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On boundary points of minimal sets

5 Singular boundary points on the curve of inflections

At points belonging to the curve of inflections the boundary dM/,,, can display more
complicated behaviours. In this section, we classify boundary points that belong to the
transverse locus 3} of the curve of inflections (see Definition 1.7). For the following

definition, recall the Definition 1.8.

Definition 5.1. A point of dM(,, \ Z(PQ) belonging to the transverse locus 3 is a point of:
* bouncing type if At #@and T UA™ # @;
» switch typeif At #@andTU A~ = @;
* Cl-inflection type if AT =@, A~ # and T = ¢;

* C%-inflection type if A* = and either A~ =@ or I # §.

5.1 Horns at points of the transverse locus

At a point p € 3}, the curve of inflections is smooth and the vector field R(z)d, is transver-

sal to it. This means that by (3.5) we can assume that
R(u) =1+ pu+ (a+ib)u? + ... (5.1)

where we assumed that p = 0. The condition ImR’(0) = 0 means that p € R, and the
transversality condition is equivalent to b # 0. Without loss of generality we can assume
that b > 0. In other words, m = 2 in (3.5) which implies that the integral curves locally
look like cubic curves with inflections at these points.

We define the diameter of a horn , Ag :, to be the least upper bound ¢, > 0 of all ¢ > 0

such that thereisu € , Aﬁ ' such that u + tR(u) € » Aﬁ | forallt e (0,¢).

Lemma 5.2. For p € 33, there exists a neighborhood Q of p and ¢ > 0 such that for all

points u € Q,, where Q, = S* 0 Q, there exists a small horn of diameter greater than .
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Proof. Without loss of generality we assume p = 0. Consider the function
_do(u+tRw), . R'(u + tR(u))
T, 0) = @ DM TR

defined in C, x R,. Note that by definition S+ = {T'(u,0) > 0}. Since T(0, t) = 2bt + O(t?), we

R(u)

have ‘Z—f(o, 0) = 2b > 0. Therefore %T(u, t) > b > 0 in some sufficiently small neighborhood
U x (—¢,€) of (0,0). Let U, = S+ n U. By definition of §*, we have U, x {0} c {T > 0O}
Taken together, this implies that U, x [0,&] c {T > 0} for some ¢ > 0. This means that the
argument of R(u + tR(u)) is monotone increasing for 0 < ¢ < & and for every u € U,.

By transversality of 3 and R at 0 we have

%T(g}(O) + SR(gx(0)), 0)ls==0 = %T(&Qw) + SR(g(0)), 0)ls=1=0 > 0,

where g}, is the flow of R(2)3,.
Thus there is a neighborhood Q c U of 0 and ¢ < & such that T(g,(u) + sR(g,(u)),0) > 0

assoonasu € Q, =3tnQandt,s € [0,¢]. Decreasing Q, ¢ if needed, we can assume that
gh(w) + sR(gh(w)) c U, forallu € Q, andt,s € [0,¢].

Thus for every u € Q,, any horn of diameter at most ¢ lies in U, and is therefore a
small horn.

If u € Q, then the horn , A%, of diameter ¢ lies in a union of small horns ; A¥, of
diameter ¢, where @ € ,A%,. Thus , AY, is a small horn as well.

O]

5.2 Points of bouncing type

Proposition 5.3. Let z be a point of bouncing type in M(,,:
At(z)#0 and T(z)UA (z) # 0.

Then z is the ending point of a global arc and also the starting point of another arc which
can either be local or global.
Further, z is a point of nonconvexity and for small enough neighborhoods V of z, one

has V ndM[,, N S = {z}.
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Proof. Without loss of generality, we can assume that z = 0, R(0) = 1, and R’(0) € R \ {0}.
Since z belongs to 33, we get R”(0) = a + bi with a € R and b € R*. Without loss of
generality, we can assume that b > 0 and therefore y, lies in the upper half-plane.

Let u, € AT(0) # @. If u, ¢ A°0) then the germ of tr, at o is smooth and tangent
to R at 0 and contained in the lower half-plane, see Lemma 2.11 and Proposition 2.19).
Otherwise it consists of two branches transversal to R and orthogonal one to another.
Denote by a, C tr, C MgH the arc starting at 0 and lying in the lower right quadrant.

Similarly, since I'(0) U A~(0) is nonempty there exists an arc a_ (either portion of an
integral curve y, or a root trail tr, of a u_ € A=(0)) starting at 0, contained in the upper
right quadrant, and belonging to M7,,,.

Denote by « = a_ U a,, and let V be a small neighborhood of 0 such that « cuts V into
two parts. The part V_ of V to the left of « is entirely contained in M{,, (as r(u) intersects
a C MgH for any u € V_). This domain contains the intersection of V with a cone with
vertex at 0 and of angle strictly larger than . It also contains all the intersection of V
with Sy excepted for the point 0, see Lemmas 2.11, 2.16 and Remark 2.17.

It remains to prove that in a neighborhood of z, 6M’,, is formed by exactly two arcs.

Lemma 5.4. Assume that I'(0) = § and A~(0) # @. Then 0 is a starting point of a global arc.

Proof. By Lemma 3.21 the points lying below the forward trajectory y; of 0 are not in
ML,,. Let g be a point lying slightly above y, and near 0 such that g ¢ M., , (it exists since
otherwise y; C aMgH). Denote by p = p(q) the first point on the backward trajectory y;
starting from g such that r(p) nM(,, # #, in particular p € M/, and therefore 5 C ML,
This point exists since the point of intersection of y; with « has this property by definition
of a.

Let yg be the closed piece of trajectory of R joining p and g. By definition of p, all point
of the (evidently closed) set yg N MgH except p are necessarily in aMgH and of local type.
Proposition 4.7 then implies yg N aMgH = {p}: indeed, otherwise the set yg N MEH cannot

be closed.
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tr, -

JIr tr,,

Figure 8: Bouncing type

The trajectory y; is convex, so taking g sufficiently close to y; we can assume that
r(g) C (MZ,H)C intersect y; and therefore all trajectories of R4, close to and above y;. The
points p(q’), where q’ € r(g) lies above y;, form a global arc of aMgH starting at 0 and
lying between a_ and y, in the upper right quadrant.

O]

If T(0) # @, then a local arc whose germ is contained in the upper half-plane starts at 0.

In both cases the portion of the boundary M7, , in a neighborhood of 0 in the lower
right quadrant is a global arc ending at z. Indeed, letq € , A;ﬁ, C (MgH)c and denote again
by p = p(g) the first point on y, such that r(p) N\ M/, # ¥, in particular j € M(,. As before,
it lies on y; between g and y; n a. Repeating the arguments of Lemma 5.4 we see that
yg nM{,, = {p} and the points p form a global arc of dM/,, lying in the lower half-plane
and ending at z.

O

5.3 Points of C*-inflection type

Recall that a point z € dM[,, is called a point of C*-inflection type if A*(z) = § and either
A~ (z) =@ orI'(z) # 0.
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Proposition 5.5. Consider a point p of 8M[,,, \ 2(PQ) belonging to the transverse locus 3.

If A(p) = ¥, then T(p) # @ and p is the starting point of a local arc.

Proof. We keep the previous normalization p = 0, R(0) = 1, ImR”(0) = b > 0. The positive
trajectory y; cuts 3* into two parts, one containing the convex hull of y, (denoted by
Q,,) and another one denoted by Q, _.

The arguments of Lemma 4.8 (using Lemma 5.2 instead of Lemma 3.23) can be repeated
word by word as long as p € J; n0Q,,, see Figure 4. This proves that MgH does not
intersect Q,_. Together with A(0) = ¢ this implies that some small sector S_ = {—e <
argz < 0} does not intersect M(,,,.

Now, assume by contradiction, that there exists ¢ € Q,, \ M{,,. Shrinking Q,, if
needed we can repeat the arguments of Lemma 4.9 as long as p € §*, see Figure 5, to
conclude that Q,, N M/, = §.

Therefore there is a neighbourhood U, of 0 in §* which is disjoint from M/,,,. We can
assume that U, is the intersection of 3* with a small disk centered at 0.

For sufficiently small ¢ > 0, the set U = U, U{—¢ < argz < ¢} is disjoint from M[;; the
part lying in the lower half-plane is in U, u S_ and the part lying in the upper half-plane
isinU, u OAZ, U £

Now, take a small neighborhood U_ of 0 in Q_ bounded by a convex curve transversal
to R. For any u € U_, the ray r(u), being close to R,, lies inside U u U_. By Lemma 3.26,
this implies that U_ c (M{,,,), and therefore 0 ¢ M{,;, a contradiction. Thus Q,, c M/,

CH’
T
and y, C OM.,. O

Proposition 5.6. Consider a point p of C?-inflection type. Then there is a neighborhood vV
of p in which oM/, is formed by:

* a portion of a local arc y, parameterized by an interval [0,¢[, € > 0 with y,(0) = p;

* a portion of a global arc 7, parameterized by [0,¢[ and such that 7,(0) = p and

A7) = {rp(0}-
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In particular, p is simultaneously the starting point of a local arc and the starting point of a

global arc.

Proof. We again assume that p = 0 and R(0) = 1. Following the definition of a point
of C?-inflection type (see Theorem 1.9), we have that A*(0) = ¢ and either A=(0) = @ or
I'(0) # @. By Proposition 5.5, if A=(0) = @, then I'(0) is also nonempty. Therefore, in both
cases 0 is the starting point of a local arc y, and we deduce the shape of the boundary

close to 0 from the assumption A*(0) = @.
The curve y, divides the domain §* into two parts, and as before we denote the one

containing a horn of 0 by Q, _.

T _
Lemmas5.7. Q,_nM,, =0.

Proof. At first, consider the case R'(0) < 0. Set I_ := dQ,_ n Sy \ {0}. We claim that
r(u) n M/, = ¢ for all u € I_ sufficiently close to 0.

