto ;. In other words, (V;, §;, p}?l) is an orb-
ifold chart for %, about [j] = [S, j,D,{1,i,—1}, A] and (E;, §;,V;, U;,[]) is a -uniformiser
by definition.

Remark 6.8.1. By the above implicit function theorem we find k-holomorphic maps ¢ € §
defined on (S, j(y)), where k € X and y € V, so that (¢, y) is a solution of F, = 0. By global
uniqueness and a potential precomposition with the inverse of an element in G; making
use of the symmetry property of j we can assume that ¢ € H and write ®(k) = (¢,y). By
local uniqueness and G;-invariance of the solution set we obtain that {F; = 0} is equal to
the set of all (y*,%*y), % € G;. Hence, for y = ®*(k) the solution set {F(.,y) = 0} is given
by{*p|lp € G b where Giy denotes the stabiliser at y € V; of the induced action by 9;

on E;. For that we will also write

Gjy = (9]|Ej)y

Notice that G;, = G;.
For all ) € G, we have that F,($op,y) = THhoF,(p,), so that the set {hop |3 € G} is

contained in {$*¢ | € G, ,}. For the converse observe that gpopop™,¢ € G;,,is an element
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of G, and (poop~t)op = h*p. Therefore, we obtain two descriptions
{oe | P e G)=fre v ey}

for the solution set {F,(.,y) = 0} and
Gjy— Gk, Y+ pohop™!

is an isomorphism of isotropy groups with inverse i) ~— ¢p~logog.

In order to describe the transformation behaviour of orbifold charts we con-
sider symmetric effective deformations j: V; 3 y +— j(y) and £: Vi 3 z +— k(2)
of (S,j,D,{1,i,—1}, A) and (S, k,D,{1,i,—1}, A), resp. About the respective r-uniformiser
(E;,G;,V;, U, [1]) and (Ey, Gk, Vi, Uy, [£]) we assume that U; n U, = ¢. Hence, we findp € §
such that ¢*k = j.

We claim that we can assume that j = j(0) = k(0) = k. Indeed, define a deformation
¥: Vi 3zr-k(2),

K'(2) = ¢*(k((p™1)72)),

of (S,j,D,{l,i, -1}, A), whose domain is the subset vV}, := ¢*V, of the complementary
space E, := ¢*E;. For the latter use that g, and ¢*g, are conformally equivalent. By the

naturality of the Kodaira differential we have
[To¥'] = ¢*o[Totlo(p~h)*,

so that ¥’ is effective, see Remark 6.7.3. In view of Remark 6.8.1 the deformation ¢’
is symmetric because for all ) € G, for which we have yp*of = toy*, it follows that
(¢ opop) ot = t'o(p  opop) .

Therefore, we consider deformations j and ¥ such that j = j(0) = k(0) = k. In view of
the implicit function theorem above there exists a k(z)-holomorphic map ¢(z) € G close to
id € G; defined on (S, j(y(z))) via the locally unique smooth map ®(k(z)) = (¢(z), y(z)) such
that ®(j) = (id, 0). Switching the roles results into a j(y)-holomorphic map ¢(y) € G close
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to id € G; defined on (S, k(z(y))) via the locally unique smooth map ®(j(»)) = (¢(»),z(»))

such that ®(j) = (id, 0). Comparing both solutions using uniqueness yields

2(3(2) = (p(2))

as well as z = z(y(z)) and y = y(z(y)). Therefore, after shrinking the domains according

to the implicit function theorem if necessary, which results into U; = U, we obtain maps
Vi— Vi, yr—z(y) and Vi—V;, z+—y(2),

which are smooth and inverse to each other such that [£]o(y ~— z(y)) = ¢(»)*[j]. This
results into a coordinate change of an orbifold structure because the construction is done
inag j—equivariant fashion: For that use Remark 6.8.1 and observe that the solution set

{Frz)(.,y) = 0}is given by
[oe(@) | $ € G} = W72 | $ € G}
As for manifolds we obtain:

Proposition 6.8.2. The above constructed orbifold charts provide the nodal Riemann moduli
space R, for the stable nodal type t with the structure of an orbifold of real dimension

2(#A — #D), whose isotropy groups at [j] € R, are given by G; up to conjugation.

Referring to the current situation we define

Tj,k = {(gp,y,z) | Fk(z)(¢ay) = 0} Ccgx Vj ka

provided with the subspace topology and call the projection s: T;; — V; onto V; the
source map; the the projection ¢: T;; — V, onto V; the target map. These maps come
with inverses y —— (¢~ (), y,z(»)) and z ~— (¢(z), y(z), z), resp., where ¢(y(z)) = (qo(z))_1
as above. Hence, s and ¢t are homeomorphisms providing T;;, with the structure of a
smooth manifold of dimension 2(#A — #D), and tos~! and sot~! correspond to the above
transition maps y ~— z(y) and z ~— y(z), resp. By the properness argument in Remark

6.3.2themapsxt: T;, — V; XV is proper.
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In other words, we obtain an étale proper Lie groupoid (R,, R,), which means the
following: Take a sequence of r-uniformisers (E 2G5,V Uj, [1,]) such that Uv U;, covers

R.. The objects are given by
R :=||v;,
4
and the morphisms are
RT = |_|Tju,j# .

Vol
Morphisms can be composed whenever the corresponding target and source coincide.
The resulting composition is smooth, has a unit and each morphism admits a smooth

inverse. Furthermore all mentioned structure maps are smooth. The nodal Riemann

moduli space R, for the stable nodal type r appears now as orbit space
R, = RT/N >

where two objects between which there exists a morphism are considered to be equiva-

lent.

6.9 Skyscraper deformation

A symmetric effective deformation j is called a skyscraper deformation if there exists a
G;-invariant neighbourhood U c S of 45 together with the special points |[D| U{1,i,—1}U A
on which the deformation is stationary, i.e. if j(y) = j restricted to U for ally € V;. In
view of the examples of symmetric effective deformations in Section 6.6 and Remark
6.6.1 skyscraper deformations can be obtained by restriction of symmetric effective
deformations to a complementary §;-invariant vector space E; of Im(jd;) whose elements
vanish on U.

In order to construct such a vector space E; we denote by X the space of all smooth
vector fields on S that are tangent to the boundary along 4S and admit 3 zeros on each
connected component of S equal to special points in |D| U{1,i,—1} U A; on the disc com-
ponent the zeros are required to be 1,i, —1. The operator jd; restricted to X induces an

isomorphism X — Q.
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We begin with the un-isotropic situation §; = {id}. In order to construct a complement
of Q% in X we write z; for the elements of |[D| U A and choose local holomorphic charts
(C,i) for (S, j) about the special points z,. We require that the chart domains are mutually
disjoint and contained in S \ 4S. Let f, be smooth cut off functions on S that have their
supports in the interior of r-disc neighbourhoods about z; w.r.t. g; contained in the chosen
chart domains; the f, are required to by constantly 1 on the r/2-disc neighbourhoods
about z,. Given X € X we define vector fields X, on S. We require that the X, are given
by X(z,)f, in the chosen charts extended by zero to S. Observe that the X, vanish for
special points that correspond to the zeros defining . Moreover, the X, are holomorphic
on the r/2-discs.

Let P: X — X be the projector, i.e. P> = P, given by

PX) :=X - ) Xi.
k

Observe that P restricts to the identity on P(X) = Q°. The desired complement of Q° in
X is (1 — P)(X) as 1 — P is a projector as well. The elements of jd;(1 — P)(X) vanish on a
neighbourhood of all special points |[D| U {1,i,—1} U A and of 3S. Moreover, the dimension
of (1 — P)(X) equals

2(#A — #D)

by the result of the computation of Section 6.5 multiplied by —1.

Finally we setE; := jo (1= P)(X). The elements of E; vanish on a neighbourhood of
the union of the special points |D| u{1,i,—1} U A and of the boundary 4S. Furthermore
the isomorphism jd;: X — Q?’l sends the splitting (1 — P)(X) @ Q° of XX to the splitting
E; ® Im(jd;) of Q?l

We treat the case of a non-vanishing isotropy group §;, which acts by permutations
on {z;} = |D| U A. It suffices to change the above projector P by replacing the vector fields
Xy by G;-invariant vector fields X,. For that denote by B,(z,), r > 0, the interior of the
above r-discs. Observe that the disjoint union of the B,(z;) is G j—invariant as g; acts by

isometries on (S, g;).
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For each z;, we assign a partner point wy € B, ,(zx) \ {z;} requiring that the ¢ (wy) are
pair-wise distinct for all € G ; and all k. Notice, that the distance between z; and its
partner wy is §;-invariant for all k. We choose ¢ > 0 such that B.(wy) C B, »(zx) \ {zi} for
all k. Furthermore, we reqiure that the ¢(B.(wy)) are pair-wise disjoint for all ) € ; and
for all k. Modify the cut off functions f, so that f, has support in

B,(z)) \ || #Bpw)

t#k and ypeg;

and is equal to 1 on

B, /a(zi) \ || #Bw).

¢#k and ypeg;
In particular, for all k, we get fy(wy) =1 and f(¥(w,)) =0 for all £ # k and ¢ € G;. With
the cut off functions f, modified we define X, for given X € X as in the un-isotropic case.
We define the symmetrisations via

Xk = Z Ip*Xk

YeG;

We have ¢*X, = X, for all ¢ € G; and for all k because §; acts on itself via composition
permuting §;. The X, that are assigned to the zeros z; of X vanish; the remaining X, span

a 2(#A — #D)-dimensional vector space because
Xi(we) = X¢(wy)

for all k,¢. A basis can be obtained by taking X € X with X(z,) non-zero, so that the

corresponding partners X, (wy) do not vanish.

Remark 6.9.1. Observe that the elements of (1 — P)(X), which are linear combinations of
the vector fields X, constructed above, are vector fields on S that vanish on the boundary
dS. Therefore, the complex structure j on S preserves (1 — P)(X) and defines a complex
structure on E; = 0 i(1=P)(X) as 0 ; commutes with j, so that E; is a complex vector space
of complex dimension #A — #D. Consequently taking the complex deformations form

Example 6.7.2 w.r.t. E; yields holomorphic skyscraper deformations.
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Remark 6.9.2. In the above construction the radii r, of the discs

Drk/z(zk) ‘= Brk/Z(Zk)

are necessarily constant on the orbits of the G;-action on the points z, € |D| U A because
G; acts on the discs D, /,(z;) by isometries of (S, g;); but the radii are allowed to vary on
distinct orbits G;z,. For a selection of orbit-wise constant radii r, denoted by r and the
disjoint union

D, = |_| Dy, /2(zy)

z€|D|UA

a skyscraper deformation j that is stationary on D;, can be constructed by the above
arguments. Given a neighbourhood U of |D| U A one can choose r so small such that
D;, C U. This yields an example of a small disc structure D;, which by definition is a
G;-invariant disjoint union of discs D, z € |D| U A4, contained in a given neighbourhood of
|ID| U A such that z € D, for all z € |D| U A. Furthermore the D, are the image of a smooth
embedding of the closed unit disc D into S. Observe that a k-holomorphic map ¢ € §
defined on (S, j) sends D; . diffeomorphically onto a small disc structure D, on which the
p-push-forward skyscraper deformation f of j is stationary.

Using small disc structures D; orbifold charts (V;,G;, pJTl) and r-uniformiser
(E;,G;,V;, U, [4]) for ®, about [j] =[S, j,D,{1,i,—1}, A] can be constructed as in Section 6.8
using skyscraper deformations j that are stationary on D; exclusively. The transformation
behaviour encoded in the T; is compatible with skyscraper deformations which are
stationary on disc structures. Correspondingly, a neighbourhood base of the topology on
R. = J/G described in Remark 6.3.2 can be given by the family of subsets whose elements
[k] can be represented by complex structures k that belong to an open subset of g and
that satisfy k = j restricted to some small disc structure D;. This follows with the implicit

function theorem formulated in Section 6.8.

Remark 6.9.3. In view of the proceeding Remarks 6.9.1 and 6.9.2 the orbifold structure on
R. ensured in Proposition 6.8.2 and the subsequently described étale proper Lie groupoid

structure admit subatlases generated by complex skyscraper deformations, so that the
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respective substructures are complex. For that one needs to verify that the transition
maps tos~! and sot~! are holomorphic. In terms of complex skyscraper deformations
j: Vioyr—o j»andt: Vi 3z~ k(z) of (S,j,D,{1,i,—1}, A) and (S,k,D,{1,i,-1}, A),
resp., such that there exists ¢ € G with ¢*k = j the transition maps are given by y —— z(y)
and z ~— y(z), resp. With the description before Proposition 6.8.2 we get [£]o(y ~—
z(y)) = ¢(»)*[jl and [jlo(z +— y(2)) = @(z)*[t] for smooth maps V; — G, z —— ¢(z), and
Vi = G,y > @), with ¢(0) = ¢ and ¢(0) = ¢~'. By symmetry it will be sufficient
to verify holomorphicity in the first situation: Taking the derivative w.rt. y € V; in

k(z(y)) = $(»)*j(v) we obtain
T toTy2() = 2k(2(9)) - Siiaiyy (S (Ty9(3)) ) + B0 (T,i(3))

as in Remark 6.7.3. Replacing y by jy and composing with —k(z(y)) from the left yields
—T () E0koTy2(j9) = 2 Sucayyy (S0 (Ty 8 (i) ) + 6O (T,i(3)) .

The second summand on the right stays the same because k(z(y)) = ¢(»)*j(y) and i(y)oTyj =
Tyjoj by complexitiy, see Remark 6.9.1. Similarly, to deal with the left hand side use

£(z)oT,t = T,fok. On the right hand side, the first summend is an element in

Im (k(z(y)) : 5k<z<y)>)

because jy vanishes along the boundary 35, so that the vector field ¢(y)*(T,¢(jy)) vanishes
along 4S as well, and because on boundary vanishing vector fields on (S, 3S) the Cauchy-
Riemann operator is complex linear, cf. Section 6.4. Effectivity of f yields the algebraic
splitting
Qifzm) = T,»E(Er) © Im (k(z(y)) : ak(z(y))) :
Modding out the contributions to the second summand the above two equations compare
to
Tz(y)foTyz(y) = —Tz(y)fokoTyz(jy) .

AsT

2(»¥ 18 injective this yields

T,2(9) = —koT,z(jy).
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i.e. koTyz = T,zoj meaning that y ~— z(y) is holomorphic.

Consequently, we obtain a complex version of Proposition 6.8.2, so that, in particular,

R, is orientable.

Proposition 6.9.4. The nodal Riemann moduli space R, admits the structure of a complex

orbifold of complex dimension #A — #D.

Remark 6.9.5. In order to derive Proposition 6.9.4 we fixed in Section 6.3 the combinato-
rial data (S, D, {my, m;, m,}, A) to represent stable nodal marked discs [S, j, D, {ny, m;, m,}, A|
and used deformations of j. A direct way to obtain a complex orbifold structure would
be to change the roles. Apply uniformisation as in Remark 6.3.1 in order to represent the
classes [S, j, D, {my, m;, m,}, A] by nodal discs whose disc component equals (D, 1,{1,i, —1})
and whose sphere components are given by (CP!,i). The complex orbifold structure can
be read off from variations of the configurations of the nodal points D and the marked

points A as such, resp.

6.10 Varying the stable nodal type via desingularisation

For a complex number a of modulus |a| < 1 we consider the intersection of the planar
algebraic curve {zw = a} c C x C with the polydisc D x D. For a = 0 this curve is the
union of the discs {z = 0} = {0} x D and {w = 0} = D x {0} that intersect in the singularity
of the curve. For a # 0 the equation zw = a can be solved by w = a/z so that we obtain
a cylinder that has no singularities: The restriction of the projection (z, w) ~— z to the
curve {zw = a} yields a biholomorphism onto the annulus {|a| < |z| < 1} in the first
coordinate plane. Interchanging z and w yields a biholomorphism onto {|a| < |w| < 1}.
Both biholomorphisms constitute holomorphic charts of {zw = a}. The transition map

from the first annulus to the second is

Arnold Mathematical Journal, Vol.11(2), 2025 63


http://dx.doi.org/10.56994/ARMJ

Wolfgang Schmaltz, Stefan Suhr, and Kai Zehmisch

Taking positive and negative holomorphic polar coordinates (z,w) ~— —Inz and

(z,w) -— Inw, resp., i.e. writing
z = e~(s+iD) and w = etV
the transition map gets
[0,—1n|a|] x S — [In|al,0] x S, (s,t) —> (s +1In|al,t + arga),

where S = dD. For the complex logarithm we use the main branch.
Observe that rotations z —— e %z and w ~— e!°-w for 8,,6_ € S! of the coordinate

planes, which correspond to
(s,8) — (s,t +06,) and (s,8) — (s,t +06_)

w.r.t. positive and negative holomorphic polar coordinates, resp., result into a change of
the defining equation to

zw = e~ 10+=0)g

as the pull back along (z,w) —— (e7 %z, e w) yields zw = a. The coresponding transition
map is

(s,t) —> (s +1Inal,t +arga — (6, —e_)).

A switch of the coordinates (z,w) -— (w, z) does not effect the proceeding consideration.

Given [S, j,D,{1,i,—1}, A] € R, we describe a similar desingularisation about a nodal
pair {z,, w,} € D in terms of parametrised connected sum. Choose a small disc structure
D; on (S, j,D,{1,i,—1}, A). Denote the corresponding discs about the nodal points z,, w, €
|D| by D,, and D,,, resp., and choose boundary points z; € dD,, and w, € dD,,. We call
the pair {z;, ws} a decoration of the nodal pair {z,, wy}. By [54, Theorem C.5.1] there exists
unique biholomorphic identifications of ((D,,, zy, 25), j) and ((Dy,,, wo, w;), j), resp., with
(D,0,1),i).

For given gluing parameter a € D, a # 0, replace —In |a| by the modulus
R=el/ldl _¢
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in the discussion about the planar algebraic curve {zw = a}. Identify the first annulus
{e R < |z| < 1} with the second {e~® < |w| < 1} via the transition map

e—R+i arg(a)
Zhr— —

>

z

which w.r.t. positive and negative holomorphic polar coordinates reads as
[0,R] x S' — [-R,0] x S*, (s,t) — (s —R,t +arga).