Setp :=— (R’(O))_l. By assumption M7, n R, = A~(0) is a compact subset of (o, +],
so M{, NR, C [¢/,+], o’ > p. Again, by closedness of M{,,, and by Lemma 3.21 we can

assume that for any ¢ > 0 and all sufficiently small 0 < &’ < §’(¢)
M., N{|Imz| <8} C{Rez>p' —¢,Imz <0}U{Rez <¢e}. (5.2)
This means that (MgH)C contains not only the horn , Ai :, but also the box
M={-6 <Imz<0,e<Rez<p+¢}

(we take ¢ < £=0),
2

For all u € I_, the slope o(u) is positive:
ImR(u) = R'(0)Imu + O(u?) > 0, (5.3)

as Imu < 0 and Reu = O(Im u) by transversality of 3 and r(0). Moreover, by (5.3) we have

Im(u + tR(u)) = 0 for t = p + O(u), thus r(u) N R, = p + O(u). Therefore for any ¢ > 0 and
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Figure 9: ,»« lies in the complement to M/,

for any point u € I_ sufficiently close to 0, the ray r(u) has an arbitrarily small slope and

r(u)NR, € (p — ¢, p +¢). Therefore
r) n{mz > 0} C (AP, U yrs € (ME,)) (5.4)

for all u € I_ sufficiently close to 0.
Letuel_, |Imu| <&, and take u” € r(u) with Reu” = e. If ¢ is sufficiently small then
by Lemma 5.2 we can assume that the horn , Azi, is small.

The complementary cone .« lies above r(u) and to the right of {Rez > €}. Thus
WL n{Imz < 0} cII

and therefore ,»2N{Imz <0} C (MgH)C. Choosing ¢ sufficiently small we can assume that
the angle of the sector ,~« is small enough to conclude from (5.4) that ,»£Zn{Imz > 0} C
(M) as well. This implies that u € (M[,,)° and therefore Q,_ c (M) as well.

If R’(0) > 0 then A=(0) Cc A*(0) = @, so A(0) = @. Then the arguments of Lemma 4.8 are

applicable for all p € Q,_, which proves the required claim in this case as well.
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Let 7, be the set of points in ~ whose associated rays are tangent to the positive

trajectory y, of R(z)d, starting at 0.

Lemma 5.8. For R as in (5.1) the local arc y, is described by the relation y(x) = §x3 + o(x3),

x > 0 and the curve y, is described by y(x) = ng3 +o(x3), x <0.
Proof. Using (3.6) for (5.1) we see that

yo() =t +o(t) +i (gﬁ + O(t4)>

with a € R and therefore the slope o(y,(t)) = bt? + O(£3).

The point u € 7, whose associated ray r(u) is tangent to y, at y,(t) has the form
u=y,t)—sRy,®)=t—s+o(t)+i (—Sth - §t3 + O(t4)>

with the condition o(u) = o(y,(t)) = bt?> + 0(t3). The latter condition means that s = 2t +o(t)

and therefore

u=—t+o(t)—i <§bt3 + O(t4)>.

O

Lemma 5.9. For any u € j,, the ray r(u) does not intersect y, U y, between u and the point

of tangency z = z(u) of r(u) and y,.

Proof. By Lemma 5.8, there is function y(x) such that y, u 7, = {y = y(x)}, with y(x) =
§x3 + o(x?) for x > 0 and y(x) = %x3 + o(x?) for x < 0. Both expressions, being power
series, can be differentiated and produce asymptotic formulae for y’(x), y”(x) as well. In
particular, y”(x) is continuous and monotone on the interval [Re «, Re z].

Assume r(u) C {y = kx + b}. By construction, 7 = y(x) — kx — b vanishes at Reu and has
a double zero at Rez. Any other point of intersection of r(u) and 7, U y, will imply the
existence of another zero of 7 on [Reu, Re z], thus 7 will have four zeros on this interval
counting multiplicities. By Rolle’s Theorem this will imply the existence of two zeros of

7" =y" on [Reu, Re z], which contradicts monotonicity of y”. 0
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By Lemma 5.8 the curve 7, is tangent to R, thus transversal to 3 and divides Q_ into
two parts. Denote by Q__ the closed part consisting of points whose associated rays do

not intersect y, and let Q_, denotes the second part. Clearly Q_, C MgH.

Corollary 5.10. Let u € yyand set u, :=r(u)N g andr (u) :=r(w)\ Q__ = u, + RW)R,.
Thenr, (u)n (MgH)O = 0.

Proof. Indeed, the piece of r,(u) between u, and the point of tangency z = z(u) of r(u)
and y, liesin Q,_ by Lemma 5.9, and the remaining piece coincides with r(z). Thus the

claim follows from Lemmas 5.7 and 3.21. O
Lemma 5.11. For any u € Q__ \ 7o, one has

1. r(u)Ngy =0,

2. rw)\ Q__ c (M,)"

Proof. Let yﬁ be the piece of trajectory of R(z)d, containing u and with endpoints a =
a(u) € 7, and 8 = B(u) € Sx: by Lemma 5.8 7, is transversal to the trajectories of R(z)d,
near 0 except y,. Let D(u) = U, Eyﬁr(z) be the domain sweeped by the rays associated to
the points of yﬁ. Since yﬁ is convex, dD(u) = r(a) U yﬁ ur(B). By Lemmas 5.9, 5.8, and 5.7,
dDw) Ny, ={a}, sor(w) Ny, = 0.

The boundary of D, (u) = D(u) \ Q__ consists of r(8), the piece of Sy lying between g
and the point «, and r, (a) which do not intersect MgHo by Lemma 5.7 and Corollary 5.10.

This implies the second claim of the Lemma. O

Proof of Proposition 5.6. Take some u € Q°_ and let Q__(u) be the curvilinear triangle
bounded by yf, 7o and . The ray r(u) does not cross yﬁ by convexity and does not cross
70 by Lemma 5.11. Therefore it leaves the domain Q__(u) through S, with r(u) \ Q__(u) C
(M), see Lemma 5.11. Thus r(u) ¢ Q__(u) u (ML, )‘.

AsQ__(w') c Q__(u) for any u’ € Q__(u), this means that r(u') c Q__(u) U (MgH)C for all
u’ € Q__(u), and therefore Q__n MEH = @ by Lemma 3.26.

As Q_, c M],,, we see that 7, C IM(,,,.
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Figure 10: A point in the transverse locus of 6M.,, n S with empty A correspondence is

the starting point of a global arc.

5.4 Points of C'-inflection type

Recall that a point p € 6MgH \ Z(PQ) belonging to the transverse locus S} is called a point

of Cl-inflection type if A*(p) = T'(p) = @ and A=(p) # 0.

Proposition 5.12. A point p € dM[,,, n I} of C'—inflection type is the starting point of two

global arcs (one in each of the incident inflection domains).

Proof. We assume that p = 0, R(0) = 1 and y, ¢ 7 lies in the upper half-plane. We use
z = x + iy notations.

Exactly as in the case of bouncing type, the conditions A~ # ¢ and I’ = ¢ imply that 0
is a starting point of a global arc, see Lemma 5.4. Denote this arc by n = {y = £(x)}. The
arguments of Lemma 5.4 show that 7 lies between tr, ., and tr,_, where u,, = supA~. Thus

n has second order tangency with R, . Let k(x) be the point of intersection of r ((x, £(x)))
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with R, . One can easily see that k(x) is an increasing function, and k(x) - u,, as x — 0.
This means that lim,_,,, £(x)/x? exists and is positive.

We repeat the arguments of the C2-inflection case above one by one, with y, replaced
by n. The Lemma 5.7 can be repeated verbatim (necessarily R'(0) < 0), and we get
Q.- CcM],.

Let# c 3~ be the curve of points bounding (the germ at 0 of) the domain Q__ consisting
of points of 3~ whose associated rays do not intersect ». In particular, r(u) is a supporting
linetoyn forallu e 4. If yf is a trajectory of R(z)d, starting at u € 77 and ending at 8 € 3

then yf C Q__ by convexity of yﬁ, asin Lemma 5.11.

Lemma 5.13. For any u € 7 the ray r(u) does not intersect 77 except at u itself.

Proof. Note first that » lies above r(u) for any a € 77. Assume the opposite to the claim of
the lemma, and let v’ € r(u) N7 be such a point of intersection. If o(u’) < o(u) then the ray
r(u’) lies below r(u) and therefore cannot intersect ». Similarly, if o(u’) > o(u) then r(u)
cannot intersect ». Therefore o(u’) = o(u), so v’ is a point of tangency of r(u) and R(z)d,
just like wu.

Now, recall that 0 €  lies above r(u). Moreover, as u € 3, the germ of r(u) at u lies in
Q__: for v € r(u) close to u we have o(v) < o(u), so r(v) doesn’t intersect ». Thus the germ
of % at u lies above r(u) as well. Thus both ends of the part 7% of # between u and 0 lie
above r(u), so 779 intersects r(u) in even number of points not including u, i.e. at least at
three points including u, all of them the points of tangency of r(«) and R(z)3,.

As u — 0 the line r(u) converges to R and the points of tangency necessarily converge
to 0 as well. This means that Rd, has point of tangency of order at least 3 with R at 0.
However, p € 35 means that Im R”(0) # 0, so the order of tangency of R, with R at 0 is
exactly 2 (as Im R(0) = Im R’(0) = 0). This contradiction proves the Lemma.

d

The same arguments as in Lemma 5.11 and in the proof of Proposition 5.6 now show

that Q__ satisfies the conditions of Lemma 3.26 and is therefore disjoint from M. ,. O
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5.5 Points of switch type

Recall that a point p € aMgH \ Z(PQ) belonging to the transverse locus S} is called a point

of switch type if A*(p) # dand T'(p) U A~ (p) = 0.

Proposition 5.14. The negative party_ (t) of the integral curve yy(t) is a part of the boundary
OM{,;-

As before, we assume that p = 0, R(0) = 1 and Im R”(0) > 0. The trajectory y,(¢t) and the

curve Sy divide U into four domains Q, ,, with Q,_ intersecting the Ag:,.
Lemma 5.15. In the above notation, Q. C (MgH)C.

Proof. Recall that by Lemma 3.21 the union H(0) = 0A§ ;, U pr« does not intersect MgH
Assume first that R’(0) < 0 and set p := —(R'(0))"! € R, U {+c0}. The set A(0) is a
relatively closed subset of (0, o] not containing p (as A~(0) = @). Thus there existsa p’ < p

such that the ray [¢’, +oo] is disjoint from MgH. As both [p’, +c0] and MEH are closed in

Cu S’ there is some neighborhood U of [¢/, +o0] in C U S! disjoint from M, ,. Choose an
open sector S ¢ U with the ray (¢’, +o) as bisector, necessarily disjoint from MgH.