We obtain a surface S, from S\ (Int(D, ) U Int(D,, )) by gluing the finite cylinder Z, :=
[0,R] x St, which is identified with [—R,0] x S! via the above transition map, along the
respective boundary circles via the restrictions of the biholomorphic identifications of
D, and D, , resp, with D.

The construction of the surface S, defines a complex structure j, that coincides with j
on S\ (Int(D, ) uInt(D,,)) and with i on the cylinder Z, of modulus R. This results into an
element [Sa, JasDg»{1,1, -1}, A] of R, with stable nodal type 7/, which necessarily differs

from 7. The respective special points are given by

Da = D\{{meo}},

{1,i,—1}, and A under the inclusion of $ \ (Int(D,,) U Int(D,, )) into S,.

A change of biholomorphic identifications of D, and D,,, with D is given by a rotation
of the boundary points z; and wy, resp., which in coordinates reads as z ~— e~%+z and
w ~— e w, say. Gluing with the rotated identifications yields a biholomorphic copy

(Sp» jp» Dp»{1,i,—1}, A) of (S, ju» D, {1,1,—1}, A), Where

b= emiC+=8)g

To obtain a biholomorphic map take the identity map on S\ (Int(D, ) U Int(D,, )) and the

rotated transition map Z, — Z, given by
(s,t) —> (s—R,t +arga — (6, — 6_))
on Z,.
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Such rotations naturally appear when a automorphism ¥ € G; for which the nodal
points z, and w, are fixed-points, i.e. ¢(z,) = z, and p(w,) = w,, acts on S. Indeed, ¢
preserves the complement of D, u D,, in S and induces rotations on D, U D, . The
rotations are measured by the change of decorations from {z;, w5} to 9 ({z5, ws}) in terms

of angles —6, and 6_, say. Therefore, we get a holomorphic diffeomorphism
(Sas jas Da> 11,1, =1}, A) —> (S, ji» Dy {1,1,~1}, A)

as above which this time coincides with ¢ on S \ (Int(D, ) U Int(D,,)).
We denote by
|DD

the set of all maps from the set of nodal points D to the set D of complex numbers of
modulus less than or equal to 1. Choose a small disc structure D; on (S, j,D,{1,i,—1},A)
together with a decoration for each disc in D;. The choice of decorations determine
holomorphic diffeomorphisms of all discs of the disc structure with D such that the nodal
point is mapped to 0 € D and the decoration to 1 € D. Given a € D” we perform the
described parametrised connected sum about each nodal pair {z, w} € D with gluing

parameter
Ay i=a({z,w}).

This is done by replacing the node {z, w} with the cylinder Zflf’“’}

;- In the case of a vanishing

gluing parameter ay, ,, formally
z¥ :=Dp,uD,

is given by the disjoint union of half-infinite cylinders [0, c0)xS! and (-0, 0]xS! of infinite
modulus after removing the nodal points z and w. In other words, if a;, ,;, = 0 we do
nothing and keep the nodal pair {z,w} € D,, so that D, arises from D by removing all

nodal pairs {z, w} with aj, ,,; # 0. The resulting surface is denoted by

(Sa’ ja’ Da’ {1: i, _1}, A) .
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Starting off with a skyscraper deformation V; 5 y ~— j(y) and a small disc structure of

sufficiently small discs we will get

(Sa’j(y)a’Da’{l’ia _1}’A)

by the same construction.

In order to describe the effect of the G;-action of (S,j,D,{1,i,—1}, A) on the desingu-
larisation we denote by x,,, {z,w} € D, the complex anti-linear map T,,S — T,S that
conjugated with the linearisations of the biholomorphic identifications of the discs D,,
and D, with D is equal to the complex conjugation map x+iy ~— x—iy on C. Interchanging
the role of z and w replaces «,,, by its inverse x, , = (x,,,)~'. We call x, ,, a compatible

nodal identifier. Given ¢y € G I and {z, w} € D we define the phase function
G){z,w}(z;b) . TZS — TZS

by
G){z,w}(z)b) = Kz,onlp(w)(z)b)_lOsz(w),i,b(z)oTzz)b .

Taking positive and negative holomorphic polar coordinates about z and w, resp., so that

¥ acts in coordinates by multiplication with e=®+ and e'°-, resp., we get
(Og.@)) (V) = e+ =0y
for all v € T,S, which we simply declare to a multiplication operator
O () = e71=9)
This shows independence of the phase function
©: DxG;—S',  ({z,why) — Oy u®),

of the chosen ordering of {z, w} in the definition of 0, ,,(%) and of the chosen parity of
the holomorphic polar coordinates about 1(z) and ¥(w). This results in a G;-action on DP
defined by ¢.a = bvia

by pwy *= Opw(¥®) - gz u
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for all {z, w} € D. Consequently, for any skyscraper deformation V; 3 y ~— j(y), a small

disc structure of sufficiently small discs, and ¢ € G ; we get an isomorphism

'(/)a . (Sa’j(zp*y)a’Das{]-’ ia _1}’ A) - (Sll)*a’j(y)yb*a’Dlp*a’{lsis _1}3 A)

by the gluing construction and symmetry of y ~— j(y).

6.11 Topology and orbifold structure - variable stable nodal type

A neighbourhood base of a second countable paracompact Hausdorff topology on Ry,

N >0, is given by the family of subsets of Ry, whose elements are of the form
[Sa’ ka, Da; {1, i, _1}, A]

with N = #A, which are obtained from a nodal disc (S, k,D,{1,i,—-1}, A) by the parametrised
connected sum construction with given decorated small disc structure D;, with gluing
parameter a € D with |a| < ¢ for some ¢ € (0,1), with complex structures k that belong
to an open neighbourhood of j in g such that k = j restricted to D It This follows as in [43,
Proposition 2.4] and [42, Theorem 2.15 and Theorem 5.13] because no extra argument
for boundary un-noded nodal discs is needed caused by absence of boundary nodes. The
Hausdorff property follows with Gromov compactness for stable holomorphic discs, see
[25].

The induced topology on R, in Ry agrees with the one on R, previously defined in
Remark 6.3.2. The induced notion of convergence of sequences in Ry coincides with
Gromov convergence as described in [1, Chapter 1], [66, Appendix B] or in [15, Section
4], [46, Chapter IV] after Schwartz reflection along the boundary of the nodal discs for
example.

In order to obtain an orbifold structure on Ry we consider desingularisations
(Sarj()a: Da,{1,1, -1}, A4)
of (S,j,D,{1,i,—1}, A) as described in Section 6.10. For a, € D consider the set D \ D, of
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all nodal pairs {z, w} € D on which the map a, is non-zero. Define a deformation
fag 0 Vg XDPVP0 — g o (1,0) > J(agen

of

(Sao’j(y)aO:DaOa{l,i, _1};A)

by setting a = a;, + b. For small deformation parameter b the deformed family of surfaces

equals
(Sa0+b’ JPagtbs Dagips {1,1, -1}, A) :
The nodal discs family is isomorphic to
(Sao’ J/(y)lb Dao’ {1’ i, _1}9 A)
with corresponding deformation
iyt Vi, X DP\Pa — Isyr D) j' e

via an isomorphism that is the identification map on the complement of the respective
small disc structure, so that the deformation is given by rotations and stretchings of the
cylindrical neck regions that correspond to the nodes, on which a, not vanishes. The

partial Kodaira differential of j{) at (y,0) is
[Tyl E; x CP\Pay — %, !
G0 lpl - Fia, j( j

Yag Jay

Similarly to [43, Theorem 2.13] one constructs uniformisers of an orbifold structure
on Ry as the above desingularisations stay away from the boundary of the nodal discs in

Ry. For given [S, j,D,{1,i,—1}, A] € Ry such a uniformiser is a deformation
V3 (y,a) — (Sa, j()a» Da. {1,i, —1}, A)
of (S, j,D,{1,i,—1}, A) for an open subset V of V; x DP such that the following holds:

* The union of all equivalence classes [Sa, JO)a»>Da,{1,1, -1}, A] over all (y,a) € Visan

open subset of Ry.
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» The map V — U that assigns to (y,a) the class [S,, j()a, Da,{1,1, —1}, A| descends to a

homeomorphism V/g; — U.

* An isomorphism between the classes belonging to (y,a), (z,b) € V is given by 3, for

l)b € 9] and (Z’b) = (zp*y’ sza)

 For all points in V the partial Kodaira differential is an isomorphism.
Compatibility of uniformisers is expressed via the sets
T :={(p, (0, 2), 2, B)} € X (V; x D) x (V}, X DP)
corresponding to all isomorphisms

@ (SasJ0)as Das 1,1, =1}, A4) — (Sp, k(@) Dy 11,1, ~13,4),

which are smooth manifolds of dimension 2#A, so that Ry supports an étale proper Lie
groupoid structure as formulated after Proposition 6.8.2. This follows with the (anti-
)gluing construction ([43, Section 2.4]) for the non-linear Cauchy-Riemann operator
along the nodes (which take place away from the boundary) known from Floer theory,
cf. [43, Theorem 2.16] and [42, Theorem 2.24]. Similarly, the universal property of the
construction stated in [43, Theorem 2.16] translates into the present situation. The in-
volved variation of marked points can be treaded as in [42, Remark 3.17]. Finally, using
convex interpolation between the exponential gluing profile e!/” — e we used in the gluing
construction and the logarithmic gluing profile — Inr that appeared in the desingularisa-
tion of the complex algebraic curve at the beginning of Section 6.10 naturally yields an
orientation on Ry that extends the complex orientation on R, given in Proposition 6.9.4,

see [42, Section 2.3.2].

Theorem 6.11.1. The nodal Riemann moduli space Ry of stable nodal boundary un-noded
discs with N = #A interior marked points admits a naturally oriented orbifold structure of

dimension 2#A.
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7 Polyfold perturbations

We prove Theorem 5.1.2 under assumption (ii). For that we place ourselves into the
situation of Section 5.3 and follow the line of reasoning of the proof of Theorem 5.1.2
part (i). As we will not assume semi-positivity this time regularity of relevant moduli
spaces can only be achieved for simple nodal holomorphic discs via perturbing the almost
complex structure, cf. Section 5.3. For non-simple nodal holomorphic discs we will use

additional abstract polyfold perturbations as introduced in [43].

7.1 Boundary un-noded stable disc maps

We consider the tame almost complex manifold (W, Q,J) defined in Section 5.2. For
boundary un-noded nodal discs (S, j, D) as introduced in Section 6.1 we consider smooth
maps

u: (S,08) — (W,N*)

that descend to continuous maps on S/D. If D is empty we call u un-noded. If in addition
Tuoj = J(u)oTu we call u a nodal holomorphic disc map. Observe that we do not need
to consider nodal points on the boundary due to the Gromov compactification described
in Remark 4.4.1.

More generally, we consider continuous maps u: (S,3S) — (W,N*) defined on a
marked boundary un-noded nodal disc (S, j, D, {my, m;,m,}) (see Section 6.1) such that
u descends to a continuous map on the quotient S/D and such that u(IntS) c IntW.

Moreover, we require that u is contained in the Sobolev space of square integrable maps
H3,0'(S’j) = H3’U(SsjsD’{m0’ my, mZ})

following [43, Definition 1.1]: We require that u is of class u € H130c

(S\ |D|) and that w.r.t.
positive holomorphic polar coordinates [0, o) x S?, S! = R/27Z, about the nodal points
|D| (see Section 6.10) the map u is of weighted Sobolev class H>?. The weights are given

by €%, s € [0, ), for some o € (0,1). In other words, u is contained in H*° precisely if
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all weak derivatives D%u, |a| < 3, of u on [0, 0) X S! exist and all D%u - e, |«| < 3, are
square integrable on [0, c0) x S'. The latter is equivalent to ue’ € H? on [0, ) x S'. In
particular, by Sobolev embedding, u is C! (up to the boundary 4S) restricted to S\ |D|. But
in general u is not differentiable at the nodal points |D| on S. Consider for example the
continuous function u(z) = |z| HTU in holomorphic coordinates z € C, which w.r.t. positive

1+o0

holomorphic polar coordinates reads as (s,t) —— e~ 2 °

The space H>(S, j) is well defined, i.e. invariant under coordinate changes after
possibly shrinking the chart domains. Away from the nodes |D| this follows as for H13O (S\
|D|) via [4, Theorem 3.41]. Near the nodes we observe that the area form e2*d¢ A ds
w.r.t. positive holomorphic polar coordinates corresponds to the singular area form
|z|—2(1+")%dz A dz in holomorphic coordinates about the nodal point 0 € C. The area
form %dz A dz transforms under biholomorphic coordinate changes via a conformal
factor, which we can assume to be bounded above and away from zero by shrinking
the chart domains if necessary. The coordinate change itself is of the form z ~— zh(z),
where 0 corresponds to a nodal point. Here & is a holomorphic function, whose absolute
value can be assumed to be bounded above and away from zero also. Consequently, the
singular area form |z|—2(1+°)%dz A dz transforms via a bounded above and away from

zero conformal factor also. Hence, the same holds true for e?°*dt A ds. In fact, the above

coordinate change becomes
(5,) — (5,1) = In (R(e=C+0)),

whose derivatives are bounded above and whose first derivative is bounded away from
zero. Therefore, invariance under coordinate changes near the nodes follows as in [4,

Theorem 3.41]. By the same arguments we see that locally defined norms on H> and

loc
H3° transform via the respective coordinate changes to equivalent norms. This defines
a topology on H3°(S, j); a neighbourhood base is given by the set of those maps that

restricted to one of the above charts belong to an open set in H130c and H>?, resp.
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To each u € H>9(S, j) we assign the symplectic energy integral

fu*fl
s

by approximating the continuous map u by a C!-map v and defining the symplectic
energy integral via f; uQ = Js v*Q. This is well defined and, in fact, by Stokes theorem,
independent of the choice of representative of the homology class [u] in W relative
u(8S) c N*. This can be seen as follows: Taking approximations v of u that are equal to u
restricted to the complement of disc like neighbourhoods B,(0) in S of the nodal points
0 € |D| the symplectic energy integral is given by Js\p| u*Q. Indeed, take r > 0 so small
such that the B,(0) are contained in pair-wise disjoint chart domains of S about the nodal
points 0 in |D| and such that the u(B,(0)) are contained in pair-wise disjoint ball like chart

domains of W. By Stokes theorem decomposing B,(0) = (B,(0) \ B.(0)) U B,(0) it suffices to

f u*Q and f u*l
B.(0) 9B.(0)

converge to zero as ¢ € (0,r) tends to 0, where 1 is a local primitive of Q defined on the

show that the integrals

ball like neighbourhoods of u(|D|) in W. By the transformation formula we can compute

the integrals w.r.t. positive holomorphic polar coordinates via

f Qug, u,)ds A dt and f Alu,)dt
(R,00)xS? {R}xS1

for R = —Ine. By the Sobolev inequality the C'-norm of u e’ on [0, ) x S! is bounded by

||lulls, so that up to a positive constant the absolute value of the integrals is bounded by
llull3, f e??ds  and  |jull;5 ek,
R

resp. In both cases the first factor is bounded by assumption; the second tends to zero for

R — oo and the claim follows, namely, that /f, u*Q is well defined.

Remark 7.1.1. The above arguments show that u ~— f, u*Q is a continuous function on

H3(S, j).
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We call (S, Jj,D,{my, my, m,}, u) anodal disc map provided that the following conditions

are satisfied (cf. Section 5.3):
1. u € H>(S, j),
2. the symplectic energy integral restricted to a connected component C of S
f uw Q>0
(o}
is non-negative for all spherical components C of S; positive on the disc component,

3. the continuous map on S/D induced by u is homologous to a local Bishop discs u,,
relative N*, so that [u(S)] = [u,, (D)] in H,(W,N*), and

4. u(my) € y and Sou(my,) = i* for k =1, 2.
For given (S, j, D, {my, m;, m,}) the space
FH3(S, J)

of nodal disc maps is called the space of admissible maps.
It follows that the degree of the C!-map dou: 3S — S! equals 1 for all nodal disc maps
(S, Jj,D,{my, my, m,}, u) With the properties of the symplectic energy integral discussed

above we obtain as in item (2) of Section 4.4 that

fu*ﬁ =/ u*f - (Sou)*do,
s 3s

where f is a smooth function on N that is positive on N* and vanishes on BUJN. As u

takes values in N* along the boundary S we get that
/u*ﬂ € (0,27 max f|
S

for all nodal disc maps (S, j, D,{my, m;, m,},u). By non-negativity of the symplectic en-
ergy integral on each connected component C of S we get that /. u*Q takes values in

[0, 27 max f]. Moreover, as . u*Q only depends on the homology class represented by
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u(C) for the spherical components C of S assumption (2) puts an open condition to the
space defined via H*9(S, j) and the constraints given by (3) and (4), so that the space of
admissible maps #39(S, j) is an open subset.

In fact, 73°(S, j)is a Hilbert manifold whose tangent space 7¢3° (u*TW) atu € F39(S, j)
is the space of H*?-sections into u*TW that descent to continuous sections on S/D, that
are tangent to N* along ds as well as tangent to y at m, and to the page 9-1(i¥) at m, for
k = 1,2. This follows with the exponential map taken w.r.t. a metric on W for which each
of the submanifolds N, 971(i%), k = 1,2, and y is totally geodesic. The requirement for the
sections to be of class H3¢ is understood as in Section 7.1, so that a norm on #3°(u*TW)
as on [43, p. 66] can be defined. This turns #3(S, j) into a Riemannian Hilbert manifold.

By removal of singularities (see [54]) a holomorphic u € H*(S, j), which is continuous
and has finite symplectic energy by the above discussion, is holomorphic on S. Therefore,
u is smooth up to the boundary including all nodal points |D| so that holomorphicity
coincides with the notion of holomorphicity from the beginning of this section.

Given a nodal disc map (S, j, D, {mg, m;, m,},u) we call a connected component C of S
with vanishing symplectic energy integral a ghost bubble. Observe that a holomorphic
nodal disc map restricted to a ghost bubble is constant. If (S, j, D, {my, my, my}, u) is any
nodal disc map such that each ghost bubble admits at least 3 nodal points, then we call

(S, j,D,{my, m;,m,},u) a stable nodal disc map.

7.2 Boundary un-noded stable discs

We call two stable nodal disc maps
(S,j,D,{mg,my,my},u) and (8',j’,D',{m}, m|,mi},u’)

equivalent if there exists a diffeomorphism ¢ : S — S’ such that ¢*j’ = j, the injection
D — D' defined by {¢(x), p(y)} € D’ for all {x, y} € D is surjective, p(m;) = m,’{ fork =0,1,2,

and u/op = u. The discussions in Section 7.1 about H>9(S, j) imply that this equivalence
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relation is well defined. The equivalence classes
u= [S’j’Da{mOsml’mZ},u]

are called stable nodal discs in (W, Q) relative N*. The space of all equivalence classes
is denoted by 2.
Fixing the diffeomorphism type of S and the combinatorial data (D,{1,i,—1}) of

(S,j,D,{1,i,—1},u) as at the beginning of Section 6.3 we can write
% = {u = [j.u] stable |[u($)] = [ugp, (D], u() €7, Joui*) = i*,k = 1,2}
for the space of all stable nodal discs
u=[S,j,D,{Li-1Lul=[j,ul, ueI3(S,j),

in (W, Q) relative N*.

We define the nodal type 7 of (S,D,{l, i, —1}) as in Section 6.2. Namely, the nodal type
is the isomorphism class of the rooted tree given as follows: The vertices correspond
to the components of S. The root is given by the disc component. The edge relation is
induced by the nodes in D. As this time there are no auxiliary marked points all vertices
different from the root are not weighted; the root has weight 3. The induced nodal type =
is necessarily unstable provided that there is at least one sphere component. Indeed, in
this case, any end of a branch admits only one special point.

We denote by 2, the space of all stable nodal discs of nodal type 7, so that 2 is the
disjoint union of the 2, where 7 ranges over all nodal types just described. Each of the
subspaces 2, of 2 is the quotient of the total space of the fibration over J = 7(S) with fibre
F3°(S, j) over j € g by the action ¢ —— (¢p* j, uog) of the group of orientation preserving
diffeomorphisms ¢ of S preserving (D, {1,i, —1}), cf. Section 6.3. This puts a topology to 2,
similarly to Remark 6.3.2.

Notice that the stabiliser of the action is finite by the stability condition formulated
at the end of Section 7.1: Each automorphism of u acts via the identity map on the disc

component due to the ordered boundary marked points {1,i,—1}. If f.u*Q = 0 for a
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connected component C of S, then the number of nodal points C n |D| on C is at least
3. Furthermore, the automorphisms of u preserve those ghost components due to the
transformation formula. If f, u*Q > 0, one finds z € C \ |D| such that u is immersive on
Cnu~!(u(z)) defining finitely many local branches via Cnu~!(B,) c C\ |D| for a sufficiently
small ball B, c Int W around u(z). In fact, due to the positivity of the symplectic energy
integral we can find z € C \ |D| and r > 0 sufficiently small such that u*Q is a positive
area form on the branch through z, which is oriented via j. Observe that u*Q is a positive
area form on all branches through the points of the orbit (of the automorphism group of
u) defined by z. Identifying the sphere components with (CP!,i) as in Remark 6.3.1 the
identity theorem yields that an automorphism of u acts by a permutation on the local
branches. This proves finiteness of the stabiliser.

In the following we describe a polyfold structure on 2 that glues the components 2,
together. For any u = [S, j,D,{1,i,—1},u] in 2 one can choose a so-called stabilisation,
which is a finite set of auxiliary marked points A c S disjoint from the special points
D u{l1,i,—1} such that the nodal disc (S,j,D,{l,i, —1},A) is stable in the sense of Section
6.2. Due to the stability condition there is no need to provide the ghost bubbles with an
auxiliary markt point. In addition one can assume, that the automorphisms of u preserve

A, u(A) is disjoint from the u-image of D U {1, i, —1}, and the following two conditions hold:

1. Whenever z,w € A are mapped to the same point u(z) = u(w) in W, then there exists

an automorphism of u sending z to w.

2. For all z € A the 2-form (u*()), is positive on (TS, j,).

This follows with [43, Lemma 3.2] ignoring the disc component, which already is stable:
Namely, successively select finite orbits of the action of the automorphism group of u on
local branches similarly to the above finiteness argument until all components are stable.
Consequently, the underlying stable nodal disc [S, j, D, {1,1,—1}, A] possesses a uniformiser
as described in Section 6.11.

Asin Section 5.3 we wish to achieve an index-1 Fredholm problem. In view of Theorem
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6.11.1 we compensate the stabilising auxiliary marked points A index-wise as follows:
We choose a finite collection of pairwise disjoint codimension-2 symplectic discs in
(Int W, Q) that intersect u(S) along u(A) transversally. This is possible by condition (2)
above. Namely, the image of Tu at each auxiliary marked point in A is a symplectic plane
in TW. Integrating the respective symplectic normal subspaces one finds symplectic
embeddings of small discs of codimension 2 that are normal to u(S) at the images of
the auxiliary marked points u(A). We call the union of the discs H, 4 local transversal
constraints if the intersection of u(S) and H, 4 equals u(A) and if each component of H,, 4
intersects u(S) in a single point.
We denote by

E, 4 C I3 (u*TW)

the subspace of sections that are tangent to H, 4 at the stabilising auxiliary points in A,
which is scale-linear w.r.t. to (3 + v,0,), v € N, for a strictly increasing sequence o, in
(0,1) with ¢, = o, see [43, Section 2.6]. Uniformiser about any u = [S, j, D,{1,i,—1},u] in
Z of the desired polyfold structure are obtained as in [43, Section 3.1/3.2]. To adapt to
our situation start off with uniformisers for the stabilised domain [S, j,D,{1,i,—1}, A] eR

from Section 6.11 and consider the deformation

(v,a,1) — (Sa,j()a, Da, {1,1, 1}, @, exp, (1)) ,

where (y,a) € V for an open subset V of V; xDP", n € E, , is a sufficiently small section that
is a fixed point of the splicing projection 7, and @, exp, () denotes the gluing operation
both introduced in [43, Section 2.4/2.5]. Choosing u to be a smooth approximation of
an element in H3°(S, j) we obtain scale-smooth gluing maps w.r.t. to the scale (3 + v, ,),
see [43, Section 2.2/2.6]. Using Remark 6.3.2, Section 6.11 and [43, Section 3.3/3.4] one
obtains a natural second countable paracompact Hausdorff topology on Z similarly to
[43, Theorem 1.6]. In the same way using this time modifications in [43, Section 3.5] the
space Z carries the structure of a polyfold as formulated in [43, Theorem 1.7] with a

scale-smooth evaluation map Z — y sending u to u(1), cf. [43, Theorem 1.8].
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7.3 A nodal moduli space

We call u a stable nodal holomorphic disc if u can be represented by a stable nodal
holomorphic disc map u. Notice, that all stable nodal disc maps u that represent a stable

nodal holomorphic disc u are holomorphic. Denote by
N :={u € 2|u is holomorphic}

the nodal moduli space of all stable nodal holomorphic discs.

Using uniformisation it is convenient to represent the classes u € N by holomorphic
maps u € #>°(S, j) whose disc component has domain (D, i,{1,1, —1}) and for which the
sphere components are given by (CP!, 1), cf. Remark 6.3.1. If u is un-noded, then we obtain
u = [D,i,0,{1,i,—1},u]. We abbriviate the elements u = [i,u] € V' (noded or un-noded)
simply by [u] for the following discussion:

The boundary conditions for #*°(S, j) formulated in Section 7.1 are the boundary
conditions used in Sections 4.4 and 5.3. In particular, all properties formulated in the
un-noded case for holomorphic discs in Section 4.4 continue to hold in the noded case,

hence, for all u = [u] € IV in the following sense:

1. The winding number of u = [u] € NV, which by definition is the degree of the
map dou: 3S — S!,is equal to 1. In particular, u(3S) is an embedded curve in N*
positively transverse to &£ and the restriction of u to the disc component of S is a

simple holomorphic map.

2. The symplectic energy /. u*Q of u = [u] € N, which is well defined and positive by

Section 7.1, is uniformly bounded.

3. The boundary circle u(dS) of u = [u] € IV is disjoint from U,y because the restriction
of u to the disc component of S must be disjoint from Uy by Lemma 3.5.1. If u(S)
intersects Uy then u is un-noded and equivalent to a local Bishop disc u, ; by Lemma

3.3.1 combined with the final paragraph of Remark 4.4.1.
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The local Bishop discs u.}, , € € (0,6), represent elements
u., =[D,1,0,{1,i, -1} u.p |

in V. The corresponding local Bishop filling can be identified with (0, §). We truncate the
nodal moduli space NV via
New =N\ (0,6/2).

Remark 7.3.1. If there exists a compact subset K of W such that u(S) is contained in K
for all u € IV, then the Gromov compactification of M, can be identified with a subset of

N by taking equivalence classes, see [25].

7.4 Cauchy-Riemann section
The moduli space 2V is the zero set
N ={uez|du=0}
of the Cauchy-Riemann operator d;, which appears as a section into the bundle
p:W—2Z

over 2. The fibre of p over u = [S,j,D,{l,i, -1}, u] € Z consists of equivalence classes
& = [S,j,D,{1,i,—1},u, ¢] of continuous sections ¢ of Hom (TS,u*TW) so that for each
z € Sthemap &(z): T,S — T,yW is complex anti-linear with respect to j(z) and J(u(z)).
Moreover, ¢ is of Sobolev class H120 .on S\ |D| and of weighted Sobolev class H>? near
|D| similarly to the description at the beginning of Section 7.1, see [43, Section 1.2].
Two such sections (S, j,D,{mg, m;,my},u, &) and (', j, D', {m), m|,m}},u’, &) are equiva-
lent, if there exists an equivalence ¢ of stable nodal disc maps (S, Jj,D,{my, my, m,}, u) and
(8',j", D', {m{,m’,m}},u’) as described at the beginning of Section 7.2 such that &’oT¢ = £.
By adapting [43, Theorem 1.9] to the situation of the current Sections 6 and 7 we obtain
a natural second countable paracompact Hausdorff topology on the total space W and

the bundle projection p: W — 2 that maps [S, j,D,{1,i,—1},u,&] to [S, j, D,{1,i, -1}, u] is
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continuous. Furthermore p: W — Z constitutes a strong polyfold bundle in view of [43,
Theorem 1.10].

The Cauchy-Riemann operator g; is the section of p given by
du = [s,j,D,{l,i, ~1}u, %(Tu +f(u)oTuoj)]

for allu = [S,j,D,{1,i,—1},u] € 2. For a representative we write du also. As in [43,
Theorem 1.11] the Cauchy-Riemann operator d; : 2 — W is a scale-smooth component-
proper Fredholm section that admits a natural orientation which we describe in Remark
7.4.3 below. The Fredholm index of 6; : 2 — W is 1 by the index computation in Section
5.3 taking local transversal constraints from Section 7.2 in view of Theorem 6.11.1 into
account. As in [64, Section 5.3] the vertical differential of a local representation of J; near
the local Bishop discs u.j, , € € (0, 6) has a right-inverse. The same holds true for all simple

stable nodal holomorphic discs in 2 due to the generic choice of J, see Section 5.3.

Remark 7.4.1. Preparing the orientation considerations in Remark 7.4.3 we will establish
homotopically unique trivialisations under the assumption that the second Stiefel-
Whitney class of N* vanishes. This approach requires to build up the spaces 739(S, j)
with continuous maps on S/D homotopic in (W, N*) to a local Bisphop disc, see item (3) in
Section 7.1. As the relative homotopy class is preserved under Gromov convergence (see
[25]) this is not a restriction.

Consider the space of continuous maps (D,dD) — (W, N*) sending the marked points
{1} and {i*} into y and 97'(i), k = 1, 2, resp. Denote by € the connected component of the
Bishop disc uy = us/,p,. We claim that for all u € € the pull back bundle u*TN* has a
canonical trivialisation.

In order to specify what is meant by this we describe the situation for u,. By Section

3.1 the base point u, of € is the map
(D, D) — ((—oo,O] XR X CXT*B,{0} x {0} x C* x B)

given by
8,
uy(z) = (I(|z| -1),0,6 - z, bo) .
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in the local model Ug. The embedded path y corresponds to {0} x {0} x R* x {b,} as oriented
curve and the pages 971(i%), k = 1,2, correspond to {0} x {0} x R*ik x B, resp. The co-
orientation of the pages 971(i¥), k = 1,2, given in Section 2.1 is represented by the normal
vectors (0,0,i**1,0), resp. The local model defines a local frame d;, d;, 9, 9y, 0p,9q of the
tangent bundle TW near (—co, 0] X R x C x{b,} inducing a trivialisation & : u(’;TW — DxR?"
of the pull back bundle u;TW. The trivialisation @ restricts to a trivialisation ® : u;TN* —
0D x R" of u TN, which corresponds to the sub-frame 9,,d,, Op- Further, ® restricts to
isomorphisms @ : T, o)y — {1}xR viathe vectorfieldd, and @ : T, ) (971({*)) — {i*}xR""1,
k = 1,2, via the sub-frames d, / — d,, d,. The co-orientations of the pages 971(i%) correspond
to —9,/ —d,, resp. We remark that @ is not a complex trivialisation of the complex bundle

pair (uiTW,u;TN*) as used to compute the Maslov index to be 2, see [55, Proposition 8].

Given any u € € we claim that the pull back bundle »*TN* admits a homotopically
unique trivialisation ®, with the properties listed for @, := ®|y:n:- To see this let
u;, T € [0,1], be a path in € connecting u, with u; = u and define U: [0,1] x D - W
by U(z,z) := u.(z). By [47, Corollary 3.4.5] there exists a trivialisation ®; : U*TN* —
([0,1]x8D) xR" that extends ®,, . As above we denote the coordinates of R" by (x,y, p). We
can assume that @ restricts to isomorphisms @, : (U(., 1))*Ty - ([0,1] x {1}) x R with R
provided with the coordinate x as well as @ : (U(., ik))*T(S‘l(ik)) - ([0,1] x {i*}) x R*1,
k = 1,2, with R"~! provided with coordinates (y/x, p) and co-oriantations -4,/ — d,, resp.

The claimed trivialisation @, is ®, = ®y|}xap-

It remains to show homotopic uniqueness of ®,, i.e. that @, is independent of the
chosen path u, up to homotopy: We consider a loop u, in € for r € T! = R/2Z extending
a path u,, ¢ € [0,1], in € as above and define U: T! xdD — W by U(z,z) := u,(z). The
claim will follow by constructing a trivialisation @, that shares the triviality properties

established for ®;;.

Restricted to [0,1] x dD we define @ to be equal to ®;. As U(T! x {1}) is a subset of
the embedded interval y = [0,1] and the tangent bundle TN* is trivialised by 9,,9,,9,
along y n Ug there exists by [47, Corollary 3.4.8] a trivialisation @, : T,N* — [0,1] x R"
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that extends the canonical trivialisation over y n Uy such that (x, y, p) are coordinates on
R" and such that @, : Ty — [0,1] xR is provided with the fibre coordinate x.

Gluing the trivialisations ®; and @, via the identity along the overlap we obtain
a trivialisation (still denoted by) @, over ([0,1] x D) U (T! x {1}). In other words, @,

trivialises U*TN* over the boundary of the 2-disc
(1" x aD) \ (([0,1] % 8D) U (T x {1})).

By the assumption that the second Stiefel-Whitney class of N* vanishes this trivialisation
extends to a trivialisation of U*TN*, see [34, p. 75 and Section 3.3]. Hence, ®; : U*TN* —
(T x D) x R" is a trivialisation with fibre coordinates (x,y,p). By construction we
have a trivialisation @, : (U(.,1)) Ty — (T! x {1}) x R with fibre coordinate x. Further,
because a co-oriented linear subspace of R” of codimension 1 is determined by the normal
vector and S"~!, n > 3, is simply connected we can assume that we have trivialisations
oy (U( .,ik))*T(S—l(ik)) - (T' x {i*}) x R""1, k = 1,2, with fibre coordinates (y/x, p) and
co-oriantations —d,/ — 9, resp.

Consequently, u; TN* shares the same triviality properties as u, independently of the

chosen path u, such that ®, is homotopically unique as claimed.

Remark 7.4.2. If the second Stiefel-Whitney class w,(TN*) of N* is not trivial a variant
of Remark 7.4.1 gives homotopically unique stable trivialisations assuming N* to be
orientable and that w,(TN*) lifts to a class in H*(W; Z,).

Following [26, Chapter 8.1] we choose a triangulation of W such that N will be a
subcomplex and B U N a subcomplex of N. The assumptions made allow the choice of a
relative spin structure on (W, N*) which is a choice of orientation on N*, an oriented
vector bundle V over the 3-skeleton W[S] of W such that w,(V) restricts to w,(TN*), and a
spin structure on the vector bundle TN* @ V over the 2-skeleton N7 = of N*. Such a choice

(2]

of a spin structure is possible because w, of TN* @ V over N vanishes, see [12].

[2]
As in Remark 7.4.1 we consider the space of continuous maps (D,dD) — (W, N *)

that map {1} and {i*} into y and 9-1(i¥), k = 1,2, resp. By simplicial approximation (see
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[16, Theorem IV.22.10]) we can replace all maps and homotopies of maps by simplicial
representatives u and u, up to homotopy. Therefore, the proof of [26, Theorem 8.1.1]
yields homotopically unique trivialisations of u*(TN* & V) and u*V. Similarly to Remark
7.4.1 we can achieve that Ty and T(§71(i¥)), k = 1,2, correspond to {1} x R and {i} x R""},
resp., in the trivialisation D x R"*" of u*(TN* @ V), where v denotes the rank of the vector
bundle V. Moreover, by possibly changing the spin structure on TN* @V over N E] we can
assume that the obtained trivialisation of u;(TN* & V) for the Bishop disc u, is homotopic

to the canonical one induced by @, , see Remark 7.4.1.