By shrinking Q,, we can assume that |o(z)| < |o(S)| for all z € Q. ,, where +o(S) are
the slopes of the sides of S. Moreover, we restrict ourselves to a neighborhood U of 0 so
small that rays r(z) do not intersect the interval [0, p’] for z € U n{Rez > 0} and z # 0: this
is possible since the trails of these points lie in the lower half-plane. In particular, for any
z € Q,, Cc Un{Rez > 0} the ray r(z) intersects the boundary of H(0) U S only once at yaf ().

The same conclusion holds in the case R’(0) > 0. In this case o(z) > 0 for all z € U,
Imz > 0.

Since I'(0) = ¢ there exists a point g € Q,, \ M},,,. We can now repeat the arguments
of Lemma 4.9 for U: the crucial fact used in Lemma 4.9 was that r(p) doesn’t intersect

MT

&> and this holds for points of Q.. Therefore Q,, N M{,, = 4.
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Proposition 5.16. Take p = y(t) for some t < 0 sufficiently close to 0. The open curvilinear
triangle H(p) C Q_, bounded by r(p), the curve y;(¢t) and the inflection curve lies outside

M7
CH'
Denote x = Rez,y =Imz.

Lemma 5.17. One has aia(x +iy) < 0 as long as z = x + iy lies in a sufficiently small sector
X

{lz| < 8,x <0,|y| < —ex} for some ¢,5 > 0 depending on the rational function R(z) only.

Proof. Recall that R(z) =1+ az + bz? + .., with Im b > 0. Then

a2
logR=az+(b- = 2+ ..

and

(logR) = a+ (2b—a®)z + ...

Therefore

%O’(X +iy) = % Im (logR) = Im (logR)/ =Im(2b —a®)z+0(z) < 0

if |argz — 7| < © — arg(2b — a?) and |z| is sufficiently small (note that 0 < arg(2b —a?) <7

asImb > 0and a € R). O
Lemma 5.18. The associated ray r(z) does not intersect y, (t) for any z € H(p).

Proof. First consider the case Imz < 0. As y,(¢) is tangent to R, we can assume that
this part of H(p) satisfies the conditions of Lemma 5.17, so o(z) > o(z,) > 0, where
z, =z +t € y,(t). Thus the ray r(z) lies in the half-plane bounded by the line tangent to
¥, (t) at z, and containing z. Therefore r(z) does not intersect y, (¢): by convexity of y (¢)it
lies in the other half-plane bounded by the line tangent to y, (¢) at z,.

Now, assume that Im z > 0. Recall that we have chosen U so small that for any z € U,
Imz > 0, the intersection r(z) N R C (p/,+) C R,. Thus r(z) n{Imw < 0} C {Rez > p’ > 0}

which is disjoint from y~. O
Lemma 5.19. The associated ray r(z) does not intersect r(p) for any z € H(p).
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Proof. Lety; be a part of the integral curve of R4, ending at z and let z’ € y; nr(p) be the
first (from z) point where y; enters H(p). This point must necessarily lie on r(p) because
v, intersects neither the curve of inflection points 33 nor y~ by uniqueness of solutions
of ODE. Thus o(z’) < a(p).

Assume now that the ray r(z) intersects r(p). Then o(z) > o(p) > o(z’) as z lies below
r(p). Therefore the slope o(w), w € y;, is not monotone, implying that y; has an inflection

point. But this is impossible since y; does not intersect the curve of inflections. O

Proof of Proposition 5.16. By minimality, it is enough to prove that r(z) c H(p) U (M{,;,)"
for any z € H(p). By Lemmas 5.18, 5.19 the ray r(z) does not intersect r(p) and y, (t). Thus
r(z) leaves H(p) through the curve of inflections 3 with a small slope.

If the slope is positive then r(z) \ H(p) c U,, U H(0). In particular, this is the case for
all z € H(p), Imz < 0 by Lemma 5.17.

Assume now that o(z) < 0 (and therefore Imz > 0). Recall that we have chosen U
so small that for any z € U, Imz > 0, the intersection r(z) N R C (s/,+o) C R,. Thus
r(z)\H(p) c Q,, UH(0)US.

Taken together, r(z) c H(p) u (M(,)" for all z € H(p). Therefore H(p) c (M,)* by
Lemma 3.26.

O]

Proposition 5.20. Consider a point p € aMgH of switch type. Then there is a neighborhood
V of p such that M(T:H NV is contained in a half-disk centered at p. Besides, no neighborhood
of p in M,,, can be contained in a cone centered at p with an angle strictly smaller than 7.

A point of switch type is the ending point of both a local and a global arcs.

Proof. We essentially repeat the arguments of Lemma 4.8. Take u € A(0) # ¢ and let tr;
be a germ of the branch of tr, c M}, lying in the lower-right quadrant. For any q € tr,
let z = z(q) € y; be the last point such that r(z) n MZH # @. This point exists since y, # @
eventually enters AZ :, C (MgH)C. Asin Lemma 5.4,z e aMgH and therefore Imz < 0, as

otherwise z € Ai :,. The points z(q) form a global arc ending at 0. O
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5.6 Classification of boundary points

Here, we summarize several results obtained in the previous sections to finalize our

. . . T
classification of boundary points on oM.,

Proof of Theorem 1.9. It follows from Corollary 3.8 that there are at most 4degP + degQ —
2 < 2d singular points in the curve of inflections (d = 3degP + degQ — 1). Proposition 3.14
proves that the tangency locus Ty is formed by at most 2d? isolated points and d lines.

The classification of points in 37 is trivial. If A* is nonempty, then a point is of bouncing
or switch type depending on whether I' U A~ is empty or not. If A* is empty, then a point
is of C-inflection or C2-inflection type depending whether the conjunction of A~ # @ and
' = ¢ is satisfied or not.

Finally, for points outside Z(PQ) U S, we just have to check that I" and A cannot both

be empty. This is proved in Proposition 4.7. O

5.7 Estimates concerning local and global arcs
We introduce the following notations:

* |£]| is the number of local arcs;

|G| is the number of global arcs;

|B| is the number of points of bouncing type;

* |&| is the number of points of extruding type;

|7,| is the number of points of C!'—inflection type;
p yp

|7,| is the number of points of C2—inflection type;

|8| is the number of points of switch type.

We prove that the number of points of switch type provides an estimate for the

number of local arcs (up to an error term depending only on deg P and deg Q).
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T

Lemma 5.21. In the boundary )L A

the ending point of every local arc, except at most
d(2d + 1) of them, is a point of switch type where d = 3degP + degQ — 1. Conversely every
point of switch type is the endpoint of some local arc.

In other words, we have |8| < |£| < |8| +d(2d + 1).

Proof. Proposition 5.20 proves that every point of switch type is the endpoint of some
local arc. It remains to list all possible endpoints for local arcs.

Following Proposition 4.12, every local arc has an endpoint that either belongs to
Z(PQ) or to Fg. For any point « which is the endpoint of a local arc, £, contains an interval
of length at most 7. It follows from Corollary 3.5 that such a point is either a simple pole
of R(z) or a point which is neither a zero or a pole of R(z). Only two local arcs can have
the same simple pole as their endpoint. Any other point is the endpoint of at most one
local arc (because only one integral curve passes through such a point). Consequently, at
most 3deg P + degQ local arcs have an endpoint in Z(PQ).

It remains to count local arcs one endpoint of which belongs to S \ 2(PQ). Any such
point is incident to a unique integral curve which implies that it can be the endpoint
of only one local arc. If such a point belongs to the transverse locus of the curve of
inflections, then it is a point of switch type (see Propositions 5.3, 5.6, 5.12 and 5.20). There
are |8| of them. Following Proposition 3.14, the tangency locus of Sy, is formed by at most
2d? points and d straight lines where d = 3degP + degQ — 1. As arg(R(z)) is constant on
each such line, they contain at most one endpoint of a local arc. Thus |£| < |8] + d(2d + 1).

O]

Similarly, we prove an estimate on the number of global arcs that do not start at a

point of the transverse locus of the curve of inflections.

Lemma 5.22. In the boundary aMgH, the starting point of every global arc, except at most

12d + 5d? of them, is either a point of C'-inflection, C?-inflection or of bouncing type.
Besides, we have 2|7;| + |7, < |G| < |B| + 2|9;| + |9,| + 12d + 5d*.

Proof. Proposition 5.6 shows that every point of C?-inflection is the starting point of a
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global arc while Proposition 5.12 shows that every point of C!-inflection is the starting

point of two global arcs. It follows that 2|7;| + |7,| < |§].

Then, we list every possible starting point for a global arc (Lemma 4.23 proves that

global arcs cannot be closed loops).

Since points of extruding type are not starting points of global arcs (see Proposi-

tion 4.30), every global arc either starts at a point at infinity or at a point of Z(PQ) U 5.

We first count the number of global arcs which can start at infinity. If degQ — degP =
1, then by Theorem 2.23 we know that M/, is compact. If degQ — degP = -1, then
Proposition 6.9 proves that M/, has only one connected component while its complement
has two connected components. Therefore, we have at most four infinite global arcs in
this case. If degQ — deg P = 0, the complement of M{,, is connected so each connected
component has at most two infinite global arcs. Following Proposition 2.20, M/, has at
most deg P + deg Q connected components. Therefore the number of global arcs starting
at infinity is at most 2degP + 2degQ. In the only case where 4 > 2deg P + 2deg Q while
degQ — deg P = —1, Q(z) is constant while deg P = 1. In this case, MgH is a straight line (see

Proposition 6.7).

Let us consider the points of the transverse locus of 3. Each point of C'—inflection
type is the starting point of exactly two global arcs (see Proposition 5.12). Each point of
bouncing or C2—inflection type is the starting point of exactly one global arc (see Proposi-

tions 5.3 and 5.6). No global arc starts at a point of switch type (see Proposition 5.20).