Remark 7.4.3. The canonical trivialisations of the involved pull back bundles in Remark
7.4.1 and 7.4.2 orient the Cauchy-Riemann section g; : 2 — W in a natural way. This is
based on [26, Lemma 8.1.4].

Namely, given a complex bundle pair (E, F) over (D, D) such that the real sub-bundle
F 1is trivial over oD each trivialisation orients the associated linear Cauchy-Riemann
operator. The complexification of the trivialisation extends to a complex trivialisation
of E over an annulus neighbourhood of D. Collapsing the inner boundary component
of a slightly smaller annulus neighbourhood of 4D yields a complex bundle pair over
a one-noded disc. Over the sphere component the Cauchy-Riemann operator admits
the complex orientation, which is canonical. Over the disc component the Cauchy-
Riemann operator is onto with kernel consisting of constant sections. Hence, the kernel
is isomorphic to an Euclidean space canonically, so that the Cauchy-Riemann operator
is canonically oriented over the disc component. Incorporating the matching condition
of the bundles over the two components the functoriality properties of the determinant
line bundle canonically determine an orientation of the Cauchy-Riemann operator on
(E,F), see [26, Lemma 8.1.4] and cf. [43, Section 5.10].

Observe that this construction is compatible with point-wise boundary conditions
and also allows to begin with a complex bundle pair (E, F) with matching conditions over
a noded disc.

In order to orient the linearised Cauchy-Riemann operator at an un-noded element u
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of 7¢39(S, j) apply the above construction to the complex bundle pair (u*TW,u*TN*) in
the context of Remark 7.4.1 (restricting to the connected component of discs homotopic
to a local Bishop disc), and to the complex bundle pairs (u*(TW & V¢),u*(TN* @ V)) and
(u*Ve,u*V), where Ve :=V ® C, in the context of Remark 7.4.2, resp. For the latter use
the arguments in the proof of [26, Theorem 8.1.1] and the observation that the noded
discs in #39(S, j) are at least of codimension 2. In fact, we obtain canonical orientations
of the linearised Cauchy-Riemann operator at noded elements of #>°(S, j) also with the
above construction.

With the proceeding remarks a canonical orientation of the Cauchy-Riemann section
d;: % — Wis obtained as in [43, Section 5.11]. Simply, replace the complex orientation
of the sphere case by the canonical orientation induced by boundary trivialisations of
pull back bundles in the arguments of [43, Section 5.11]. Furthermore observe that
preservation of orientations of the partial Kodaira differentials on the Riemann moduli
spaces is ensured by Theorem 6.11.1, Z, is at least of codimension 2 for all non-trivial
nodal types t by Proposition 6.9.4, automorphisms of nodal discs in Z restrict to the
identity on the disc component as well as that we can collapse the interior boundary
component of a small collar annulus in [26, Lemma 8.1.4] such that auxiliary marked

points are contained on the resulting sphere components exclusively.

Proof of Theorem 5.1.2 part (ii). We place ourselves in to the situation of Section 5.2
and 5.3; but this time we do not assume semi-positivity as in Theorem 5.1.2 part (i). Instead,
we assume the vanishing of w,(TN*) or the relative spin condition as formulated in
Theorem 5.1.2 part (ii) so that Remark 7.4.3 applies. The aim is to derive a contradiction to
the existence of a compact subset K of W such that u(S) c K for allu = [S, j,D,{1,i,—1}, u] IS
N. Theorem 5.1.2 part (ii) will then follow as in the proof of part (i).

We argue by contradiction assuming that such a compact subset K as above exists.
The arguments form Remark 4.4.1 under the assumed C°-bounds on V' combined with
Section 7.3 show compactness of NV, see Remark 7.3.1. Let Wy be a relative compact

open neighbourhood of K in W. Using Sobolev embedding we choose a neighborhood
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U c Z of Ny, such that u(S) c Wi \ (U, U Ugy) for allu =[S, j,D,{1,i,—1},u] in U, where
U, C Ug is defined as Uy but with & replaced by 6/2 in the proof of Lemma 3.3.1.

LetA: W — Qn|[0,00) be a scale"-multisection of p: W — Z,i.e. 11is a groupoidal
functor which in a local presentation is given by finitely many weighted local scale™-
sections (s;, w;), w; € Q N (0, o0), of total weight >’ w; = 1 such that A(¢) is the sum of those
weights w; for which the corresponding sections s; satisfy s;(p(¢)) = £; we set A(¢) = 0 if
there is no such section among the s;, cf. [40, Definition 3.34]. The support of 1 is the
smallest closed set in £ outside which A is trivial in the sense that A(0,) = 1 for these u € 2,

see [40, Definition 3.35]. The solution set
Sz{uez‘/l(éfu)>0}

of the pair (67, 1) isthe set of allu = [S, j, D, {1,i,—1},u] € 2 for which in alocal presentation
of 1 there exist at least one s; such that dju = 5;(u) and 1(dyu) is the sum of all the weights
w; for which the corresponding s; satisfy such an equation. The solution set 8 is equipped

with the weight function

A5, -

0 2— QN (0,00), u+—— A(u),

see [40, Section 4.3].
With [40, Theorem 4.17] we choose 4 such that the support of 1 is contained in U and

that (;,1) is transverse. The latter means that the vertical differentials
- \/
(97) (u) — s/ (w)

of local presentations d;u of g;u and s; of 1 are surjective for all u € $ and for all (the
finitely many) i, see [40, Definition 4.7(1)]. If (5;),(1,[) is onto for an un-noded u € N, which
is representable by a necessarily simple holomorphic disc map, we choose 4 to be a single
local section s, that is identically 0 in a neighbourhood of u in 2. This is possible in view
of the proof of [40, Theorem 4.17]. In particular, 4 is trivial over those u. As observed

right before Remark 7.4.1 this applies to all local Bishop discs u,, , € € [§/2,9), so that 4 is
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trivial over all local Bishop discs u,; . Consequently, the truncated solution set
Seut =8\ (0,6/2)

of (97, 4) is a 1-dimensional oriented compact branched suborbifold with boundary 38,
given by the single Bishop disc ug /2,b,» SE€ [40, Theorem 4.17] or [43, Section 1.4]. A collar
neighbourhood of 48, in 8. is equal to a collar neighbourhood of N in NV given
by the local Bishop discs u,,, € € [6/2,0).

Furthermore observe that by compactness of S, the intersection 8., N 2, is not empty
only for finitely many nodal types z. Therefore, we choose (J;, 1) to be transverse along
the subpolyfolds Z. for these nodal types r turning the subsets 8., N Z; into suborbifolds
of 8. As the codimensions will be at least 2 whenever the nodal type 7 is non-trivial, the
resulting suborbifolds 8., N Z; have negative dimension, hence, are empty. Therefore,
all elements in 8., are un-noded and have trivial isotropy as they can be represented
by un-noded stable nodal disc maps with trivial automorphism group. In other words,
Sut 1S @ 1-dimensional oriented compact branched manifold with precisely one boundary
point, which has weight 1. This contradicts the fact that by [62, Lemma 5.11] the oriented

sum of the weights taken over all boundary points vanishes. O

Remark 7.4.4. We give an alternative argument to obtain a contradiction which does
not use the classification of 1-dimensional oriented compact branched manifolds with
boundary given in [62, Section 5.4]: We identify y with the interval [0, 38] such that (0, §)
corresponds to the local Bishop family and [26, 36] is not contained in the image of the
evaluation map ev: 8§ — y that evaluates u at the first boundary marked point 1. Let f be
a smooth function on [0, 38] with support in (§/2, §) such that f035 f(x)dx = 1. Because ev

restricts to a degree 1 map on the local Bishop discs,

f evi(fdx) =1
(Scut,/lé)

writing 45 for the weight function 15, Denote by f, the function obtained from f by shifting
f by 26 and observe that the closed 1-form (f—f,)dx has a primitive g(x) = f; (f(t)—f1(t))dt
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with support in (§/2,36). Hence, ev* ((f — f,)dx) has primitive ev* g and

f ev*(fidx) =0
(Scut’lé)

as the support of f, is contained in (56/2, 36). With Stokes theorem [41, Theorem 1.27]
for weighted integrals
1= f ev* ((f — f1)dx) = evg =g(5/2).
(Scut’/la) (aScut’AB)

As g(6/2) = 0 we reach the desired contradiction.
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1 Introduction

The Kustaanheimo-Stiefel transformation was introduced in [10, 11] using spinors as
a way to regularize the three-dimensional Kepler problem. This transformation also
admits formulation with quaternions [26, 20, 27], and can be regarded as an unfolding
of the Levi-Civita regularization [13, 14] of the planar Kepler problem through the theory
of Levi-Civita planes [19, 27].

The use of the conformal Levi-Civita transformation [15, 5, 14] to study planar integrable
mechanical billiards defined with the Hooke and Kepler problems has been first pointed
out in [16] and extended in [22].

In the first part of this note, we discuss some consequences of the K.S. (Kustaanheimo-
Stiefel) transformation on integrable four-dimensional Hooke and integrable three-
dimensional Kepler billiards. An n-dimensional mechanical billiard system is integrable
if there exist n first integrals of the underlying natural mechanical system that satisfy the
following conditions: they are functionally independent, in involution, and they remain
invariant under reflections at the reflection wall (c.f. [24]). It is widely known that for the
four-dimensional Hooke problem, a centered quadric reflection wall gives an integrable
billiard system [6], [4]. We shall show that when this reflection wall is invariant under
an St-symmetry of the K.S. transformation, then its image under the Hopf mapping is
one of five special type of quadrics, with the Kepler center as a focus. This is consistent
with the results of [23] and provides a partial explanation of why we conjecture that only
these quadrics appear in three-dimensional integrable Kepler billiards. This conjecture
is closely related to the analogue of Birkhoff-Poritsky conjecture [17] of the planar case
in the setting of Kepler billiards. We can think that the restriction on the type of quadrics

is forced by the S'-invariance of the centered quadric reflection wall lying on the four-
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dimensional Hooke side. This generalizes the studies in the planar case [22], [16], [21],
[28] to the spatial case of Kepler billiards based on the Levi-Civita transformation. (See
also [7], [8], [9] for some other studies of integrable mechanical billiards in the plane)

This way we obtain

Thoerem A. Consider a surface of revolution in R3, by revolving a conic with a focus at the
origin about its principal axis. Then reflecting spatial Kepler orbits (attracted to/repelled
from the origin) off such a surface of revolution gives rise to an integrable mechanical
billiard.

This reproves the three-dimensional version of Theorem 14 in [23]. Moreover, though
we shall not discuss this aspect in this article, the method provides a transformation that
maps the orbits of one system to another, in such a way that the reflection law of the first
system on an energy surface corresponds to that of the second system on its image. This
method is not limited to integrable mechanical billiard systems.

The Kustaanheimo-Stiefel transformation has been extended to a transformation
which simultaneously regularizes both double collisions in the spatial two-center problem
first announced in a 1-page note of Stiefel-Waldvogel [18], which generalized the trans-
formation of Birkhoff used in the planar case. The thesis of Waldvogel [25] provided a
much more extensive geometrical study of this transformation. In particular, the relation
between this transformation and the Kustaanheimo-Stiefel transformation has been
clarified. Waldvogel later illustrated this theory again in [26] with the use of quaternions.
In this article, we provide a quaternionic formulation of this Birkhoff-Waldvogel trans-
formation in the spatial case, largely inspired by the studies of Waldvogel as well as
combining the symplectic viewpoint of [27]. We investigate in part an analogous theory
of Levi-Civita planes in this setting, consisting of planes and spheres in the space of
quaternions H =~ R* and a reduction of this transformation to a dense open subset of
IH ~ R3, which already regularizes the double collisions without increasing the dimension
of the space. With this we link integrable billiards on both sides, which illustrates some

results in [23] with a different method.
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Thoerem B. Consider a surface of revolution in R* by revolving a conic with foci at the
two Kepler centers around the axis joining the centers. Then reflecting orbits of the spatial
two-center problem off such a surface of revolution is an integrable mechanical billiard.
Moreover, taking a finite combination of these surfaces does not destroy the integrability of

the resulting two-center mechanical billiard systems.

This provides an alternative proof of Theorem 14 in [23] for the spatial two-center
case.

We organize this article as follows: In Section 2, we recall the theory of Kustaanheimo-
Stiefel regularization, which largely follows [27]. Then we apply this transformation to
link integrable mechanical billiards in Section 3. The theory of Birkhoff-Waldvogel trans-
formation and the corresponding link on integrable mechanical billiards are discussed

in Section 4.

2 The Kustaanheimo-Stiefel Transformation

In this section, we discuss the Kustaanheimo-Stiefel transformation. We follow the
quaternionic formulation of [27].

A quaternion is represented as
z=2zo+z1i +2,j + 23k, 2y,21,25,23 ER
in which
i2=j2=k?®=-1,ij = —ji =k, jk = —kj = i, ki = —ik = j.
Addition and multiplication of quaternions are then naturally defined. With these

operations, the quaternions form a non-commutative normed division algebra which we

denote by H. For a quaternion z = z, + z,i + z,j + z3k, its real part is given by
Re(z) = z,
and its imaginary part is given by

Im(z) = zyi + z,j + z3k.
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Furthermore, the conjugation of z is defined as
z =Z0—Z1i—Z2j—Z3k.

The norm of z is defined as |z]| :=+/z - Z.

We denote the set of purely imaginary quaternions by
[H={z € H| Re(z) = 0}.
We identify H with R* and denote by §* the unit sphere
{zeH||z*=zl+z2+2z;+z; =1} CH.
Also, we identify IH with R3. The unit sphere §* therein is
{zelH||z?=2} +2; +z; =1} CIH.

To introduce the Kustaanheimo-Stiefel transformation, we first recall the Levi-Civita

z w)
2|z|? '

It is well-known that this transformation is canonical, and transforms the planar Kepler

transformation [14]

T*(C\{0}) —» T*(C\ {0}), (z,w) —— (q =z-z,p=

problem into the planar Hooke problem after making a proper time reparametrization on
an energy level. To see this, we start with the shifted Hamiltonian of the Kepler problem

and consider its zero-energy level:

The Levi-Civita transformation pulls this system back to
lwil | om
8lz|>  |z]?

f=
We may now multiply this transformed Hamiltonian by |z|?, which only reparametrizes
the flow on this energy-level. We obtain

2
% +m—f|z|? = 0.
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which is the restriction of the Hamiltonian of the planar Hooke problem '“%:'- flz|? on its
(—m)-energy hypersurface.

The whole construction is based on the complex square mapping
C\{0} == C\{0}, z+—2%

which is a 2-to-1 conformal mapping.
A generalization of the complex square mapping with quaternions is the following
Hopf mapping

H — IH, zZ > Ziz.

Note that this mapping is well-defined, since
Re(ziz) = 0,Vz € H.
This mapping is “S!-to-1”, namely the circle
{exp(i@)z |,z e H\ {0}, O e R/2nZ} C H

is mapped under the Hopf mapping to the same point ziz € [H.
Moreover, this mapping restricts to a mapping 8* — 8. This is a mapping with S!-fibres,

and induces the non-trivial Hopf fibration
Sl 8 - 82

Associated to the Hopf mapping, the Kustaanheimo-Stiefel mapping is defined as

T*(H\ {0}) » IHX H, (z,w) — (Q =zi-z,P= 2|Zzi|2 ~w>.
The fibers of the mapping are the circle orbits of the S'-Hamiltonian action
0-(z,w) —— (exp(if)z, exp(if)w)
on the cotangent bundle T*H. The bilinear function

BL(z,w) := Re(ziw)
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is the associated moment map.
We define
Y :={(z,w)|BL(z,w) =0} C T*"H = H x H,

and

l=3%\{z=0}L
Both are invariant under this S!-Hamiltonian action.
We define the restricted K.S. mapping as
KS :=K.S.|y, : =t = T*(IH\{0}).
For the following lemma from [27], we present an alternative, simpler proof.

Lemma 1. For the restricted Kustaanheimo-Stiefel mapping KS : ! — T*(IH\{0}) we have
KS*(Re(dP A dQ)) = Re(dw A dz)|y:.

Proof. We shall show
KS*Re(PdQ) = Re(wdz)|s:. (@)

which then implies the assertion of this lemma by taking differentials on both sides.

To see (1), we compute

wiz™!
dz)iz + zid
> ((d2)iz + zidz) @

= (—wiz"1(d2)iz + wdz)/2.

PdQ = —

The condition

BL(z,w) = Re(zZiw) =0

is equivalent to

Re(z7tiw) = 0.

Consequently, we also have

Re(wiz™ 1) = 0.
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This implies
Re(wiz=1(d2)iz) = Re(wiz™! - Im((d2)iz)).

Since
Im((d2)iz) = —Im(z(—i)dz),

we have
Re(wiz=Y(dz2)iz) = —Re(wiz~! - Im(Z(—i)dz)) = —Re(wiz'Z(—i)dz) = —Re(wdz), (3)
where in the second equation, we have used
Re(wiz™') = 0.
The assertion (1) is thus obtained by combining the equations (2) and (3). O

On x!, the orbits of the S'-action mentioned above lie in the direction of the one-
dimensional kernel distribution of the 2-form Re(dw A dz). By the theory of symplectic
reduction, the 2-form Re(dw A dz) of =! gives rise to the reduced symplectic form », on
the quotient space V! of =! by the S!'-action. Thus, the Kustaanheimo-Stiefel mapping

induces a symplectomorphism
KSyeq * (Vi,@1) = (T*(IH\{0}), Re(dP A dQ)).
We have
KS = KS,,q0¢
in which ¢ : ! - Vv, is the quotient map.