Now let us consider the tangency locus of Sg. It is formed by at most 2d? points and
deg P + deg Q + 1 R-invariant lines (see Definition 2.5). For each such line, at most 4 global
arcs can have start accumulation w_(«) belonging to it, because each line has two sides
and rays have two possible directions. Otherwise, the rays starting from these global arcs
intersect the interior of M7, near the other global arcs. Using Corollary 3.6, we conclude
that each of the 2d? remaining points of the tangent locus is the starting point of at most
two global arcs. For the same reasons, each singular point of Sy that does not belong to

Z(PQ) is the starting point of at most two global arcs. There are 4degP + degQ —2 < 2d
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such points (see Corollary 3.8).
It remains to estimate the number of global arcs that can start at a root a of P(z) or
Q(z) in terms of the local degree m, of R(z) in a. Corollary 3.6 proves that « is the starting

point of at most:
* two arcs if m, = 0;
* 2(1 — my) arcs if m, < —1;
* 2degP arcs if m, > 1.

Consequently, in the worst case scenario, the roots of P(z) and Q(z) are simple and disjoint
so at most 2deg P(deg P + 2) global arcs can start at these points.

Therefore, the number of global arcs whose starting point does not belong to 37 is at
most (2deg P + 2deg Q) + 4(degP + degQ + 1) + 4d? + 4d + 2deg P(deg P + 2).

If deg P = 0, then degQ = 1 (otherwise M/, is trivial) and M, is fully irregular (and
has therefore no global arcs) so we can replace the obtained bound by the slightly weaker

(but more practical) upper bound 12d + 5d°. O

5.8 Long arcs

In order to prove Theorem 1.10, we introduce a new decomposition of the boundary

T
oM.

Definition 5.23. For any linear differential operator T given by (1.1), we define the long
arcs as the maximal arcs formed by gluing local and global arcs along points of extruding

or bouncing type (see Sections 4.6 and 5.2).

In particular, a long arc belongs to the closure of a unique inflection domain. Con-
sequently, local and global arcs of a same long arc share the same orientation (see

Section 4.5.2). This defines the orientation a long arc.
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5.8.1 Estimates concerning long arcs

Drawing on the estimates of Section 5.7, we prove that the number of long arcs corre-
sponds to the number of intersections between aMgH and the transverse locus of Sy that
are not of bouncing type (in other words, where the boundary of the minimal set crosses

the curve of inflections).

Lemma 5.24. Every long arc except at most 28d? + 52d of them goes from a point of switch
type to a point of C'-inflection or C?-inflection type. The number |A| of long arcs satisfies

the following inequalities:
2|8 < |A| < 2|8| +26d + 14d?;
2|19, + 2|9, £ |A| < 4]7,| + 2|7,] + 26d + 14d>.

Proof. Inequality 2|8| < |.A| follows from the fact that every point of switch type is the
ending point of two long arcs. Similarly, points of C!-inflection or C?-inflection type are
the starting points of two long arcs so we obtain 2|7;| + 2|7,| < |A|.

We denote by |A4; | the number of long arcs containing a local arc. We already know
that the endpoint of a local arc cannot be a point of extruding or bouncing type. Therefore,
the endpoint of a local arc contained in a long arc is also the endpoint of the long arc. We
deduce then from Lemma 5.21 that the endpoints of all but at most d(2d + 1) these long
arcs containing a local arc are points of switch type: |A4;| < |S] + d(2d + 1).

Then, denote by |A;| the number of long arcs that do not contain a local arc. The start
accumulations of these long arcs are in particular start accumulations of a global arc
and cannot be points of bouncing type. We deduce from the proof of Lemma 5.22 that
the start accumulations of these long arcs, except at most 12d + 5d? of them are in fact
starting points and they are points of C!-inflection or C?-inflection type. In other words,
we have |Ag| < 2|9;| + |7,] + 12d + 5d2.

Finally, we deduce that the total number of long arcs satisfies |A| < |8] + 2|7,| +

|7,] + 13d + 7d?. Combining this inequality with 2|8| < |A4|, we obtain that |8| < 2|9,| +
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|7,] + 13d + 7d? and therefore |A| < 4|7,| + 2|7,| + 26d + 14d?. We obtain similarly that
|A| < 2|8| +26d + 14d?. This also provides a bound on the number of long arcs that do not

go from a point of switch type to a point of C!-inflection or C2-inflection type. O

5.8.2 Admissible long arcs

We will refer to a long arc going from a point of switch type to a point of C!-inflection or

C?-inflection type (or the opposite) as an admissible long arc.

Definition 5.25. We associate to each admissible long arc a« a combinatorial symbol s,

that contains the following information:

* the connected component of the transverse locus 3} containing the starting point

of «;
* the connected component of 33 containing the endpoint of «;
* the sign of the inflection domain « belongs to.

Chains of consecutive long arcs define patterns formed by the concatenation of the

combinatorial symbols of their long arcs.

Chains of consecutive long arcs are given the orientation induced by the topological
orientation of M,,. Therefore, the orientation of a chain coincides with the orientation
of the long arc inside positively oriented domains of inflection (and does not coincide

with the orientation of the long arc inside negatively oriented domains of inflections).

Remark 5.26. In particular, at a point z of switch, C!-inflection or C2-inflection type in a
chain, the associated ray r(z) and the orientation of the chain points towards the same

domain of inflection.
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5.8.3 Bounding the number of transverse intersection points between oM, and

the transverse locus of S

Using the fact that an associated ray cannot cross the curve of inflections more than
d times (Where d = 3degP + degQ — 1), we prove a bound on the number of chains of

admissible long arcs that can realize a given pattern.

Lemma 5.27. In the boundary dM(,, of the minimal set, there cannot be 2d + 2 disjoint

chains of 2d admissible long arcs that realize the same pattern.

Proof. We assume by contradiction the existence of 2d + 2 disjoint chains y, ..., ¥544, Of
2d admissible long arcs realizing the same pattern. We refer to the admissible long arc of
y; corresponding to the j*# symbol as «; j

By definition of the combinatorial symbol, for a given j, the arcs «; ; for 1 <i <2d +2
belong to the same inflection domain D;.

We denote by 3, ..., 8,441 the connected components of the transverse locus 3} at the
endpoints of long arcs ordered according to the orientation of the chains.

We are going to prove the existence of a point z of 8,,, such that its associated ray r(z)
also intersects d arcs among f3, ..., B24+1, defining a straight line that intersects transversely
a real algebraic curve of degree at most d in at least d + 1 points, obtaining the desired
contradiction.

A first observation is that the chains y,, ..., 7,44, cannot cross each other (because the
interior of MEH is connected near endpoints of admissible arcs). Since the complex plane
is simply connected, this fact implies that for a given j, the intersection points of the
chains yy, ..., 7244, With §; determine a cyclic order that does not depend on j. We assume
therefore that the indices of y, ..., 7,44, are elements of Z/(2d + 2)Z and correspond to
the previously defined cyclic ordering.

In a given inflection domain 2;, it may happen that the linear orders of these inter-
section points with §; and g;,, respectively are different. They may differ by a rotation if

B; and §;,; do not belong to the same connected components of the boundary of 62; (if
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D; is not simply connected).

It follows that for any 1 < j < 2d, for every k € Z/(2d + 2)Z except possibly one, there
is a quadrilateral in C bounded by «;, ; x+1, one portion of §; and one portion of 3.
The exception correspond to the case where the linear orderings do not match. Since we
have 2d + 2 chains, it follows that we can assemble 2d of these strips into a unique long
strip 8§ bounded by some y,, y,,; and portions of 8, and S,441-

The chains y, and y,,; are oriented in such a way that for any point z € 38 n f3,,

associated ray r(z) points inside 8. Since the orientation of y, and y,,, coincides with

T

o We can find a point z of 48 N 44, in the complement

the topological orientation of M
of MgH. Thus, for any such point z, associated ray r(z) cannot cross chains y, and y;
and has to leave 8 through §, or 3,4,,- Therefore, r(z) has to cross either g, ..., 34,1 Or

Bd+1s s Bad+1- This ends the proof. O
We deduce a bound on the number of long arcs.

Corollary 5.28. For any linear differential operator T given by (1.1), the number |A| of long
arcs in dM[,, satisfies
|A| < 2el6d1n(d) + 92d3

where d = 3degP + degQ — 1.

Proof. Since the number of connected components of the transverse locus 3} is at most
2d? + 6d + 2 (see Corollary 3.15), the number of possible combinatorial symbols for an
admissible long arc is 2(2d? + 6d + 2)? (see Definition 5.25). Therefore, the number of
possible patterns for a chain of 2d admissible long arcs is at most 22¢(2d? + 6d + 2)*. Since
d > 3 (see Remark 2.4), we have 2d? + 6d + 2 < gdz and we obtain the weaker (but simpler)
upper bound (25/2)*d®.

Then, using Lemma 5.27, we deduce that the number of disjoint chains of 2d admissible
long arcs is at most (25/2)%4(2d + 1)d%¢.

The number of non-admissible long arcs is bounded by 28d? + 52d (Lemma 5.24). It

follows that in the worst case, each non-admissible arc is located between two chains of
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2d — 1 admissible long arcs. Consequently, the number of long arcs is bounded by
(25/2)*4(2d)(2d + 1)d® + (28d? + 52d) + (28d? + 52d + 1)(2d — 1).
Since d > 3, this upper bound can be weakened to 2¢'%¢"@ 4 9243, O

Theorem 1.10 then follows from the fact that |S| and 2|7,| + |7,| are bounded by the
number of long arcs (see Lemma 5.24). Corollary 1.11 then follows from the combination

of Theorem 1.10 with Lemma 5.21.

6 Global geometry of minimal sets

At present we do not know a general recipe how to describe non-trivial M(,,,. Nevertheless
we can prove some general statements about their global geometry and provide some
illuminating examples.

Recall that M{,,, is nontrivial if and only if degQ — degP € {-1,0,1}.

In some cases, description of the convex hull Conv(MgH) is easier to obtain. The

following has been proved as Corollary 5.16 in [AHN+24].

Proposition 6.1. Consider a linear differential operator T given by (1.1).Then the intersec-
tion of all convex Hutchinson invariant set coincides with the convex hull Conv(MgH) of the

. . T
minimal set My

The local analysis of boundary points carried on in the previous sections provides
interesting partial results towards a characterization of points where dM/,, is locally

convex.

6.1 Local convexity of the boundary

Local analysis in terms of correspondences I' and A shows that corner points of M/, have

to satisfy very specific conditions.
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Corollary 6.2. For a linear differential operator T given by (1.1), consider a point « which
is a corner point of the boundary aMgH. In other words, there is a neighborhood V of « such
that VvV n MgH is contained in a cone with apex a and with the opening strictly smaller than

7. Then one of the following statements hold:
* « is a simple zero of R(z) satisfying ¢, = 0 (see 3.1);

* o is a common root of P(z) and Q(z) of the same multiplicity (i.e. a is neither a zero

nor a pole of R(z)).

Besides, if a is a cusp (neighborhoods of « in M, can be included in cones of arbitrarily

small opening angle), then one of the following statements holds:
* o is a common root of P(z) and Q(z) of the same multiplicity;
* M, is fully irregular and contained in a half-line.

Proof. Corollary 3.5 immediately implies that a« cannot be a pole or a multiple zero of
R(z). Besides, if « is a simple zero, it has to satisfy the condition ¢, = 0. Now we assume
that « is neither a zero nor a pole of R(z). It remains to prove that « € Z(PQ).

Assume that a ¢ 2(PQ). In this case if some point of the forward trajectory of R(z)3,

T

starting at « belongs to M,

then a germ of the integral curve starting at « is contained
in MgH (see Proposition 2.10) and « cannot be a corner point. We conclude that I'(a) = .

If A(x) contains some point y, then a branch of the root trail tr, containing « belongs
to M[,, (see Lemmas 2.11 and 2.16). Thus in this case « cannot be a corner point and we
get A(a) = 0.

Now we take a cone ¢ with apex at a, of angle at least 7 which is locally disjoint from
M(,,- If (@) is contained in ¢, but is not one of the two limit rays, we can freely remove a
neighborhood of « from M, and still get an invariant set. In any other case, we can find
an arc contained in a neighborhood of « and the complement of M, whose associated
rays sweep out a domain containing a. Thus we get a contradiction in this case as well

which implies that « has to be in 2(PQ).
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Finally if « is a simple zero of R(z) and a cusp, then we have £, = S! (see Definition 3.2).
It follows that M7, has empty interior. All such cases have been completely classified in
Section 7 of [AHN+24]. O

Further local analysis provides necessary conditions under which boundary points

belong to locally convex parts of dM[,,,.

Proposition 6.3. For a linear differential operator T given by (1.1), consider a point « €
aMgH such that there is a neighborhood V of o with the property that V n MgH is contained
in a closed half-plane whose boundary contains a.

If a € 2(PQ), then one of the following statements holds:
* «a is a simple pole of R(z);
* « is a simple zero of R(z) satisfying ¢, = 0 (see 3.1);

* «a is a common root of P(z) and Q(z) of the same multiplicity (i.e. a is neither a zero

nor a pole of R(z)).

If a € 33\ 2(PQ), then « is a point of switch type.
If a ¢ g U Z(PQ), then one of the following statements holds:

* « is a point of local type;

* « s a point of global type and for any u € A(a), either Im(f(u,a)) = 0 or Im(f(u, «))
and Im(R'(«)) have opposite signs (for f defined as in Proposition 2.18).

Proof. The case a € Z(PQ) follows from Corollary 3.5. If « € J} \ Z(PQ) and A~ (a) # ¥,
then M[,,, contains both the germ of an integral curve of the field —R(z)d, at « and the
germ of the root trail tr, for some u € A~(«). Proposition 2.19 implies that M{,,, cannot be
convex at a. Besides, if I'(«) # @, then MgH cannot be convex in « either because a germ
of an integral curve having an inflection point at « is contained in M,;,. In the remaining

cases, we have I'(a) U A~ (a) = @. If A*(a) # 6, this characterizes points of switch type (see
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Theorem 1.9). If A*(a) = ¢, then we obtain a point of C-inflection type, « is the starting
point of a local arc and I'(«) is therefore nonempty (see Proposition 5.5).

Now we consider the case a ¢ 3 U Z(PQ). If I'(a) # @, then « is a point of local type
(a cannot be a point of extruding type because of Proposition 4.30). If I'(a) = @, then it
follows from Proposition 4.7 that A(x) # ¢. Proposition 2.18 then provides the necessary

condition. 0

6.2 CasedegQ —degP = -1

We have a rational vector field R(z)d, satisfying R(z) = ’;1 +£ 400 /z*) with 1 € C* and

z2

uecC.

6.2.1 Horizontal locus and special line

We define the following loci.

Definition 6.4. The horizontal locus ¥y is the closure in C of the set formed by points

z ¢ Z(PQ), for which o(z) = 28X

2
We also denote by £ the special line formed by points z given by the equation

Im(z/2) = Im(u/2?).

For the sake of simplicity, the vector field R(z)d, is normalized by an affine change of
variable as R(z) = —i +0(z7?) (A = —1 and u = 0). The line £ then coincides with the real

axis R.

Lemma 6.5. J( is a real plane algebraic curve of degree at most deg P + degQ. It has two

asymptotic infinite branches. The line Ly is the asymptotic line for both of them.

Proof. Curve F can be seen as the pull-back of the real axis under the mapping R(z) :
CP' — CP'. We have R(c0) = 0 and w is a simple root of R(z). Therefore, ¥} is smooth

near oo.
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It remains to show that the tangent line to # at infinity coincides with the real axis.
Actually the tangent line is the line at which the linearization of R(z) at « attains real

zeroes. Since this linearization is exactly —1, the result follows. O
zZ

Corollary 6.6. The closure M, of the minimal set in the extended plane contains asymptotic

directions 0 and 7. Besides, the curve Hy is contained in the minimal set MgH

Proof. Looking at separatrices of the vector field R(z)d, and using Proposition 2.10 we
get that the closure M[,,, in the extended plane contains asymptotic directions 0 and 7.
The associated rays of points of #(; are thus asymptotically tangent to M{,,, and # is

contained in the minimal set. O

Proposition 6.7. Consider a linear differential operator T given by (1.1) such that degQ —
deg P = —1. Then the minimal convex Hutchinson invariant set Conv(MgH) is a bi-infinite
strip (domain bounded by two parallel lines).

More precisely, Conu(MgH) is the smallest strip containing Hy U Z(PQ).

Proof. The minimal convex Hutchinson invariant set Conv(M/,,) is the complement of
the union of every open half-plane disjoint from M. Since % is contained in M,
(Corollary 6.6), these open half-planes have to be disjoint from #;. Conversely, any open
half-plane H disjoint from #; is such that Im(R(z)) is either positive or negative for every
z € H. Therefore, provided H does not contain any zero or pole of R(z), one can conclude
that it can be removed from any Hutchinson invariant set. In other words, Conv(MgH
is the complement to the union of all half-planes disjoint from # U Z(PQ). Since F(y
has asymptotically horizontal infinite branches, the boundary line of every half-plane
disjoint from #(; has to be horizontal.

It remains to prove that such half-planes exist. It follows from the asymptotic de-
scription of ¥ in Lemma 6.5 that |Im(z)| is bounded on . Therefore we can find
two (disjoint) open half-planes that are also disjoint from # ;. These half-planes contain

half-planes which, in addition, are disjoint from Z(PQ). O

Arnold Mathematical Journal, Vol.12(2), 2026 81


http://dx.doi.org/10.56994/ARMJ

P. Alexandersson, N. Hemmingsson, D. Novikov, B. Shapiro, G. Tahar
6.2.2 Asymptotic geometry of the minimal set

Following Proposition 6.7, Conv(M(,;,) is the smallest horizontal strip containing the curve
Hg U Z(PQ). The closure of the projection of Conv(MgH) on the vertical axis is an interval

[y~,y*] where y~ <0< y*.

Lemma 6.8. For 0 <y < y,, denote by M, the intersection point between the associated ray

r(t +iy) and the horizontal line Im(z) = y,. Then the following statements hold:
» fort — +o0, Re(M,) — —0 if y < y?(’,‘
* fort — +o0, Re(M;) — +o0 lfy?0 <y <Y

Analogous statements hold for t — —co ory, <y <O0.

Proof. For large values of ¢, we have Re(R(z)) = —% + o(t™) and Im(R(2)) = [y—z + o(t72).
Provided ¢t is large enough, Im(R(z)) is positive and the associated ray r(z) intersects the
line Im(z) = y,. Then the real part of the intersection point equals ¢ — (y, — y)i + o(t). After

simplification, we obtain

@y=yolt | o(t). The sign of the main term is then determined by
y

the sign of 2y — y,. O

. 3 _ . . T . .
Proposition 6.9. If degQ — deg P = —1, the minimal set M, is connected in C.

Proof. Following Proposition 2.24, the complement (M., ) of M_,, in C has exactly two
connected components and it has been proved in Proposition 6.7 that each of them
contains a half-plane. We refer to the domain containing an upper half-plane as D* and
to the domain containing a lower half-plane as D~. Since M., contains #, we deduce
that Im(R(z)) is positive on D* and negative on D~.

Proving that M/, is connected in C amounts to showing that D* and D~ have only
one topological end. We will prove this statement for D* (the proof for D~ is identical).
We assume by contradiction that D* has a topological end x distinct from the end of the
upper half-plane contained in D* (we will refer to this end as the main end of D).

For any sequence {z,} of points in (M{,,)° approaching x, we have (up to taking a

subsequence) the sequence {arg(z,)} converging either to 0 or to z (since otherwise, x
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would not be distinct from the main end). Let’s assume without loss of generality that it

is 0. Again, we can assume that {Im(z,)} converges to some value y, € [0,y ].

If y. > 0, then Lemma 6.8, shows that for any horizontal line L, with y; €]y,, 2yl
the associated rays of the points in MgHC converging to the end x sweep out points of L,
whose real part is arbitrarily close to +o0. Assuming that y, is the maximal possible limit
value, we deduce that no infinite component of M(,,; can separate x from the upper main

end containing asymptotic directions of ]0, z|.

Hence, for a sequence {z,} of points in (MgH)C approaching x, the only accumulation
value of {Im(z,)}is 0. In this case, the associated rays r(z,) accumulate onto the R-axis

which is therefore contained in the closure of D+.