Proposition 2. Any zero-energy orbit of the four-dimensional Hooke problem with the

shifted Hamiltonian
lwl?
8
in X! is sent via KS to a zero-energy orbit of the three-dimensional Kepler Problem in

fllzl? +m

T*(IH\{0}) with Hamiltonian
PIP m
2 e

after a proper time reparametrization.
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Proof. We first observe that the function BL is a first integral of the system

. _ _ wl? 2
T*H,Re(dw Adz),H = T_f”ZH +m|.

This follows either from a direct verification, or alternatively from the invariance of H
under the above mentioned (Hamiltonian) S!-action. Consequently, the set =! is invariant

under its flow.

We consider the restriction of this system on x!. Any orbit of this restricted system

descends to an orbit in the quotient system in (V;, w;, H;) so that
¢$*H, = H,
which is consequently sent to an orbit via KS,,; in the system
(T*IH, Re(dp A dq),K)

such that

KS*

red

K=H1.

Applying ¢* to both sides of this identity, we get
H = ¢*KS* K =KS*K.

From this we deduce

K

P[|?]|Q
- PP | i

Now we restrict the system to {K = 0} = {H = 0}. We observe that the restricted flow
can now be time reparametrized (with factor ||Q||™!) into the restricted flow on the

zero-energy hypersurface of the three-dimensional Kepler Hamiltonian

IPI> | m

2 oI
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The link between Kustaanheimo-Stiefel transformation and the Levi-Civita transfor-
mation is given by the Levi-Civita planes. These are planes in H generated by two unit

quaternions v, v, such that v; # +v, and satisfy
BL(v;,v,) = 0.

The key property of such a plane is that its image is a plane in [H and in relevant basis

the restriction of the Hopf mapping is equivalent to the complex square mapping

C—>C,z+—> z2.

Therefore K.S. is restricted to L.C. on the tangent bundle of such a plane. We proceed

with the details.

Definition 3. A Levi-Civita plane is a plane in H spanned by two linearly independent unit

quarternions vy, v, € H satisfying BL(v,v,) = 0.
Proposition 4. The Hopf mapping
H-IH, 2z~ zZiz

sends a Levi-Civita plane to a plane passing through the origin in IH. On the other hand,

any plane in IH passing through the origin is the image of a 8'-family of Levi-Civita planes.

Proof. LetV be a Levi-Civita plane spanned by two unit, orthogonal quaternions v, and

v, In H: This means that we have
|v;| = |vy| =1, BL(v;,v,) = 0and (v, v,) = 0.

Then, we have
01i0; = —0,i0,,
which follows from the computation
20,iv; + 20,10, = (0,01 + 010,)(011i0, + D,iv;)
= 2(vy, V)11V, + Dyivy) 4)

=0.
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For the first equation in (4) we used the following fact: The condition
BL(UI, Uz) =0

is equivalent to
ljliUz - ljzivl =0.
Thus

(010, — 001)(01i0; — Upi01) =0

which is equivalent to

151i1)1 + ljzl‘UZ = 151U2L71il)2 + Uzvlljzivl.
Thus the quaternion v, + v, in V is sent via the Hopf mapping to the quaternion
ﬁlivl + Ulivz + Uzivl + Ulivl = 21511'02.

As a vector in [H, it is linearly independent of the vector v,iv,, which follows from v;i # 0
and the linear independency of v; and v,.

As a consequence, the image of V is the plane passing through the origin, linearly
spanned by v,iv; and v, iv,.

On the other hand, for any unit quaternion w € IH, there exists a S'-family of unit
vectors {¢°v} in H whose image under the Hopf map is w. Take a plane W in IH passing
through the origin spanned by two linearly independent unit vectors w, and w,. We can
choose the pre-images of v; and v, in H of w; and w, to be such that BL(v,, v,) = 0. Indeed,

for v,iv, = zy + z,i + z,j + 24k, we have
Re(e®v,iv,) = zocos8 — z, sin 6,

thus we can take e®1v; such that z, cos8; — z; sin 8, = 0 in the place of v,. Thus we get the

family of Levi-Civita planes span{e®v;, e?®v,},6 € R/27Z which are sent to W. O

Proposition 5. There exists an identification with C of a Levi-Civita plane V together with

its image under the Hopf mapping, such that under this identification, the restriction of the
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K.S. mapping to T*V is given by

T*C - T*C, (z,w)+— (z?

’ W
2|z|? )

which is the Levi-Civita transformation.

Proof. Let v, and v, be orthogonal unit vectors in V, which allows us to identify V with C.

We write z = av; + bv, and w = cv; + dv,. Then K.S. sends (z, w) into

(ac — bd)v,iv; + (ad + be)v;iv,

((a® = b*)0yiv; + 2abvyiv,, 2(a% + b?)

From the orthogonality of v; and v,, we obtain

U_1U2 + Uzvl

(0111, 0yivy) = >

= <U1,02> = 0.

Hence we just need to identify v,iv, and v,iv, with the standard orthogonal basis of C.

The conclusion follows after both V and its image have been identified to C. O

3 Application to integrable Hooke and Kepler billiards

We extend the correspondence shown above to the corresponding billiard systems. This
generalizes the correspondence of Hooke and Kepler billiards in the plane [16], [22] to
the spatial (Kepler) case.

A centered quadric in H = R*is called S'-invariant, if it is invariant under the S*-action
S'AH, 0-z+— exp(if):z.

Equivalently, these are quadrics which are pre-images of subsets in IH under the Hopf
mapping.
A centered quadric in H is called non-singular if it does not contain the origin.

For an unbounded non-singular centered quadric in R* given by
F(Zo, Zl’ Z2, Z3) = 1
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where F is a quadratic homogeneous function of z = (z,, z;, z,, z3) € H, we define its dual
quadric by

—F(zy,21,2,,23) = 1.

In normal form, for the quadric

Indeed for a quadric homogeneous function F(z,, z,, z,, z3) there exists a real symmetric
4 x 4 matrix A and a real orthogonal matrix Q such that z7 Az = F and QT AQ is diagonal,
thus its normal form is given by (Qz)’AQz = 1. Clearly, we have z'(-A)z = —F and

(Q2)"(=A)Qz = —(Q2)" AQz.

Lemma 6. For an unbounded non-singular centered quadric & and its dual quadric € in
H, we denote their images in IH by the Hopf mapping by ¥ and ¥ respectively. Let P € F
be the point of ¥ with the least distance from O € IH. Let P € F be the point of ¥ with the

least distance from O € IH. Then the three points O, P, P are collinear.

Proof. Consider a plane contains O, P, P such that the intersection of # is unbounded. Then
the intersection of F is unbounded as well. If £ is non-degenerate, then the intersections of
F and F with this plane are either two centrally symmetric parallel lines or two branches
of a focused hyperbola, since they are the images of a pair of dual hyperbolae in the
corresponding Levi-Civita plane by the complex square mapping, see [22, Thm. 4]. In the
case of parallel lines, these two lines are centrally symmetric, therefore the three points
O,P,P are collinear. In the case of hyperbola, the points P and P lie on different branches
of the hyperbola, and PP is its major axis which necessarily contains O. When the quadric
& is degenerate, we may have a parabola as an intersection of # with the plane as well. A
parabola is obtained as the image of a line by the complex square mapping [22], and the

dual line is sent to the same parabola. In this case, we have P = P. O
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Proposition 7. The image of any S'-invariant, non-singular, centered quadric in H under
the Hopf mapping is either a plane, or a centered sphere, or a spheroid, or a sheet of a
two-sheeted circular hyperboloid, or a paraboloid in IH, with always a focus at the origin
O € [H in the latter three cases. These surfaces correspond precisely to those obtained by

revolving a Kepler orbit (a conic with focus at O) about its principal axis.

Proof. We take an S'-invariant, non-singular, centered quadric € in H and denote its image
in [H by #. The quadrics £ and # are bounded away from the origin O. We intersect &+
with a plane trough O € IH. By the above theory of Levi-Civita planes, this plane is the
image of an S!-family of Levi-Civita planes on each of them the Hopf mapping restricts to
the complex square mapping. The intersection of any of these Levi-Civita planes with
the centered quadric in H is a centered conic section. The image of this centered conic
section is thus a branch of a conic section in the plane through the origin O in IH. In case
that this branch is neither a line nor a circle, then O is a focus of it [22].

We first assume that € is bounded in H. Then its image ¥ is also bounded in IH. If
all points from # have the same distance to the origin, then # is a centered sphere in
[H. Otherwise, there exist a point P; with least distance, and another distinct point P,
with most distance from O. We consider the line passing through these two points and
take a plane in IH containing both this line and the origin. By the above discussion on
Levi-Civita planes, the intersection of this plane with the image ¥ is an ellipse focused
at 0. Consequently the indicated line passes through the origin, since for an ellipse this
line is the major axis and passes through the foci. So the distance |P,P,| is the major axis
length of this ellipse.

We consider the family of planes passing through this line. If we take such a plane
close to the plane we first took, then by continuity, the intersection of # on this plane
is again an ellipse focused at O and the points P; and P, lie on the ellipse as pericenter
and as apocenter respectively. Thus the ellipses obtained as intersection of # on nearby
planes from the family are related by a rotation around the line P, P,. Consequently & is a

spheroid with the line P, P, as the symmetric axis.
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This argument can be refined to the following local rigidity for (eccentric) ellipses,
without assuming that # is bounded: Consider the line P,0 and a plane through this line
such that the intersection of # with it is an ellipse. Then the intersection of # with nearby
planes through P,0 are also ellipses, and these ellipses are obtained from each other by
rotations along the axis P,0. Indeed all these ellipses need to intersect P,0 at the same
point P,, which necessarily is the apocenter for all of them. This implies this local rigidity

for ellipses.

Now we consider the case that £ is not bounded, thus F is not bounded as well. We
take a point P, € # which has the least distance from O. Since the centered quadric & is
not given by a positive-definite quadric form, its dual quadric £ is non-empty in H. The
image in IH of the dual £ is #. We take the point P, € # which has the least distance from
O € [H. From Lemma 6, the three points O, P, P, lie on the same line. We consider the
family of planes passing through this line. Since # is unbounded, there exists a plane in
this family which has unbounded intersection with #. Thus the intersection of # u# with
this plane is either a pair of two centrally symmetric parallel lines, a pair of branches of

a hyperbola with its focus at O, or a parabola with its focus at O.

In the case of a hyperbola, note that we have the local rigidity just as in the elliptic
case: In a nearby plane from this family, the intersection of # u F is again a hyperbola
focused at O, with P, and P, as vertices at each branch. We conclude that # is a branch of

a circular two-sheeted hyperboloid with a focus at O.

In the case of parallel lines, this local rigidity implies that # intersects nearby planes
in lines with P, being the closed point from these lines to O. We conclude ¥ is a plane

perpendicular to the line OP;.

The only left case is when the intersection of # with a plane containing OP, is a
parabola. This happens when the original quadric € is unbounded and degenerate. From
the local rigidity of ellipses and hyperbolae, we conclude that if the intersection with a
plane passing through OP;, is a parabola, then the intersections of # with nearby planes

passing through OP;, we again obtain parabolae. These parabolae are focused at O and
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have P, as the vertex. Thus, # intersects the nearby planes from this family in parabolae
with the focus and the vertex in common. Thus in this case the image # is a paraboloid
with a focus at O.

O

Corollary 8. Any combination of confocal S'-invariant centered spheroids or two-sheeted
circular hyperboloids in H is sent to a combination of confocal spheroid or a sheet of a

two-sheeted circular hyperboloid.

Proof. This follows from the fact that any confocal family of conic sections on a plane is
sent to a confocal family of conic sections by the complex square mapping ( [22, Thm.
4] ) and the rotational symmetry of the images of centered quadrics with respect to the

symmetry axis shown in Proposition 7. O
Proposition 9. If a centered quadric in H is invariant under the S'-action on H given by
0-z+— exp(if)z, z€eH, (5)

then it is a centered quadric given in the non-degenerate case by the normal form equation

2 2 2 2
ﬂ+ﬁ+ﬁ+ﬂ=1 A,B>0 (6)
A2 T B2 A2 B2 ’ ’
or in the degenerate case by the normal form equation
2 2
e )
A2 A2 7 '

The image under the Hopf mapping z —— Q = zi-z of such a centered quadric is a spheroid/a
sheet of a circular hyperboloid in the non-degenerate case, including the sphere and plane

as degeneracies, and a circular paraboloid in the degenerate case.

Proof. By Proposition 7, the image of an S'-invariant centered quadric is either a spheroid,
or a sheet of a two-sheeted circular hyperboloid, or a paraboloid, all with a focus at the
origin, or otherwise a centered sphere or a plane. We shall only discuss the case that this

image is a spheroid. The other cases are similar.

Arnold Mathematical Journal, Vol.11(2), 2025 112


http://dx.doi.org/10.56994/ARMJ

KS, BW, integrable mechanical billiards

The proof is computational. Up to normalization, a spheroid in [H focused at the origin

is given by an equation of the form

G-V -D g 4
T+ﬁ+ﬁ_l_0’ C>D>0.

The mapping z ~— Q = zi - z pulls this equation back to
G,-G,=0
where the factors are
G, :=Cz +Cz; + Cz; + Cz, — /€2 = D2z,z, — 2V/C2 — D2z,z, — D?
and
G, :=Cz2 +Cz +Cz2 + Cz2 + 2/C2 = D2z,z; + 2V/C2 — D2z,z, + D2.

It is readily seen that the equation G, = 0 does not admit any real solutions.

In the rotated coordinates (u,, u,, us;, u,) defined as

u; +u, u3+u4 U, —uy Uz — Uy
Z1= = ZaK = ’Z4:—

: TR T vz

we write
G, = (C=VC? = D22 +(C+VC? = D22 + (C —VC? = D2)u2 + (C +VC? = D2)u2 = D* = 0

and thus by a further normalization we get the desired form (6).

O]

In [16], it is noticed that conformal transformations between mechanical systems
preserves billiard trajectories. A generalization of this observation to our current situation

is the following:

Proposition 10. Let R be an S'-invariant hypersurface in H \ O and R C IH its image under
the Hopf mapping. Let v, be an incoming vector at a point z € R such that (z,v,) € =! with
the outgoing vector v, after reflection. Then (z,v,) € ='. Assume that the Hopf mapping

pushes (v;,v,) into (0,,0,). Then v, is reflected to v, by the reflection at q = ziz off R.
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In the opposite direction, if v, is reflected to v, by the reflection at q off R c H \ O, then
for any z such that q = ziz, there exists based vectors v,,v, at z such that (z,v,),(z,v,) € !
which is pushed-forward into (0,, 0,) by the Hopf mapping, such that v, is reflected to v, at
z off the pre-image R of R.

Proof. By assumption, we have
BL(z,v;) = 0.

Consider the normal vector N, to R at z. Since R is S!'-invariant, we have that N, is

orthogonal to the S!-symmetric direction, which is given by iz. Consequently, we have
BL(z,N,) = Re(ziN,) = —(iz,N,) = 0.
Since BL is linear in its second variable, we conclude that
BL(z,v,) =0

as well.
The second assertion follows as long as we show that the push-forward of N, is

orthogonal to R at g = ziz. The push-forward of a vector v € X is 2ziv . Thus
(ziv, zZiN,) = |z|*(v,N,), (8)

meaning that the angle between v and N, is preserved. Applying this for any vector
v € 2N T,R we conclude that ziN, is orthogonal to % at gq.

For the opposite direction, if ¢ is a vector at g # 0 and z € H \ O such that g = ziz, then
the vector v such that ziv = ¢ is a vector at z which is pushed-forward to . With this
construction we get at each z a pair of vectors {v;, v,} from the pair of vectors {7, 0,} at q.
There follows directly that

(Z’ Ul)s (Z’ 02) € 21'

Moreover it follows from the angle-preservation relationship (8) that if 7, is reflected to

U,, then v, is reflected to v,.
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As part of the proof, we have shown that if an orbit of the four-dimensional Hooke
problem satisfies the bilinear relation, then so is its reflection. Therefore we may say
that a billiard orbit satisfies the bilinear relation. As only this type of orbits are related to

the spatial Kepler problem, we propose the following definition.

Definition 11. The subsystem of a four-dimensional Hooke billiard consisting only of orbits

satisfying the bilinear relation is called the restricted four-dimensional Hooke billiard.

Definition 12. A spatial Kepler billiard and a four-dimensional Hooke billiard are called
in correspondence, if the reflection wall of the Hooke problem in H is the pre-image of the

reflection wall of the Kepler problem in IH by the Hopf map.

With these definitions we get the following theorem, which generalizes the planar

Hooke-Kepler billiard correspondence as has been investigated in [16] and [22].

Theorem 13. Any billiard orbit of the spatial Kepler billiard is the image of an S'-family
of billiard orbits of the corresponding restricted four-dimensional Hooke billiard. In the
opposite direction, the image of any orbit of the restricted four-dimensional Hooke billiard

under the Hopf mapping is an orbit of the corresponding spatial Kepler billiard.

This theorem is not limited to the integrable case and thus may be useful to understand
the dynamics of non-integrable four-dimensional Hooke and three-dimensional Kepler
billiards.

For the integrable case, we know that a four-dimensional Hooke billiard with a
centered quadric reflection wall is integrable [6], [4]. We directly obtain the following

result, established in [23] via a completely different approach.

Thoerem A. Consider a surface of revolution in R3, by revolving a conic with a focus at the
origin about its principal axis. Then reflecting spatial Kepler orbits (attracted to/repelled
from the origin) off such a surface of revolution gives rise to an integrable mechanical
billiard.
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The first integrals for the three-dimensional integrable Kepler billiards can be obtained
from the first integrals of the four-dimensional Hooke billiards. On the other hand the

explicit representations of the first integrals are already obtained in [23]. We here recall:

-2 2 52

X“+y +z
E=2"1Y U—
Ly, =yz -2y,

Egpn = % ((1 +a)x2+y*+ 22+ (V1+a2x+a)y —V1+ azyx)z)
+ % ((yz' -z + (V1 +a2zx — (V14 a2x + a)z')z)

N m(1+ a? + aV1+ a2x)
Vx2+y?+ 22

where a is the half distance between the two foci.

b

4 The two-center problem and integrable billiards

In this section, we consider the spatial two-center problem, which describes the motion
of a particle in R®* moving under the gravitational attraction of two fixed centers. In the
plane, this system is known to be integrable due to the works of Euler and Lagrange
[3], [12]. The system is also integrable in R3. It is considered as a simplification of the
planar or spatial circular restricted three-body problem with the Coriolis force and the
centrifugal force ignored.