Now we prove that the open upper half-plane defined by Im(z) > 0 is disjoint from
MgH We assume by contradiction the existence of a point z, such that y, = Im(z,) is
positive and z, € M{,,,. We denote by L, the horizontal line formed by points satisfying
Im(z) = y,. Since there is a family of associated rays accumulating onto the R-axis, there
exists a path (t + if(t));er sSuch that for any ¢, f(t) €]0, %[ and t + if(¢t) € D*. Applying
Lemma 6.8 to the intersection between L, and the family of associated rays starting from
t+if(t), a continuity argument proves that z, belongs to some associated ray of the family
(as t moves from —oo to +oo, the intersection of the associated rays with L, moves from
the right end to the left end of this horizontal line). Therefore, z, cannot belong to M/,
and the open upper half-plane defined by Im(z) > 0 is disjoint from M{,.

Then, there are interior points of connected a component X of M{,,, located above

whose imaginary value is negative. It follows that the associated rays of points of D*
approaching x intersect the interior of X (these associated rays accumulate on the R-axis).

Therefore, there is no such end x and MgH is connected. O

Proposition 6.10. There is a compact set K and a positive constant B > 0 such that the

intersection M(,,, n K¢ is contained in the closure of the domain bounded by the hyperbolas
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given by
yt B y- B\ .
y 7(1+¥)’ y_2<1+X>' *>0 ©1
y- B _y B) .

Proof. By Lemma 6.5 for any y inJ = [y~, %[u]g,yﬂ, there is a positive constant A > 0
such that the union of the two semi-infinite horizontal strips characterized by Im(z) € J
and | Re(z)| > A is disjoint from F(.

Consider some positive number B > A and introduce the domain Dy characterized by

the inequalities:

e Im(z) > y* if Re(z) € [-B, B];

« Im(z) > g(¢) where g(t) = y?'f:%B if t = Re(z) ¢ [-B, BI.

For any point z such that Im(z) > y*, the associated ray r(z) remains in Dz. Now we
assume that z = ¢t + iy satisfies the conditions

+
t|+B
[t| >B and yoli+
2t

Without loss of generality, we assume that ¢t < —B.

<yl <y*.

In order to prove that the associated ray r(z) remains in Dg, we have to show that for
any t < —B and any s € [t,—B], we have

Im(R(2)) S g(s) — g(1)
Re(R(2)) s—t

880 _ By
s—t 2st

Since < —yz—j, we just have to prove that

Im(R(z)) S y*
Re(R(z)) ~ 2t~
In our case Re(R(z)) = —% +o(t72) and Im(R(2)) = ty—z + o(¢t73) imply that

ImR(z)) _ ¥y

Re(R(2)) =-7 + O(t_z).

Since y — % > g—j > 0, the inequality holds provided B is large enough.
By replacing y* by y—, we get an analogous result for the lower part of the complement

T
to M- O
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6.2.3 Examples

Consider a family of operators of the form T, = Q(z)% + P(z) where Q(z) = (z — «)¥ and
P(z) = z(a — z)* with the common root « € C of degree k € N*,

The family T, provides a rich assortment of examples. We have R(z) = —i. The special
line is the real axis R which coincides with the horizontal locus #;. Besides, the integral

curves of R(z)d, are hyperbolas (level sets of xy).

Proposition 6.11. If « € R, then the minimal set M(,,, of operator T, coincides with the

real axis R.

Proof. This follows immediately from Proposition 6.7 and Proposition 6.9. O

If « does not belong to the real axis, we get different pictures depending on whether
or not o belongs to the imaginary axis. Without loss of generality, we will assume that

Im(a) > 0.

Proposition 6.12. If « is of the form y,i with y, > 0, then the minimal set M., is the union of

the segment [y?‘)i, Yoi] with the horizontal strip formed by points z satisfying 0 < Im(z) < y;"

Proof. From Proposition 6.7 it follows immediately that the convex hull of M(,,, is con-
tained in the strip bounded by R and the horizontal line Im(z) = Im(y,). For any point of
segment [0, y,i], the associated ray contains « so [0, yyi] C MgH.

For any point of the horizontal strip given by the inequalities 0 < Im(z) < y?‘), a simple
computation proves that its associated ray intersects the segment [0, y,i].

Finally, for any point z such that Im(z) > y?" and Re(z) # 0, the associated ray is disjoint

from the segment [0, y,i]. This completely characterizes the minimal set. O

The latter case provides an example of a partially irregular minimal set whose irregu-
larity locus is contained in a R-invariant line (the imaginary axis in this case).
In the general case, the boundary of M., is more complicated. Up to conjugation, we

can restrict us to the case when Re(a), Im(c) > 0.
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Proposition 6.13. If a is of the form x, + y,i With x,, y, > 0, then the minimal set M[.,, of T,
is bounded by the following arcs:

* the real R-axis ;
» global arc (¢, f1(t)) where f(t) = Ztyifort € [xg, +oo[;
%

e local arc (t, f,(t)) where f,(t) = @fort € [x0, X, )5

XoYol

(2y/Xot+x0)?
o global arc (¢, f4(t)) where f,(t) = Yol fort €] — ,0].

Zt—XQ

* global arc (¢, f5(t) where f5(t) = fort €[0,x,];

Yo

3+2¢/2°
Proof. The convex hull of M/,,, is contained in the strip bounded by R and the horizontal

Here, (x,,,) is a point of extruding type. Its coordinates are x, = (3 + 2v/2)x, and y, =

line Im(z) = Im(y,), see Proposition 6.7. The arcs (¢, f,(¢)) and (t, f4(t)) are characterized
by the fact that the associated rays starting from their points contain x, + iy, (this can be
checked by a direct computation). In particular, they belong to two distinct branches of
the same hyperbola. Besides, the domain D between R~ and arc (¢, f,(¢)) is automatically
contained in M7, ..

Following Proposition 2.10, the backward trajectory of the vector field R(z)d, starting
at x, + y,i is contained in M/,,. The domain between this portion of the integral curve
and the arc (¢, f,(¢)) is also contained in MgH

We denote by 2’ the domain in the open right upper quadrant where the associated ray
intersects the domain D. At each point (¢, y(¢)) of the upper boundary of 27, the associated

ray is tangent to the branch of hyperbola (s, f4(s)) for some s < 0. Since R(z) = —i, the

X0)o
(25—x0)?’

argument of ¢ +iy(t) equals the negative of the slope of (s, f,4(s)) at s. Since %(s) =—

we get
140 _ __XoYo
t (25— x0)?
Since the tangent line has to intersect the imaginary axis at 2y(t)i, we obtain the following

equation:
fa(s) —2y(t) _ __ %Yo
s (25— xoP
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: XoYot _ i
Replacing y(¢t) by Fm—y we gett = =
XoYol

Since s is the negative square root of x,t, we deduce that y(¢) = PN

In particular,

for s = —x,, we get ¢ = x, and y(x,) = y;‘)

The arc y and the backward trajectory starting at x, + iy, (which is a branch of hy-
perbola) intersect each other at some point x, + iy,. From a computation, we obtain
— _ Y
x, = (3 4+ 24/2)x, and therefore y, = oWt

It is then geometrically clear that for any point z above the curve formed by arcs

defined by functions f, f», f3, f4, the associated ray cannot intersect any of these arcs. [

The latter example provides an illustration of a point of extruding type. Since the
boundary arcs are explicit algebraic curves, we can obtain the exact picture shown in

Figure 11.
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0.6
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Figure 11: The case when o =1 + 0.8i.
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6.3 CasedegQ —degP =0

For the sake of simplicity, we normalize the vector field R(z)d, by an affine change of
variable so that R(z) =1 + Zﬁk + o(z7*1) for some u € C* and x > 1. The case of a constant
vector field is already treated in Section 2.3 of [AHN+24].

Under the assumptions Im(u) # 0 and x = 1, we are going to prove that the minimal
set M, is connected. Firstly we show that M., is regular and disjoint from the curve of

inflections 3 outside a compact set.

Lemma 6.14. Assuming that Im(u)(—1)* > 0, there is a cone € and a compact set K such

that:
* for any z € G, Im(R(z)) > 0 and Im(R'(z)) > 0;
* M{,, CCUK.

Besides, M/.,, is a regular subset of C.

Proof. Computing R(t) and R’(t) for a negative real number ¢, we obtain that R(t) =
1+ tﬁ +o(t7* 1) and thus Im(R(t)) ~ Im(u)t*. The sign of the former is thus the sign of
Im(u)(—1)*. Similarly we obtain that it is also the sign of Im(R’(t)) for ¢ close enough to
infinity and negative.

It follows from Proposition 2.25 that M/,,, is contained in an infinite cone ¢, whose
asymptotic directions are |z — ¢, 7 + ¢[ for some ¢ €]0, %[. Besides, since the asymptotic
directions of infinite branches of the algebraic curves defined by equations Im(R) = 0
and Im(R’) = 0 are not horizontal, ¢, and thus MZ,H are covered by the union of a cone €
and a compact set K such that for any z € ¢, Im(R(z)) > 0 and Im(R’(z)) > 0.

Any R-invariant line (see Definition 2.5) has to be horizontal and therefore it intersects
the cone €. Thus some points of any R-invariant line A have the associated rays that
are not contained in A. Therefore, there are no R-invariant lines for such a vector field
R(z)d,. The minimal set MZ,H has hence no tails and Theorem 2.23 guarantees that MgH is

regular. O
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Corollary 6.15. Assuming that Im(u)(—1)* > 0, consider a sequence (a,),en Of points of
6M£H such that |a,| — +o00 and A(a,) # @ for any n € N. Then there exist a subsequence

(% f(n)nen and a line £, given by Im(z) = y, such that:

* the line £, is disjoint from the interior of M.,

the line £, contains a point of SM(,,,;

* Re(asp)) = —oo;

Im(cts(n)) < yo for any n € N.

Proof. Up to taking a subsequence, we can also assume that every a, belongs to the cone
¢ defined in Lemma 6.14. Lemma 4.17 implies that for any n, points of A(ay,)) belong
to 3, Sk or Z(PQ). Therefore, following Lemma 6.14, points of A(a,) accumulate in a
compact set as n — co. We denote by z, one of their accumulation points and by L, the
horizontal line containing z, (here y, = Im(z)).