In [1], Birkhoff designed a way to simultaneously desingularize the two double
collisions of the particle with the two centers in the planar problem. This has been
subsequently generalized to the spatial problem as first announced in Stiefel and Waldvogel
[18]. In [25], Waldvogel explained that the construction is analogous to the observation
that on the Riemann sphere, Birkhoff’s mapping is conjugate to the complex square
mapping via a Mobius transformation. The approach was then subsequently applied to
the spatial problem. The use of quaternions was introduced in [26].

The goal of this section is to discuss this transformation in the spatial case with the
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language of the quaternions and symplectic geometry, with the hope of clarifying the
geometry of this transformation even further. Subsequently we apply this transformation
to the problem of integrable billiards. The main fact we will use is that for a separable

2-degree of freedom Hamiltonian system of the form:

a(x)P; + b(x)P;

H = 3 + A(x) + B(y) 9)

any coordinate line as a reflection wall results in an integrable mechanical billiard.

2 b(x)P?
a(x;Px + A(x) and COPy

orbits and under reflections at a coordinate line. The same result can be obtained by

Indeed one has the independent integrals + B(y) constant along
considering the spatial two-center problem in spheroidal elliptic coordinates, as this
approach leads to the same class of the separated system after reduction by rotations
around the axis containing the centers. However, it is worth mentioning that the method
used here does not require elliptic coordinates; instead, it utilizes spherical coordinates
through Birkhoff-Waldvogel’s Transformation.

We first recall Waldvogel’s view of Birkhoff transformation of the planar two-center
problem from [26]. See also [2] for a discussion on the geometry of this transformation.

Consider the mappings

2
1-2z

¢ : CU{oo}— CU{o0}, z+oa=1-

>

LC.: CU{o} = CU{o0}, a+—qg=a?
@, : CU oo} ~— C U{co}, F—>x=1—%.
The mappings ¢, and ¢, are Mobius transformations on the Riemann sphere C u{co}. The
mapping L.C. is the complex square mapping, branched at 0, o on the Riemann sphere.

The composition of these mappings in the natural order gives rise to

z+z71

@,0L.C.op; : CU{o0} —— CU{c0}, z+—>x= >

This is Birkhoff’s transformation, used to simultaneously regularize both double collisions

with two Kepler centers placed at —1,1 € C.
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This suggests the following construction for the spatial two-center problem.

We define the base Birkhoff-Waldvogel mapping as the composition

¢,0Hopfogp; :H U {oo} —— IH U {co},

zrox=i—4|z—il*((z—z-2)||z—i|]? +2(z — Di(Z + i))_1

where
¢l :IH]U{OO} L IH]U{OO},
. 2
Zrr—a=1i——7;,
zZ—1
Hopf :H U {oo} —— IH U {oo}
a+-—q=aia
and

¢, (IH U {oo} — IH U {oo},

gr—Xx=1i—

q-i
In coordinates, we have
1 ( s z1(zg +1)
NES\ AT ST o
2 z2 + 25 + 23
zy(z; — 1)+ 22023)
2 2 2
z] + 25 + 24
1 z3(zf — 1) — 2zyz,
X3 ==|23 + 5 5 > .
Z1 + 22 + Z3

(10)

=

N
I

NS
—

N

[\

+

2

By restriction and properly lifting the mappings to the cotangent bundles, we get the

unrestricted Birkhoff-Waldvogel mapping

—_—

BW. := ®,0K.S.0®, :(H\ {i,—i}) x H = (H\ {i, —i}) X H, (z, w) == (x,y)

where
@, :(H\ {i,—i}) xH - (H\ {0,i}) x H,

. 2 _(z=-Dw(z-1)
(z,w)»——><oc—l—z_i,,8— > >,
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K.S. :(H\{0,i}) x H — (H \ {0,i}) x H
&ip )

2|al?

(o, B) (q = aict, p =

@, ((H\ {0,i}) x H = (H\ {i, —i}) x H

.2 (q-Dpl@—i)
(q,p)'——>(x—l—q_l.,y— > :
Explicitly, the unrestricted Birkhoff-Waldvogel mapping B.W. is given by (z, w) ~— (x, y)
with
x=i—|z—il?Qlz—i|?ziz4+Z-z+i)—24+2z—2i)""
_ 1
Y i 2 =)

Xx((z=DT'E+D)iE+D)—-iE+D) P+ -+ 2z-D)7(Ez+D)Y
xwl—=E+i)(z—-0i)t+2i(z—-i)).
The mappings ®,, ®, are constructed in a way that the transformations on positions
are natural generalizations of ¢, ¢,, while the transformations on momenta are obtained
as contragradients. The mapping K.S. is the usual Kustaanheimo-Stiefel transformation.

In (H \ {i}) x H we define the subsets
A ={(z,w) € (H\ (RU{i}U{—i})) x H | Re((Z — Dw(Z + i)) = 0}

and
2 i={(a,B) € (H\ ({e®Iufop) x H | BL(a, B) = Re(aip) = 0O}

Then we have the following:

Lemma 14. The image of the mapping ®, with the restricted domain A is ¥. Additionally,
the image of the mapping ®, restricted to (IH \ {i,0}) x IH is (I \ {i, —i}) x IH.

To show this we first show
Lemma 15. ¢;'({e'®}) = R.

Since K.S.({e?®}) = i and ¢,(i) = oo, this shows in particular that R ¢ H represents

physical infinity of the physical space IH.
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Proof. The pre-image of a = ¢ is
2 . 2

a—i _cose—i(l—sine)

. 2(cos B + i(1 — sin 6))
(cosB —i(1 —sinH))(cos b + i(1 — sin O))
. cos@+i(1—sinB)
- 1—sinb

_ cosb@
~ sin6-1’

We thus have

= R/27nZt = R.
z sinG—llee /27 }

{ cosf

Proof. (of Lemma 15 ) The image ®,(A) is contained in %, since

Re(aif) = 0©Re<—i - Zii>i<(2+i)bg(2+i)> —0

& Re(1-2C+ D)z +Dw(Ez+i)=0 1)

SRe(Z+D)E+i-20E+Dw(Ez+i)=0
< Re((z—-Dw(z+1i)) =0.
On the other hand, for any («, 8) € £, its pre-image (z, w) € A by @, is given by the formulas

2
i—a

+i

zZ =

and
w=2z+i)7'pE+i)! = 2apa.

Thus, the first part of the lemma follows.
For (g, p) € (IH \ {i}) x IH, the conjugation of its image (x, y) by @, is obtained as

2 2
X=—i— =—(i—

—q+i ==

and

’

o _(a-0Dplg-D) __(=q+Dp(=g+D) _ (@-Dplg—D _ _
Y= 2 - 2 - 2 -

Arnold Mathematical Journal, Vol.11(2), 2025 120


http://dx.doi.org/10.56994/ARMJ

KS, BW, integrable mechanical billiards

thus (x,y) € (IH \ {i}) x IH.
On the other hand, for any (x,y) € (IH \ {i}) x IH, the conjugate of its pre-image (p, q) is

obtained as

Q)
Il

2 . ( 2 )

- ti=—|—"7+1]=—q
—i+x i—x
and

p=—2xyx = —p,

thus the pre-image (p, q) belongs again to (IH \ {i}) x IH.

Lemma 16. The image of the K.S mapping restricted to £ is (IH \ {i, 0}) x IH.
Proof. The image K.S.(2) is included in IH x IH since &ia € IH for any « € H and
BL(a,8) = 0 © Re(aif}) = Re(p) = 0.

On the other hand, for any (g, p) € (IH\{i}) xIH, we can take («, 8) € £ such that K.S.(«, ) =
(q, p). Indeed,for any (g, p) € IH x IH, there exists an S'-family {(¢?®a, ¢®18)} satisfying
BL(a,f) = 0. O

From these lemmas, we obtain the following proposition:
Proposition 17. The restricted Birkhoff-Waldvogel mapping
BW.: A= (IH\{i,—-i)xIH (z,w)+— (x,y),

where

x=i—|z—i?Qlz—-i|?ziz+z—z+i)—Z+z—2i)7!
_ 1
li—2(z =)~

Xxwl—CE+i)(z—-i)"+2i(z—-i))

y (z=D'c+D)liE+D)-iC+D) '+ E=-Dti+2z-DE+D)™

Is surjective.
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The following proposition describes the symplectic property of the restricted Birkhoff-
Waldvogel mapping:

Proposition 18. B.W.*(Re(dy A dx)) = Re(dw A dz)|4.
Proof. We compute the 1-form:

®¥(Re(Bda)) = Re

SN (CRLLEED

(% (=2d(z - i)_1)>

2z —=D)7Nd(z =)z - i)‘1>
= Re(wdz)

Similarly, we get

®(Re(pdx)) = Re(pdg).

We now recall the fact

K.S.|5(Re(pdq)) = Re(Bda).

Since 2 c X, we have

K.S.l;(Re(pdq)) = Re(Bda).

By combining these facts, we obtain
B.W.*(Re(ydx)) = Re(wdz).
O

We now apply this mapping to the two center problem in R3 = [H, with the two centers

at +i € IH. We start with the shifted-Hamiltonian of the two-center problem

|y|2 m, m,
H—-f=—+ =+ -
f 2 |x —1i]  |x+i]

f

and consider its 0-energy hypersurface. By multiplying the above equation by |x —i||x +i],
we obtain

|y 1x = i]]x + i

e = il e+ i1(H = f) = ;

+ mqy|x +i| + my|x —i| — flx —i]|x +1i].
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With the following identities

=12
Z—1
BW.A(x - i) = 2=
|z — z|
. z +i|?
BW *(|x +i]) = 2+
|z — z|
z —z|*w|?
BW . (|y|?) = |
W= T+
we obtain
' lw|?|z — z|? |z +i|? |z —i|? B |z —i|?|z +i|? _0 (12)
8 Lz -z 21z — z| |z — z|? ’

which can be put in the standard form of a natural mechanical system in the plane by a

further multiplication of |z — z|~2: In this way we get

_ lwp? |z +i]? |z —i?

m lz—il?lz+i]> _
8 o

K : =0. 13

f

z—zPP  Plz—z]3 |z —z|*

Note that the Hamiltonian (13) is regular at the physical double collisions {z = +i}. The
physical collisions are therefore regularized. Its singular set {z € R} corresponds to co of

the original system, and is not contained in any finite energy level (Lem. 15).
Proposition 19. Consider a plane in IH containing the i-axis given by the equation
kzXz + k3X3 = O (14)

with (k,,k,) € R?\ O. The pre-image of this plane by the B.W. mapping is the family of
two-dimensional spheres and planes given by
(sin 6z — cos 0)* + (22 + z + z3) sin0 =1 as)
k,(z, cos B + z5 sin 0) + kz(z3 cos@ — z,sin6) = 0.
For each 6 # 0,7 (mod 27), Equation (15) describes a two-dimensional sphere as the
intersection of a three-dimensional sphere with a hyperplane in H. We call them Birkhoff

spheres. We denote them by Sy, respectively.
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For 6 = 0, (mod 27), Equation (15) describes the plane

zp=0
’ (16)
k222 + k3Z3 = 0,

which we call a Birkhoff plane and we denote it by n,. In both cases, the angle « is the
unique angle which satisfies

COSK = Z,,Sinx = z3.

Moreover, the mapping B.W. is restricted to the Birkhoff mapping on the cotangent bundle
of a Birkhoff plane.

Proof. The pre-image of the plane (14) by the mapping ¢, is a plane given by
kiqz + kg3 =0

in [H. The pre-image of this plane by the Hopf map is the family of Levi-Civita planes
given by
agcosf + a;sinf =0
(17)
ky(ay cos 6 + a3 sin0) + ks(a3cos@ — a,sinf) = 0
in which 6 € R/27Z is an angle parametrizing the S!-symmetry of the Hopf mapping.

The pre-image of this family of Levi-Civita planes by ¢, is

cos8(—zy) +sin6 (z; — 1+ (2} + (z; — 1)* + 25 + 23)?/2) =0, as)
k,(cos 6z, + sin 0z3) + k;(cos 6z; —sin6z,) = 0,

which is equivalent to Eq. 15. For the last assertion, the restriction of the B.W. mapping
to a Birkhoff plane is the composition of planar mappings each of them can be identified

with ¢,, L.C., ¢, respectively. Indeed, the restriction of ¢, to the ij-plane is obtained as
$1(z1i+ 22)) = (1 = 2((z1 — 1)* + 2) ' (1 = 21))i + 2((z1 — 1> + 2) 7' 2,
which is equivalent to the Mobius transformation on C U {co} given by
01(z0 + 210) = 1= 2((zg — 1> + z1) M (A — 2) — 2(z — 1)* + 23) ' z;i

Arnold Mathematical Journal, Vol.11(2), 2025 124


http://dx.doi.org/10.56994/ARMJ

KS, BW, integrable mechanical billiards

up to some basis changes. One can generalize this identification to any planes in IH
containing the i-axis by rotating the plane with respect to the i-axis. Analogously, we
can identify the restriction of ¢, to a plane in [H containing the i-axis. Finally, we recall
the argument from Proposition 5 and use the equivalence between the restriction of the
Hopf mapping to the ij—plane in [H and the complex square mapping. The conclusion

follows.

It is desirable to relate Sy, and «,, as they are related by the symmetry of the Birkhoff-
Waldvogel mapping. We also would like to introduce natural coordinates to analyze the

transformed system. For this purpose, we have the following lemma:
Lemma 20. Let z € 7, be expressed as
z=(rcosy)i+ (rsinpcosx)j+ (rsingsinx)k,

and zg € S, be related to z by the action of the S'-symmetry of the Birkhoff-Waldvogel
mapping by shifting the corresponding angle by 6. Then we have

_ (1 =r?)sin® + 2r cos i + 2rsin g cos(6 + x)j + 2rsiny sin(6 + ¥k

(r?+1)—(r2—=1)cosf (19)

29

Proof. The mapping 7, — S,z —— zg is computed as zg = ¢ '(e!¢,(2)). This leads to the

formula above. O

We may thus use (r,9, x,0) as coordinates for points in H \ O with the help of Eq. (19).
The mapping (r,9,x,0) —— z := z4 1S seen to be 2-to-1, as both (r,¢,x,0) and (r,9,x,0 + 7)
is sent to the same point z € H.

We compute K in Eq. (12) with these coordinates. We denote by (P,, Py, P, Po) the
corresponding conjugate momenta. We set P, = 0, which is equivalent to the condition

Re((Z + i)w(z — 1)) = 0. This follows from Eq.(11). We then obtain after this restriction the
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formula
~ 2P2 P2 P2 2 2P2
g=""ry Py —— Lk (20)
2 "2 T qnty (Po1p
2 _ 2 2 1
+4f cos® P + (my — m,)cosy + = (m + m)r/2+ ) + ). (21)

rz
This can be considered as the reduced system with respect to the S'-symmetry in the

direction of 6.

We have
K = Kl +K2’ (22)
with
Ry(r P, py = FE 2P U= (m b mr/24 [0 41),
2 (r2—1)2 2
Py B 23)
K. Py, Py) = 2o 4 4fcos? Y+ (my — my)cos .

2 2sin P

The angle x does not appear in this formula, reflecting the rotational invariance of
the system around the axis of centers in IH. We may thus fix P, = C. The further reduced
Hamiltonian is

Kred = Kred,l + Kred,Z’ (24)

with

_ r2p? 2r2(C2 (fr> —(my + myr/2+ )(r? + 1)
Kred,l(raPr) = - — + ;

2 (r2—1) r2
P2 o2 (25)
Kyeq2(,Py) = 7¢ + ——— +4f cos’ + (my — my) cos .
2sin” 9

Both K,.q:(r, P,), Kyea2(¥,Py) are 1 degree of freedom systems. The theory of [22]
applies. Any finite combination of coordinate lines {r = cst.} and {¢ = cst.} in the (r,9)-
plane are integrable reflection walls.

It follows from Eq. (19) that each fibre of the B.W.-mapping intersects the subspace IH

in two points when r # 1, and lie completely in this subspace when r = 1. In this latter
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case, only the combination of the angles 6 + x appears in the formula, meaning that in this
case the x-orbit is the same as the 8-orbit. This is reflected in the formula (20) for K, which
is singular at {r = 1} if C # 0. Indeed it is not hard to check that this set corresponds to the
i-axis in the physical space IH. This follows from Eq.(10). Otherwise, it is also singular at
¥ = 0, 7 (mod 27), corresponding again to the i—axis. With this in mind, we consider the

restriction of the system to the set
D={z=2zi+2zj +z:k €H\ : |z| #0,1,(2,,23) # (0,0)}
with (orthogonal) spherical coordinates (r, %, x), given by Eqs. (22), (23).

Proposition 21. A mechanical billiard system in [H, defined by the restriction of K and any
finite combination of concentric spheres and any cones symmetric around the i-axis with

the vertex at the origin is integrable.

Proof. The spherical coordinates (r,3,x) are orthogonal. At a point of reflection we
decompose the velocity as v, €, + vy €, + v, ¢,. We consider a sphere centered at the origin
O or a cone symmetric around the i-axis with a vertex at O as reflection wall. Due to the
symmetry of the wall with respect to the i-axis, the x-component of the velocity, thus
the P, does not change under reflections. Also, the intersection of the wall and a plane
containing the i-axis is a circle centered at the origin or a line passing through the origin,
thus the argument in [22, Lemma 3] applies and we see that both P? and pr are conserved.
Therefore, we conclude that K; and K, are conserved.

0

By a quadric of class R in [H we mean a spheroid or a circular hyperboloid of two
sheets there-in with foci at the two Kepler centers +i following [23]. Restricting the system
in [H to the Birkhoff planes and making use of [22], we obtain that the above mentioned
system is equivalent to the two-center billiards in R3 with any combinations of quadrics

of class R as reflection walls.