Thus, up to taking a subsequence of a, we get a sequence (y,),cy Such that y, — y,
and y, € A(a,) for any n € N. As a, goes to infinity while A(x,,) remains in a compact
set, the associated rays r(a,) accumulate on L, . Thus the line L, is disjoint from the
interior of MgH. Besides, since «,, € € for any n € N, we have Im(R(«,)) > 0 and therefore

m(a,) < Y. O

Lemma 6.16. Provided that Im(u) # 0 and x = 1, no integral curve has a horizontal

asymptotic line at infinity.

Proof. SinceR(z) =1+ g + o(z72), the integral curve y(t) satisfies Re(y(t)) ~ t as t — +oo.
Then Im(y'(t)) = Imtﬁ + o(t™1). We obtain that Im(y(t)) has logarithmic growth as t - +co

and therefore the integral curve has no asymptotic lines at infinity. O

Corollary 6.17. Provided that Im(u) # 0 and x = 1, the minimal set MgH is connected in C.
Besides, dM[.,, has exactly two infinite arcs: one is a local arc starting at infinity while the

other is a global arc ending at infinity.
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Proof. Without loss of generality, we can assume that Im(u) > 0. Proposition 2.20 shows
that there are finitely many connected components of M7, .. Moreover they are attached
to the point 7 € S! at infinity in some linear order. We refer to these components of M/,
as Xi, ..., X, where X, is the lowest component while X; is the highest component. Besides
the boundary 0X; of any component X; has exactly two topological ends. We call them
the lower end 6X;” and the upper end 4X;".

Since dM(,; N Sy is contained in a compact set (see Lemma 6.14), points of 6X that are
close enough to infinity are either of local, global or of extruding types. Proposition 4.12
proves that every local arc has an endpoint in 3 U Z(PQ). Thus the ends of 6X are
represented either by a local arc starting at infinity or by a global arc. Since Im(x) > 0,
these points belong to S~ so the orientation constraint shows that only the upper end can
be represented by a local arc. Otherwise, the local arc would have the point at infinity as
its endpoint. Equivalently, any lower end X; has to be represented by an infinite global
arc ending at infinity (see Lemma 4.23).

For any component X;, the lower end dX; of its boundary is approached by a sequence
of points of global type. Applying Corollary 6.15 to such a sequence we prove the existence
of a horizontal line L; lying below the component X; and disjoint from the interior of
M(,,. Thus no component of M/, lying below the line L; can contain an infinite local arc
because the latter has no asymptotic line at infinity (see Lemma 6.16). Consequently,
among the ends of BMZH, only 6X," can be represented by a local arc.

It remains to prove that M/, has only one connected component. Assuming that k > 1,
we consider the upper end 6X;". We already know that it can be approached by points
(a,)nen for which A(a,) # . Applying Corollary 6.15, we prove the existence of a line L
such that:

* L is disjoint from the interior of MgH ;

T .

* there is some pointz, € L n M,

* points of (a,),en lie below the line L.
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We deduce from the first and the third bullet points that the interior of component X;
lies below line L.

Besides, since for each n € N, a,, belongs to §~, A(a,) is a direct support point of M/,
for the associated ray r(a,) (see Lemma 4.4). Then, z, is also a direct support point of M7,
for (oriented) line L. It follows that the interior of the component of M/, containing z,
lies above line L. In other words, z, belongs to some component X; such thati > 1.

For any point z of dX; close enough to dX, the associated ray r(z) has to cross the
portion of the line L formed by points whose real part is smaller than Re(z,) (otherwise,
the associated ray would have to cross the interior of X;). This is impossible since z lies
on or above L and Im(R(z)) > 0. This is a contradiction. There is no such component X;
and MgH is connected. A neighborhood of its upper end is contained in a local arc while

a neighborhood of its lower end is contained in a global arc. O

6.4 Connected components of minimal sets

Putting together partial results for the different values of degQ — deg P, we are able to
state a bound on the number of connected components of M7, in C. It is already known

that the closure of M/, in the extended plane C u ' is always connected.

Proof of Theorem 1.12. For any operator T satisfying | degQ—degP| > 1, it has been proved
in Theorem 1.11 of [AHN+24] that MgH = C. Besides, when degQ — deg P = 1, Section 6.3
and Corollary 5.20 of the same paper proves that MgH is connected and contractible. For
degQ — deg P = —1, it follows from Proposition 6.9.

The only case where there could be several connected components is degQ — deg P = 0.
If R(z) is constant, then there are two situations. If P, Q are both constant, then there is
no meaningful notion of minimal set (see Section 2.3.1 in [AHN+24]). Otherwise, MEH is
formed by parallel half-lines starting at points of Z(PQ). Since every point of Z(PQ) is a
common root of P and Q (otherwise R(z) would not be constant) we get that there are at

most % degP + % deg Q such half-lines.
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If R(z) is not constant, then we have R(z) = 1 + £ + o(z™1) for some 1 € C* and u € C. If

z
Im(u/2) # 0, then Corollary 6.17 proves that M, , is connected. Otherwise, Proposition 2.20
provides an upper bound % degP + % degQ. O

6.5 CasedegQ —degP =1

In [AHN+24] we found that, outside a rather trivial case?, a necessary and sufficient
condition for the compactness of M7, in case degQ — degP = 1 is Re(4) > 0. Moreover in
case Re(1) < 0, we get M, = C.

We will describe M[,,, for Re(1) = 0. Unfortunately, in the most interesting situation
Re(1) > 0, we do not have a general description of MgH, but we provide a number of
partial results, observations and examples.

6.5.1 Re(1)=0

In this case a complete characterization of aMgH can be carried out.

Theorem 6.18. Consider a linear differential operator T given by (1.1) such that degQ —
deg P =1 and Re(1) = 0. In this case, the neighborhood of infinity is foliated by a family C of
closed integral curves of the vector field R(z)d,.

The boundary dM[,,, of the minimal set of T is described as the first closed leaf (according
to the natural ordering starting at infinity) of the family € containing a point of Z(PQ) U S.

If the latter leaf y contains a point of the curve of inflections 3y, then the latter point is
a tangency point between y and 3. Moreover it is the first leaf that is non-strictly convex
(the curvature at the tangency point vanishes).

In particular, aM(T:H is formed by finitely many local arcs. It is real-analytic and convex

(but can fail to be strictly convex). It contains neither zeros nor poles of R(z)9,.

*When degP = 0 and degQ = 1, M[,, coincides with the unique root of Q(z) when 1 ¢ R_, and coincides

with C otherwise.
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Proof. It follows from 1 € C* and Re(1) = 0 that Im(1) # 0. The curve of inflections 3
is therefore compact. The neighborhood of infinity is foliated by a family € of integral
curves of vector field R(z)d,. The orientation of these integral curves depends on the sign
of Im(2). By compactness of I, another neighborhood €’ of infinity is foliated by strictly

convex integral curves (the curvature of integral curves vanishes precisely on 3y).

We first consider the case when some point a of Z(PQ) belongs to €’. Denoting by y

. . o, T
the periodic leaf « belongs to, we deduce from Proposition 2.10 that y belongs to M, and
bounds a strictly convex domain 2. Provided the complement of D does not contain any
other point of Z(PQ), we obtain that 2 coincides with MZ,H. Since « is disjoint from Sy, it
follows from Corollary 3.12 that it cannot be a zero or a pole of R(z) (« is a root of both P

and Q of the same multiplicity).

In the remaining cases, we can assume that Z(PQ) is disjoint from ¢€’. The cylinder
C is bounded by a singular curve formed by separatrices (integral curves connecting
singularities of R(z)d,). We denote by X the union of these separatrices and by S the
smallest simply connected subset containing . By Proposition 2.10, ¥ and § are contained
in M., . For the same reason, a point z of cylinder € is contained in M, , if and only if the
periodic integral curve containing z belongs entirely to MgH Therefore, the boundary of
MgH coincides with some periodic integral curve of the cylinder €.

&y its boundary 6M7, ., (which

Since the associated rays cannot cross the interior of M
is a periodic integral curve) has to be convex. Therefore, it is contained in the domain
of inflection of infinity (or in its boundary). Since the domain ¢’ does not belong to
the interior of M7, (its complement is clearly a Tcy-invariant set), these conditions

characterize the boundary y of ¢’ as the boundary of M. .

The curve y cannot cross the curve of inflections because it is convex. If it did not
intersect J, there would be a strictly smaller invariant set whose boundary is an integral
curve between J; and y. Thus y has a tangency point with J;. At this point, the curvature

of y vanishes.

The boundary dM(,,, is formed by local arcs joining points of 2(PQ) (with the same
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multiplicity of P and Q) and some points of the tangency locus. By Proposition 4.7, there

arcs are strictly convex and real-analytic. O

6.5.2 Re(l)>0

T

As we mentioned above, we do not have a general description of M.,

but only a number
of interesting examples. Observe that in this case o is a sink of R(z)d,).
A qualitative description of the convex hull Conv(My,,,) is the best that we can obtain

with our current knowledge.

Proposition 6.19. Consider a linear differential operator T given by (1.1) with degQ—degP =
1. The boundary 8Conv(M(,;,) of the convex hull Conv(M(,,,) of the minimal set is formed by:

* finitely many straight segments;
* finitely many portions of integral curves of vector field R(z)9,.

In particular, the latter are strictly convex and belong to local arcs of 3M/.,,. In particular,

dConv(ML,,) is piecewise-analytic.

Proof. We denote by S the set of points where the boundary aConv(MgH) is strictly convex.
They also belong to aMgH (these points belong to the support of the hull). It follows from
Theorem 1.9 that outside finitely many points, § is formed by either local or global arcs of
aMgH. If such a point z belongs to a global arc, then the line containing the associated ray
r(z) is a support line of Conv(MgH) at z and every point of A(z). It follows that [z, A™%*(z)]
is a straight segment contained in dConv(M/,,,). Consequently any arc of § has to be a
portion of local arc.