Theorem 22. The above-mentioned mechanical billiard system is equivalent to the two-

center billiards in R® with any combinations of quadrics of class R as reflection walls.
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Thoerem B. Consider a surface of revolution in R* by revolving a conic with foci at the
two Kepler centers around the axis joining the centers. Then reflecting orbits of the spatial
two-center problem on such a surface of revolution R is an integrable mechanical billiard.
Moreover, taking a finite combination of these surfaces does not destroy the integrability of

the resulting two-center mechanical billiard systems.

This provides an alternative way to show the integrability of these two-center billiards,

and generalizes [22] to dimension 3.

Remark 23. The Lagrange problem in R3 is given by the Hamiltonian

2
w m m
=00 e T M
lz—1] |z +i]

2

with my, m;, m, € R as parameters.
The same procedure shows that this system is separable after reduction in the same
coordinates as above. Consequently, Thm. 22 also holds with the Lagrange problem as the
underlying system, as well as for other similar systems separable after reduction in these

coordinates.

We here recall the explicit representation of the first integrals for the integrable
Lagrange billiard obtained in [23]:

m, my

22 4 w2 52
X+ +z
VD ey e

E + )
2 Ve-—D+y2+22 Jx+D+y*+22

Ly, =yz -2y,

Egpn = % (2x2 +92 + 22+ (V2x + Dy = V2yx)? + (V2zx — (V2x + D2)? + (yz — zy)2)
my (1 +1/2x) . m,(1 —/2x) '

Va—12R +y2 422 [+ 1422 42 + 22

Setting m, = 0 yields the first integrals of the two-center problem stated in Theorem B.

+ my(2x% + y* + z%) +
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1 Introduction

It is well known (see Proposition 5.1 below for references) that the field of meromorphic
functions on a 2-dimensional neighborhood of the Riemann sphere with positive self-

intersection is a finitely generated extension of C, of transcendence degree at most 2. In
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recent papers [5, 6, 8] examples of such neighborhoods were constructed for which this
transcendence degree assumes all values from 0 through 2 (in particular, examples of
non-algebraizable neighborhoods with transcendence degree 2 were found).

Now it seems natural to ask what fields may occur as such fields of meromorphic
functions (in the case of transcendence degree 1 or 2, of course). It turns out that the
answer to this question is simple and somehow disappointing. To wit, the main results of

the paper are as follows.

Proposition 1.1. Suppose that F is a non-singular connected complex surface and that
there exists a curve C C F, C = P!, such that (C - C) > 0. Let M be the field of meromorphic
functions on F.

If the transcendence degree of M over C is at least 2, then M = C(T,,T,) (the field of

rational functions).

Proposition 1.2. Suppose that F is a non-singular connected complex surface and that
there exists a curve C C F, C = P!, such that (C - C) > 0. Let M be the field of meromorphic
functions on F.

If the transcendence degree of M over C is 1, then M = C(T) (the field of rational

functions).

Summing up, if F is a smooth and connected complex surface contaning a copy of the
Riemann sphere with positive self-intersetion, then the field of meromorphic functions
on F is isomorphic to either C or C(T) or C(T;,T5).

Thus, the field of meromorphic functions without any additional structure cannot
serve as an invariant that would help to classify neighborhoods of rational curves with
positive self-intersection.

Proposition 1.2 agrees with the example from [6, Section 3.2].

The proofs of Propositions 1.1 and 1.2 are based on the study of (embedded) defor-
mations of the curve C C F. Properties of such deformations are well known in the

algebraic context; the classical paper [7] implies a complete description of deformations
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of rational curves on arbitrary smooth complex surfaces, but this paper does not contain
a description of deformations of rational curves passing through given points; I prove
the necessary facts (Propositions 3.1 and 3.2) in the ad hoc manner, using a result of
Savelyev [11].

The paper is organized as follows. In Section 2 we recall, following Douady [4], general
facts on deformations of compact analytic subspacesin a given analytic space. In Section 3
we prove some pretty natural results on deformations of smooth rational curves in smooth
(and not necessarily compact) complex surfaces; the results of this section do not claim
much novelty. In Section 4 we establish some more specific properties of deformations
of rational curves on surfaces. Finally, in Section 5 (resp. 6) we prove Proposition 1.1

(resp. 1.2).

Acknowledgements
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Notation and conventions

All topological terms refer to the classical topology unless specified otherwise. By coherent
sheaves we mean analytic coherent sheaves.

If X is a connected complex manifold, then M(X) is the field of meromorphic functions
on X.

If Y is a complex submanifold of a complex manifold X, then the normal bundle to Y
in X is denoted by Ny\y.

Our notation for the n-dimensional complex projective space is P".

The projectivization P(E) of a linear space E is the set of lines in E, not of hyperplanes.

If ¢, and C, are compact Riemann surfaces embedded in a smooth complex surface F,

then their intersection index is denoted by (C; - C,).
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If C is a Riemann surface isomorphic to P! and n € Z, then O.(n) stands for the line
bundle aka invertible sheaf of degree n on C.

By Veronese curve C; ¢ P¢ we mean the image of the mapping P! — P¢ defined by the
formula (zy : z,) —— (28 : z87'zy @ oo 1 29).

Analytic spaces are allowed to have nilpotents in their structure sheaves (however,
analytic spaces with nilpotents will be acting mostly behind the scenes). If X is an analytic
space, then the analytic space obtained from X by quotienting out the nilpotents is
denoted by X,4.

If X is an analytic space and x € X, then T,X is the Zariski tangent space to X at x (i.e.,
T, X = (m,/m2)*, where m, is the maximal ideal of the local ring Ox ).

In the last two sections we use meromorphic mappings (which will be denoted by
dashed arrows). For the general definition we refer the reader to [2, page 75] (one
caveat: a meromorphic function on a smooth complex manifold X is not, in general,
a meromorphic mapping from X to C); for our purposes it suffices to keep in mind
two facts concerning them. First, if F: X -»> Y is a meromorphic mapping, where X
is a complex manifold, then the indeterminacy locus of F is an analytic subset in X of
codimension at least 2. Second, if X is a connected complex manifold and f,, ..., f, are
meromorphic functions on X of which not all are identically zero, then the formula

x = (fo(x) 1 ... fn(x)) defines a meromorphic mapping from X to P".

2 Deformations: generalities

In this section we recall (briefly and without proofs) the general theory (see [4] for details).
Suppose that F is an analytic space (in the applications we have in mind F will be a smooth
complex surface). Then there exists the Douady space D(F), which parametrizes all the
compact analytic subspaces of F. This means the following.

For any analytic space B, a family of compact analytic subspaces of F with the base B

is a closed analytic subspace $ c B x F that is proper and flat over B. Now the Douady
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space D(F) comes equipped with the universal family $(F) c D(F) x F of subspaces of F
over D(F), which satisfies the following property: for any family over an analytic space B
there exists a unique morphism B — D(F) such that the family over B is induced, via this
morphism, from the universal family over D(F). Applying this definition to the case in
which B is a point (hence, a family over B is just an individual compact analytic subspace
of F), one sees that there is a 1-1 correspondence between compact analytic subspaces

of F and fibers of the projection $(F) - D(F).

At this point one has to say that the Douady space is not an analytic space: it is a
more general object, which Douady calls a Banach analytic space. However, every point
a € D(F) has a neighborhood A > a that is isomorphic to an analytic space in the usual

sense.

This construction can be generalized as follows. If € is a coherent analytic sheaf on
F, then there exists a Banach analytic space Dou(&) parametrizing coherent subsheaves
8 c & such that the quotient £/8 has compact support. To be more precise, a family of
subsheaves of & with base B is a coherent subsheaf > C pr; € on B x F such that pr £/X is
flat over B and supp(pr; /%) is proper over B, and there is a universal family of subsheaves

of & over Dou(&).

The space Dou(€&) is also locally isomorphic to an analytic space. If one puts € = O in

this construction, one obtains a canonical isomorphism D(F) = Dou(Op).

If a € Dou(€) is a point corresponding to the subsheaf S c &, then one can define the
Zariski tangent space T,Dou(&) to Dou(€) at a as T,A, where A C Dou(€) is any neighbor-
hood of a that is isomorphic to an analytic space. This Zariski tangent space is canonically

isomorphic to Hom(S, £/8) (see [4, Section 9.1, Remarque 3]).

If a coherent sheaf € is a subsheaf of a coherent sheaf # and if #/& has compact
support, then Dou(€) is naturally embedded in Dou(¥) (a subsheaf of € can be regarded
as a subsheaf of #). This embedding induces injective homomorphisms of Zariski tangent
spaces. Indeed, let Spec C[¢]/(¢2) be the analytic space consisting of one point such that the

ring of functions is C[e]/(¢?). Then T,Dou(¢), as a set, is canonically bijective to the set of
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families of subsheaves of € over the base Spec C[¢]/(?) (ibid.). If supp(F /&) is compact, any
family of subsheaves of € (over an arbitrary base) is automatically a family of subsheaves
of 7, and different families of subsheaves of &, being different subsheaves of pr; &, are
ipso facto different subsheaves of pr; 7.

In the sequel we will be using the following notation.

Notation 2.1. If F is a complex manifold and a € D(F), then C, stands for the analytic
subspace of F corresponding to a.
Similarly, if € is a coherent sheaf on a complex manifold and a € Dou(€), then §,, is

the subsheaf in € corresponding to a.

3 Deformations of rational curves

In this section we state and prove two auxiliary results concerning deformations of
smooth rational curves on complex surfaces. These results are well known for deforma-
tions of curves on which no restrictions are imposed. For example, Proposition 3.1 below
follows immediately from the main result of [7], and its algebraic-geometric counterpart
(for smooth algebraic surfaces over a field of characteristic zero) follows immediately
from the theorem in Lecture 23 of [9]. However, I did not manage to find a suitable
reference for deformations of curves passing through given points.

We will be using the general theory from Section 2 in the following setting. F will
always be a smooth and connected complex surface, C c F will be a complex sub-
manifold isomorphic to P! (the Riemann sphere), and we will always assume that the
self-intersection index d = (C - C) is non-negative. By D(F, C) we will mean an unspecified
open subset of D(F) that contains the point corresponding to C c F and is isomorphic to
an analytic space. The reader will check that this indeterminacy of definition does not
affect the arguments that follow.

Moreover, suppose that S = {p, ..., p,,} C C is a subset of cardinality m < d = (C - C).

Let ¢ C O be the ideal sheaf of the analytic subset S c F. If 7 C J; is a coherent subsheaf,
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then it follows from the exact sequence
0> Jg/I - Op/T > Op/Tg — 0

that supp(Or/J) = supp(Js/I) U S, so supp(Js/I) is compact if and only if supp(Oz/7) is
compact. Hence, the Douady space Dou(Js) parametrizes the (ideal sheaves of) compact
analytic subspaces of F containing the subset S. An unspecified open subset of Dou(Js)
containing the point corresponding to C (strictly speaking, to the ideal sheaf of C, which
is a subsheaf of J5) and isomorphic to an analytic space, will be denoted by D(F, C, S). In
view of the natural embedding of Dou(Js) into Dou(Or) = D(F) we will always assume
that D(F,C,S) c D(F,C).

Extending Notation 2.1, we will denote by C, c F the analytic subspace of F corre-
sponding to the point a € D(F,C, S).

Let a € D(F,C) be the point corresponding to C C F, and let - = Op(—C) be the ideal
sheaf of C c F. According to the general theory, the Zariski tangent space to D(F,C) at a is

T,D(F,C) = Homg,(Jc, Or/Ic) = Home,(Ic /92, Oc) = Npic = Oc(d) 1)

(here and below, Hom refers to the space of global homomorphisms, not to the Hom sheaf).
Similarly, taking into account that 7. c J5 and denoting by b € D(F,C,S) the point

corresponding to C, one has
TpD(F,C,S) = Homg,(Ic,Ts/Ic) = Homy (Ic/92,Ts) = Npjc ® Oc(=S) = Oc(d — m).

The main results about deformations of C ¢ F that we need are as follows.

Proposition 3.1. Suppose that F is a smooth and connected complex surface, C C F
is a complex submanifold isomorphic to P!, and d = (C - C) > 0. Then there exists a
neighborhood A 5 a of the point a € D(F, C) corresponding to C such that the analytic space

A is a smooth complex manifold of dimension d + 1 and, for any b € A, Cp, = P*.
A similar result, of which Proposition 3.1 is a particular case, holds for D(F, C, S).
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Proposition 3.2. In the above setting, suppose that S = {p,,...,p,} C C is a subset of
cardinality m < d. Then there exists a neighborhood A > a of the point a € D(F,C,S)
corresponding to C such that the analytic space A is a smooth complex manifold of dimen-

siond —m+ 1 and, for any b € A, Cp, = PL.

We begin with a particular case, which is essentially contained in [11] (and which

follows from the main result of [7]).
Lemma 3.3. Proposition 3.1 holds if d = 0.

Proof. Leta € D(F,C) be the point corresponding to C c F. Since d = 0, one has Ny c = O,
so it follows from (1) that dim T,D(F,C) = 1. But, according to the main result of [11],
there exist a neighborhood W > C and an isomorphism ¢ : W — D x C, where D is the

unit disk in C, such that ¢(p) = (0, p) for any p € C. If one puts
G ={z,x)eDXF:xeW, pr,(p(x)) = z},

then the family ® induces a morphism @ : D — D(F, C) such that ®(0) = a (the point corre-
sponding to C) and @ is 1-1 onto its image. Hence, dim, D(F, C) > 1. Since dim T, D(F,C) = 1,
one concludes that D(F, C) is a smooth 1-dimensional complex manifold in a neighborhood

of a. -
To prove Proposition 3.2 in full generality, we will need two simple lemmas.

Lemma 3.4. If p: $ — D, where D is the unit disk in C, is a proper and flat morphism of
analytic spaces, and if the fiber p~1(0) is reduced and isomorphic to P, then there exists an

¢ € (0;1) such that the fiber f~'(a) is also reduced and isomorphic to P! whenever |a| < ¢.

Sketch of proof. Itis easy to see that there exists an ¢ > 0 such that p~!(D,) — D, is a proper
submersion of complex manifolds. Hence, topologically it is a locally trivial bundle, so all

the fibers are homeomorphic to S?, whence the result. O

Lemma 3.5. Suppose that X is an analytic space, a € X, and dim T, X = n. Then the following

two assertions are equivalent.
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(1) X is a smooth n-dimensional complex manifold in a neighborhood of the point a.
(2) There exists a non-empty Zariski open subset V. Cc P(T,X) such that for any 1-
dimensional linear subspace ¢ C T, X corresponding to a point of V there exists a smooth 1-

dimensional locally closed complex submanifold Y c X suchthatY s aandT,Y =¢ C T X.

Proof. Only the implication (2) = (1) deserves a proof.

Observe that X is a complex manifold near q if and only if dim, X = n = dimT,X.
Furthermore, the question being local, we may and will assume that X is a closed analytic
subspace of a polydisc D c CV. Let D be the blowup of D at a, and let X be the strict trans-
form of X,.4. If o : D — D is the blowdown morphism and E = o~!(a) is the exceptional
divisor, then X n E is a projective submanifold of E ~ PN, dimX NnE = dim, X — 1, and
XNnEcCP(TX)CE.

Now if Y € X is a locally closed 1-dimensional complex submanifold such that Y > a
andif¢ =T,Y c T X, then the point of P(T,(X)) corresponding to ¢ belongs to X nE; thus,
it follows from (2) that X n E contains a non-empty Zariski open subset of P(T,X), hence

XNnE =P(T,X), hence dim, X = n, and we are done. O

Proof of Proposition 3.2. Choose d — m distinct points qy,...,q4_, € C \ S. Let F be the
blowup of F at the points py, ..., P> 415 -+ » Qd—m> 1€t 0 : F — F be the corresponding blow-
down morphism, and let C c F be the strict transform of C. One has € ~ P! and (C,C) = 0.
Let a € D(F,C) be the point corresponding to C, and let a € D(F, C, S) be the point corre-
sponding to C.

Applying Lemma 3.3 to the pair (F, C), one concludes that there exists a family £, c
D x F, where D is the unit disk in the complex plane, such that its fiber over 0is C c F
and, for the induced mapping ¢ : D — D(F,C), its derivative D@(0) : ToD — T;D(F,C) is
non-degenerate.

If we put $, = (id X 0)($,) C D x F, then H, is a family of analytic subspaces in F
containing S; its fiber over 0is C. Let ¢ : D — D(F, C, S) be the mapping induced by this
family.
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It is clear that the diagram

ToD(F,C) =—=H"(Np|c)

T D(F’ C’S) —HO(NF|C(_S))’

where the vertical arrow is induced by the natural homomorphism Nz — "N,
is commutative. It follows from (the proof of) Lemma 3.3 that a(8/9z), where z is the
coordinate on D, is a nowhere vanishing section of Nz & O¢; since the derivative of
the mapping o is non-degenerate outside o={ps, ..., Pp» G1s - » Q4—m}> the section a(d/9z) =
Do(&(8/9dz)) is not identically zero. Hence, ¢ induces an embedding of a possibly smaller
disk D, ¢ D in D(F, C, S).

Moreover, since o maps each of the curves o~'(p;), 07'(g;) to a point, and since each
of these curves is transverse to C, the section a(8/3z) vanishes at py, ..., P> q1s -+ » Qd—m> SO

a(d/9z) spans the 1-dimensional linear space
H'WNpic(=S)(=q1 — -+ = Qa—m)) € H'Npic(=S)) = TD(F,C,S). (2)

In the argument that follows we will assume that d — m > 2, so that the words about
Veronese curves in P¢ and P9~ make sense; we leave it to the reader to modify the
wording for the cased —m = 1.

Keeping the above in mind, identify C with P! and v Fic With Opi(d) = Oc(d), embed C
in P4 with the complete linear system |O.(d)| to obtain a Veronese curve Cy; C P¢, and
project C; from P9 to P4~™, the center of projection being the linear span of the images of
the points py, ..., p,,. The image of this projection will be a Veronese curve C,_,, c P4™";
denote the resulting isomorphism between C and Cy_,, by ¢ : C — Cy_,,-

One has

PA = P((HON i (=S)");
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for any d—m distinct points qy, ..., g4, € C\S the points ¢(q,), ..., (q4—,,) Span a hyperplane

in P4~ and the linear span (p(q,), ..., 9(q4_m)) is the projectivization of

Ann(HO(NF|C(—S)(—q1 == q4-m)) C HO(NF|C(_S))*-

Now the hyperplanes in P4~ that are transverse to C,_,, form a non-empty Zariski
open subset in (P¥™)* = P(HO(N ric(=S))) and any such hyperplane intersects C;_,, at
d — m distinct points that are of the form ¢(q,), ..., 9(q4—.), Where qi, ..., q4_» € C \ S. Thus,
the linear subspaces of the form (2) fill a non-empty Zariski open subset in P(T,D(F,C, S))
as wevary q,...,q4_m € C \ S, so the hypotheses of Lemma 3.5 are satisfied if one puts
Y = ¢(D), hence the smoothness is established. Now the assertion to the effect that the

fibers are isomorphic to P! follows from Lemma 3.4. O

4 Good neighborhoods

Suppose that F is a smooth and connected complex surface and C C F is a curve that is

isomorphic to P! and (C - C) > 0. In the definition below we use Notation 2.1.

Definition 4.1. We will say that an open subset W c F, W D C is a good neighborhood
of C if there exists a connected open subset A C D(F,C) such that W = | J,_, C; and each

C,, for b € A is a smooth curve isomorphic to P!.

Proposition 4.2. In the above setting, there exists a fundamental system of good neighbor-

hoods of C.

Proof. If d = 0, it follows immediately from Lemma 3.3. Suppose that d > 0.

Let a € D(F) be the point corresponding to C, and let A 5 a, A ¢ D(F,C) be the
neighborhood whose existence is asserted by Proposition 3.1. We denote by $ c AX F
the family of analytic subspaces of F induced by the embedding A < D(F, C) (informally
speaking, $ = {(b,x) € AX F: x € Cp}). Since all the C,’s are smooth 1-dimensional
complex submanifolds of F and the base A is a smooth complex manifold as well, § is a

smooth complex manifold.
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I claim that the projection q : $ — F is a submersion; once we have established this
fact, it will follow that q($) c F is a good neighborhood of C.

To check this submersivity, consider an arbitrary point (b, x) € $ (i.e., x € C}); we
are to show that the derivative Dq(b, x) : T(, )9 — T, F is surjective. To that end, pick d
distinct point py, ..., pg € Cp \ {x}, where d = (C - C) = (C}, - C},), and put {p;, ..., pg} = S.

Leti: D(F,C,S) < D(F,C) be the natural embedding, and let 3 € D(F, C, S) be the point
corresponding to the curve C, (so Cgz and C, are the same curve in F, and i(8) = b).

Let A, C D(F,Cp, S), Ay © 8 be a neighborhood whose existence is asserted by Proposi-
tion 3.2; we may and will assume that A, c i~1(A). Finally, let $, C A, X F be the family of
analytic subspaces of F (containing S) induced by the inclusion A, < D(F,C, S), and let
Qo : 9o — F be the projection. The inclusion A, ¢ D(F,C) induces an inclusion $, — $,

and one has the following obvious commutative diagram:

F (3)
d0
o
Ay——=A

Observe thatif c € i(Ay) c Aand y € C, \ S then there exists a unique y € A, such that
y €C,.Indeed, ify € C,nC,, 7,71 € Ay, then C, nC,, D {y}uS, whence (C,-C,)>d+1,
which contradicts the fact that

(C,-C,)=(C-C)=d.

Hence, there exists a neighborhood 2B 5 (8, x) in $, such that the restriction of g, to B is
1-1 onto its image.

Since, according to Proposition 3.2, the Douady space D(F,Cp,S) is 1-dimensional
and smooth in a neighborhood of the point 8 corresponding to C, C F, and since a
holomorphic mapping of complex manifolds of the same dimension that is 1-1 onto its

image is an open embedding, it follows now that g,(28B) is open in F and gl : B — qo(B)
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is a biholomorphism. In particular, Dgy(8, x) : T(5x) 9o = T+F is an isomorphism. Now it
follows from the diagram (3) that Dq(b,x) : T, 9 — T,F is a surjection.

This proves the submersivity of the projection q: $ — F, so q($) C F is a good
neighborhood of C, and, for any open and connected A’ c A, A’ 3 a, the set g(p~!(a")) D C,
where p : $ — Aisthe projection, is a good neighborhood of C as well. The neighborhoods

q(p~1(a")), for various such A/, form a fundamental system of good neighborhoods of C. [

Proposition 4.3. Suppose that C C F, where F is a smooth complex surface, is a curve that
is isomorphic to P!, and that (C - C) = d > 0. If W C F is a good neighborhood of C in the
sense of Definition 4.1, then for any x € W there exist two curves C,C, 3 x, C;,C, C W such

that C, ~ C, =~ P! and the curves C, and C, are transverse at x.

Proof. Since W is a good neighborhood, there exists a curve C, > x, where b € A. Pickd—1
distinct points py, ..., pg—1 € Cp\{x}and put S = {x, p;, ..., p4_1}- According to Proposition 3.2,
one has dimg D(F, Cp, S) = 1, where § is the point of D(F, C}, S) corresponding to C,. Let
Ay 3 B, Ay C D(F,Cy, S) be the neighborhood whose existence is asserted by Proposition 3.2,
and let y;,y, € A, be two distinct points. I claim that the curves C; :=C, and C, :=C,,
are transverse at x. Indeed, if this not the case, then the local intersection index of C,

and C, at x is at least 2, whence
C-O)=(C-Cr)=>2d-1+2>d+1,

contrary to the fact that (C - C) = d. This contradiction proves the required transversality.

O]

5 Transcendence degree 2

In this section we prove Proposition 1.1. We begin with two simple observations.

Proposition 5.1. IfF is a smooth connected complex surface that contains a curve C c P!
such that (C - C) > 0, then the field of meromorphic functions M(F) is finitely generated
over C and tr.deg. M(F) < 2.
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Proof. Theorem 2.1 from [10] asserts that there exists a pseudoconcave neighborhood
U D C. According to [1, Théoreme 5], the field M(U) is finitely generated over C and
tr.deg. M(U) < 2. Observe that M(F) embeds in M(U) as an extension of C; since any
sub-extension of a finitely generated extension of fields is also finitely generated and the

transcendence degree is additive in towers, we are done. O

Lemma 5.2. Suppose that F is a connected complex surface such that tr.deg. M(F) > 2. If

there exists a connected open set U C F such that M(U) = C(T,,T,), then M(F) = C(T,, T5).

Proof. Since M(F) embeds into M(U), it follows immediately from the two-dimensional

Liroth theorem. 0

(Recall that the two-dimensional Liroth theorem asserts that if K ¢ C(T,,T,) is a
subfield containing C and tr.deg. K = 2, then K = C(T,, T,); this fact follows immediately
from the existence of a smooth projective model for any finitely generated extension of C
and from Theorem 3.5 in [3, Chapter VI].)

Now we may begin the proof of Proposition 1.1. Thus, let F be a smooth connected
complex surface such that tr.deg. M(F) > 2 and let C = P! be a curve (one-dimensional
complex submanifold) such that (C-C) =d > 0. Let W C F be a good neighborhood of C in
the sense of Definition 4.1. We are to prove that M(F) =~ C(T;, T,); by virtue of Lemma 5.2
it suffices to prove that M(W) = C(T;, T,).

Since tr.deg. M(F) < 2 by virtue of Proposition 5.1 and tr.deg. M(F) > 2 by hypoth-
esis, one has tr.deg. M(F) = 2. Now M(F) is isomorphic to a subfield of M(W), so
tr.deg. M(W) > 2. Since Proposition 5.1 implies that tr. deg. M(W) < 2 and M(F) is finitely
generated over C, one concludes that M(W) is a finitely generated extension of C, of
transcendence degree 2. Hence, M(W) = C(f, g, h), where the meromorphic functions f
and g are algebraically independent over C and h is algebraic over C(f, g) (of course, if
one may set h = 0, there is nothing to prove). Denote by P an irreducible polynomial in

three independent variables F, G, and H such that P(f, g, h) is identically zero.
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Now let Y c C3 be the affine algebraic surface that is the zero locus of P, and let X c PV
be a smooth projective model of Y.

Denote by V ¢ W the open subset on which each of the meromorphic functions f, g,
and h is well defined and consider the holomorphic mapping ®: V — Y defined by the
formula x —— (f(x), g(x), h(x)). The mapping ® extends to a meromorphic mapping from
W to Y c P3, where Y is the closure of Y; composing this meromorphic mapping with a

birational mapping Y --» X, one obtains a meromorphic mapping ®, : W --» X.

Lemma 5.3. There exists a non-empty open subset O C W such that ®, is defined on O and

the derivative D®,(x) is non-degenerate for any x € O.

Assuming this lemma for a while, let us finish the proof of Proposition 1.1.

Our construction of the surfaces X and Y implies that M(X) = M(W); hence, to prove
Proposition 1.1 it suffices to show that M(X) =~ C(T,, T,). We will derive this fact from the
Castelnuovo rationality criterion (see for example [3, Chapter VI, 3.4]), which may be

stated as follows.

Theorem 5.4 (Castelnuovo). Suppose that X is a smooth projective surface over C. Then

M(X) = C(Ty,T,) if and only if H'(X, QL) = 0 and H'(X,»®*) = 0.

Here, H(X, Q}) is the space of holomorphic 1-forms on X and H(X, «%?) is the space
of holomorphic 2-forms of weight 2 on X; we are to check that, for our surface X, both
these linear spaces do not contain non-zero elements.

To begin with, observe that if # is a holomorphic covariant tensor field on X that
is not identically zero, then @} is a holomorphic tensor field on W \ I, where I is the
indeterminacy locus of ®;, and, in view of Lemma 5.3, @77 is not identically zero. Since I
is a discrete subset of the complex surface W, ®» extends to a tensor field on the entire .
Thus, to show that H(X, Q}) = 0 and H(X, »®%) = 0 it suffices to show that HO(W, QL) = 0
and H(W, cu;e{,z) = 0, that is, that there are no non-trivial holomorphic 1-forms or 2-forms
of weight 2 on W. We deal with these two types of tensor fields separately.

The absence of holomorphic 1-forms. This is just the following lemma, which will

be used in Section 6 as well.
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Lemma 5.5. Suppose that F is a non-singular complex surface, C C F is a curve such that
C ~Pland (C-C) >0, and W is a good neighborhood of C. Then any holomorphic 1-form

on W is identically zero.

Proof. Suppose that w is such a form. Proposition 4.3 implies that, for any x € W there
exist curves C;,C, ¢ W, C; =~ C, = P! such that C; n C, 5 x and C; and C, are transverse
at X. Since there are no non-zero holomorphic 1-forms on the Riemann sphere, the
restriction of w to both C; and C, is identically zero. Hence, the linear functional w, that
w induces on T, W is zeroon T,.C;,T,.C, C T,W. Since C; and C, are transverse at x, these
two linear spaces span the entire T,W, so w, = 0. Since x € W was arbitrary, = 0 and

we are done. O

The absence of holomorphic 2-forms of weight 2. Recall that differential 2-forms
of weight 2 on a surface G have, in local coordinates (z, w), the form f(z, w)(dz A dw)?. If
w is such a form, then, for any point x € G, w, is a mapping from T,G x T,G to C; this
mapping is uniquely determined by its value at a given pair of linearly independent

tangent vectors.

Lemma 5.6. If G = U x P!, where U is an open subset of C, then there is no non-trivial

holomorphic 2-form of weight 2 on G.

Proof. Suppose that w is such a form. If z is the coordinate on U c C, then there exists a
nowhere vanishing holomorphic vector field d/3z on G. For any b € U, put C, = {b} x PL.
To show that w = 0 it suffices to show that for any b € U and x € C;, one has w,(8/dz,v) = 0,
where v € T,C, is a nonzero tangent vector.

Consider the tensor field » = i 5, (the contraction of w with 6/9z), which is a family
of functions ,.: T,G — C for all x € G, 5, (w) = w,(8/9z,w) for w € T,G. The field w is a
holomorphic section of Sym2 Ql, and its restriction to each C, is a section of cufiz, ie,a
quadratic differential on Cy, i.e., a section of O, (—4); such a holomorphic section must
be identically zero, so, for any x € C, and any v € T, Cy, w,(8/3z,v) = n(v) = 0, and we are

done. O
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Now suppose that w is a differential 2-form of weight 2 on W. To show that w = 0, pick
d distinct points py, ..., pg € C, where d = (C - C), and let W be the blowup of W at py, ..., p4
and C c W be the strict transform of C. It suffices to show that o*w = 0, whereo: W - W
is the blowdown morphism, and it will suffice to show that c*w = 0 on a non-empty open
subset of W. Since C =~ P! and (C - C) = 0, it follows from the main result of Savelyev’s
paper [11] that a neighborhood of C in W is isomorphic to U x P!, where U is an open
subset of C. Now Lemma 5.6 applies.

This completes the proof of Proposition 1.1 modulo Lemma 5.3.

Proof of Lemma 5.3. Tt suffices to prove this assertion for ®: V — Y c C? instead of ®,.
Moreover, if 7 : Y — C? is the projection defined by forgetting the third coordinate, then
the derivative of 7 is non-degenerate on a non-empty Zariski open subset of the smooth
locus of Y; hence, it suffices to establish the existence of such a set O for the mapping
Y=70d:V—>C,L¥: x+— (f(x),g(x)).

The mapping ¥ extends to a meromorphic mapping W --» P? defined, in the homo-
geneous coordinates, by x ~— (1 : f(x) : g(x)); abusing the notation, we will denote
this meromorphic mapping by ¥ as well. The indeterminacy locus of the meromorphic
mapping ¥ is a discrete subset of W.

If there exists at least one point x € W where ¥ is defined and D¥(x) is non-degenerate,
we are done. Assume now that the derivative of ¥ is degenerate at any point where ¥ is
determined; we will show that this assumption leads to a contradiction.

Let A c D(F,C) be the open subset such that W = q(p~!(A)), where p: $ — D(F) and
q:  — F are the canonical projections of the restriction of the universal family §; recall
that the curve g(p~!(b)) C F, where b € A, is denoted by C,.

Observe that the restriction of ¥ to any C, is a meromorphic, hence holomorphic,
mapping from C, to P2. For any by, b, € A, (G, - Cp)) = (C - C) > 0, hence C, N Cy,, # @.
Thus, if the restriction of ¥ to each C, is constant, then ¥ is constant, which is nonsense.
Hence, we may and will pick a b € A such that the restriction of ¥ to Cj, is not constant.

Put ¥(C,) = Z c P?; it follows from the Chow theorem that Z is a projective algebraic
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curve.

Observe as well that the set of points x € W where ¥ is defined and D¥(x) = 0
must have empty interior (otherwise ¥ would be constant). Hence, there exists a closed
analytic subset D with empty interior such that, for any x € W \ D, ¥ is defined at x and
rank D¥(x) = 1. Hence, all the fibers of the restriction ¥|y p, are smooth analytic curves

in W\D.

fibers of ¥|y

Figure 1: To the proof of Lemma 5.3.

Pick a point x € C, \ D such that T,.C,, is not contained in Ker D¥(x). There exists an
open set U 3 x, U ¢ W \ D such that for any y € C, n U the set ¥~}(¥(y)) is a smooth
analytic curve transverse to C at y. Now for any b’ € A that is close enough to b there
exists a non-empty open set V c C, n U such that for any x’ € V there exists a point

y' € C, N U such that ¥~1(¥(y")) n Cp, contains x’ (see Fig. 1).

Hence, ¥(V) C ¥(Cy); since V is a non-empty open subset of Cy,, one concludes that
¥(Cy) = ¥(C,) = Z c P2 Since the curves C,, for all b’ close enough to b, sweep, by
virtue of Proposition 4.2, an open subset of W, one concludes that ¥(W) c Z. Since Z is
an algebraic curve in P? and ¥ is defined by the formula x ~— (1 : f(x) : g(x)), it follows
that the meromorphic functions f and g are algebraically dependent, which yields the

desired contradiction. O
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6 Transcendence degree 1

In this section we prove Proposition 1.2. Its proof is similar to that of Proposition 1.1, but
simpler.

To wit, by virtue of Proposition 5.1 the field M(F) is finitely generated over C. Since
tr.deg. M(F) = 1, one has M(F) = C(f, g), where the meromorphic functions f and g are
algebraically dependent over C (if M(F) is generated by one function, there is nothing
to prove). Denote by P an irreducible polynomial in two independent variables F and G
such that P(f,g) = 0; let Y c C? be the affine curve that is the zero locus of P, and let X be
the smooth projective curve (aka compact Riemann surface) for which M(X) = M(Y).

Denote by V c F the open subset on which both f and g are well defined and consider
the holomorphic mapping ®: V — Y defined by the formula x ~— (f(x),g(x)). The
mapping ® extends to a meromorphic mapping from F to Y c P?, where Y is the closure
of Y; composing this meromorphic mapping with a birational mapping Y --> X, one
obtains a meromorphic mapping @, : F --> X. Since, by our construction, M(F) = M(X), it
suffices to show that X =~ P!, or, equivalently, that there are no non-trivial holomorphic
1-forms on X.

To that end, let I c F be the indeterminacy locus of @;; it is a discrete subset of F.
Choose a good neighborhood W > C; since @, is not constant, there exists a non-empty
open subset O ¢ W \ I such that rankD®;(x) = 1 for any x € O. Now if w # 01is a
holomorphic form on X, then (@, |y ;)*w is a holomorphic form such that its restriction
to O is not identically zero. Extending it to W, one obtains a holomorphic 1-form on
W which is not identically zero. This contradicts Lemma 5.5, and this contradiction

completes the proof of Proposition 1.2.
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