We know that dConv(M(,;,) is formed by straight segments and portions of local arcs. It
remains to prove that there are finitely many of them. We consider an arc « of Conv(M(,,)
contained in a local arc y of 6M[,,. The endpoint of a (with the orientation defined by
R(2)d,) has at the same time to be the endpoint of y (since otherwise the associated rays

starting at points of « would intersect M(,,,). Therefore, the endpoint of every such arc «
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in aConv(MgH) belongs to Z(PQ) U Sy (see Proposition 4.12). Since there are finitely many
such points in 8, there are finitely many such arcs in 6Conv(M[,,).

If the boundary of the convex hull is not formed by finitely many straight segments
and portions of integral curves, then there are infinitely many corner points of angle
smaller than 7 between the pairs of consecutive straight segments of the boundary. It
follows from Corollary 6.2 that these points belong to 2(PQ). Therefore, we have finitely

many corner points and finitely many straight segments. O

In the examples below (including a very interesting family of operators in which Q(z)

has simple roots and P(z) = Q'(z)), Conv(MgH) is a polygon.

Proposition 6.20. Consider a linear differential operator T given by (1.1), such that every
root a of Q(z) is simple and satisfies P(a) # 0 and ¢, = 0.
Then, Conv(MgH) coincides with the convex hull of Z(Q).

Proof. The argument is similar to the one used in the proof of the classical Gauss-Lucas
theorem (see [Mor]). If the differential form PSTM)Z has all positive residues, then the roots
z

of P(z) are contained in the convex hull of 2(Q).

The proof is based on consideration of the electrostatic force F created by the system
P(z)dz
Q(2)
residue at the corresponding pole. This electrostatic force F equals the conjugate of

of point charges placed at the poles of

where the value of each charge equals the

Pa)z
Q(z)

and one can show that if we take any line L not intersecting the convex hull of Z(Q)

then at any point p € L, F points inside the half-plane of C \ L not containing 2(Q). Now
recall that the associated ray has the same direction as the conjugate of P/Q. Thus, the

associated ray r(p) does not intersect the convex hull of Z(Q). O]

6.5.3 The first family of examples

Consider a family of operators of the form T; = Q(z)% + P(z) where Q(z) = A(z — 1)¥z and

P(z) = (z — 1)* for some principal coefficient 1 € C* and some degree k € N*.
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Integral curves of the vector field R(z)d, are logarithmic spirals parametrized by
y(t) = y(0)e*. In particular, they are concentric circles for Re(1) = 0.
Depending on the value of 4, the shape of the minimal set MgH can change drastically.

Namely,
« if Re(1) < 0, then MgH = C (see Theorem 1.11 of [AHN+24]);
* if Re(1) = 0, then MgH is the closed unit disk (see Theorem 6.18);
* if Re(2) > 0 and Im(2) = 0, then M7, is the segment [0, 1].

When Re(1) > 0 and Im(1) # 0, MgH has a more complicated shape we describe below in

terms of local and global arcs. Up to conjugation, we will assume that Im(2) > 0.

Proposition 6.21. If 1 satisfies Re(1),Im(1) > 0, then the minimal set M., of operator T; is
bounded by the following arcs:

* local arc y where y(t) = e™* and t €]0, t,|;
» global arc a where a(t) = ﬁ andt €]0,t,].

These two arcs intersect at 1 and the point y(t,) = a(t,) of extruding type characterized as

the first intersection point between « and y defined on R,

Proof. The backward trajectory of the vector field R(z)d, starting at 1 is parametrized
by y(t) = e and t € [0, o). Proposition 2.10 shows that this arc is entirely contained in
T
Mcp-
Points z for which the associated ray contains 1 are characterized by the condition
1;—2 € R,. They form an arc parametrized by a(t) = ﬁ for t € [0, +o00o[. This arc is also
zZ
. . T
contained in M.
Since R(z) = Az, it is geometrically clear that these two arcs bound M{,,,. The boundary
oM/, is formed by a portion of each of them with two singular points at 1 (when ¢ = 0)
and the first intersection point in the parametrization. There are different ways to

see that such an intersection occurs. One of them is to note that lim,_,, a(t) = 0 and
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-1
(14212
follows that the asymptotically straight arc a(¢) and the logarithmic spiral y(¢) intersect

lim,_, o, arg(a’(t)) = lim,_, , arg( ) = arg(%) exists. Since we have Re(1),Im(1) > 0, it

infinitely many times. The endpoint distinct from 1 common to « and y is the first

intersection point between the two parametrized arcs defined on R.,,. O

1.0}

0.5}

0.0

-0.5}

-1.0r

1 1 1 1 I

-1.0 -0.5 0.0 0.5 1.0

Figure 12: Illustration of the boundary of the minimal set when A2 = 1 + 6i in Prop. 6.21.

6.5.4 A second family of examples

Consider the family T = z(z* — 1)01i + (2 + 1), where k is a positive integer. We are going
z

to prove that for any k, the minimal set M(TjH is the unit disk.
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z(zk-1)
zk+1

Lemma 6.22. Set f(z) =z +t , witht > 0. Then |f(z)| > 1 whenever |z| > 1.

1
Proof. We substitute z = rie® with r > 1. After some algebraic manipulations, we find

that

1
|f(2)|? _ |f(rie®)|? . t2r2 — 2471t —2cos(Bk)rt + ¢ 6.3)
|z|2 r2/k r2 + 2cos(Bk)r + 1 ' '

Setting ¢ := coskf and rewriting further, we get

|f(riei@)|2 . 202 =)+t ((r—=cP+(1—¢c?)

6.4
r2/k r+c)+0-c? (64
Since —1 < ¢ < 1, it follows that
1
|f(re’®)|? rr—1
— > 14+t—-->1
r2/k (I" + 1)2
Consequently, | f(z)| > |z| whenever |z| > 1 and the statement follows. O

z(zk-1)
zk+1

Lemma 6.23. The separatrices of the vector field R(z)d, = 9, are the arcs of the unit

circle, connecting roots of P(z) with roots of Q(z).

Proof. Assuming that z is not a root of Q, we have that

2 +1 (1-zk)?
————dz =k llog[ ———|.
] z(zk — 1) z 0g< zk

Now for z = ¢, we find that
Imlog((1 — z¥)?/z¥) = arg((1 — zK)?/zK) = arg(—2 + €% 4 ¢~0) = 7.

As the integral trajectories are level curves of Im f % away from zeros or poles of R(z),
zZ

it follows that the unit circle consists of the integral trajectories of R(z)d,. Since the roots

of P lie on the unit circle and the zeros of Q on the unit circle have positive residues, it

follows that these integral trajectories must be separatrices that are contained in MgH. O

Corollary 6.24. For T = z(z* — 1)3, + (z* + 1), the minimal set MEH coincides with the unit
disk.
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Proof. By Lemma 6.22, we have that all the associated rays for points lying outside the
unit disk never intersect the unit disk. Therefore, MgH is contained in the unit disk. Since
the unit circle consists of separatrices of —R(z)d, (see Lemma 6.23), it follows that MgH
contains the unit circle. The associated ray of any point (distinct from 0) of the open unit

disk intersects the unit circle so MgH coincides with the unit disk. O
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Abstract: We prove that the classification of real-analytic vector fields on the
two-torus up to orbital topological equivalence does not admit a complete
numerical invariant that is a Borel function. Moreover, smooth vector fields
that are difficult to classify appear in generic smooth 7-parameter families.
In dimension 2, this improves the recent result of A. Gorodetski and M. Fore-
man [6] for non-classifiability of smooth diffeomorphisms up to continuous

conjugacy.
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1 Introduction

Classification results constitute one of the central parts of the modern theory of dynamical
systems. For example, due to Denjoy theorem, rotation number is a complete invari-

ant that classifies C2-smooth circle diffeomorphisms f: R/Z — R/Z without periodic
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orbits up to continuous conjugacy. Separatrix skeletons, graphs, or schemes are used to
classify planar vector fields up to orbital topological equivalence. Ornstein’s theorem
[14] states that entropy is a complete invariant that classifies, up to measure-preserving

transformation, Bernoulli shifts on closed subsets of the space of bi-infinite sequences.

On the other hand, Yoccoz’s example shows that rotation number cannot be used to
classify circle diffeomorphisms up to smooth conjugacy in the case when the rotation
number is Liouville. P. Kunde showed [13] that smooth conjugacy on the space of circle
diffeomorphisms admits no complete numerical invariant that is a Borel function. This
is an anti-classification result that captures the complicated nature of the equivalence

relation.

Strong anti-classification results were obtained in ergodic theory. Consider the space
X of C*-smooth diffeomorphisms of a torus. Let the equivalence relation be a measure-
preserving conjugacy. In [8], M. Foreman and B. Weiss proved that this equivalence
relation is not Borel: the set {(S,T) € X x X | S ~ T} is not Borel with respect to the
C>-topology in X x X. Earlier in [7], M. Foreman, D. Rudolph, and B. Weiss proved that
measure-isomorphism for measure-preserving ergodic maps on the interval is not a Borel
equivalence relation. In [9], M. Gerber and P. Kunde proved that Kakutani equivalence

relation for ergodic measure-preserving transformations is also not Borel.

In Sec. 2, we will introduce Borel reducibility, the partial order on equivalence re-
lations that produces the hierarchy of equivalence relations (see also [5]). For many
natural equivalence relations, their place in this hierarchy is not known. An impor-
tant breakthrough was a paper by M. Sabok [15] who showed that the isomorphism of
separable C* algebras is the maximal equivalence relation among all orbit equivalence
relations. J. Zielinski [16] showed that the homeomorphism of compact metric spaces
is also maximal among all orbit equivalence relations. It is an open question whether

measure-isomorphism for measure-preserving ergodic maps has the same property.

One of the natural equivalence relations in dynamical systems theory is continuous

conjugacy. In the space of diffeomorphisms, A. Gorodetski and M. Foreman [6] showed
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that this equivalence relation for smooth diffeomorphisms of R? has no complete Borel
numerical invariants. Moreover, for diffeomorphisms on R5, this equivalence relation
is not Borel'. However, proofs involve classification of diffeomorphisms that are highly
degenerate. Related results were obtained in the space of continuous interval maps and
circle maps, see [1] and references therein.

Planar vector fields can be classified up to orbital topological equivalence using a
combinatorial invariant (in the form of separatrix skeletons, schemes, or Leontovich-
Mayer-Fedorov graphs). Classification of vector fields on the torus is more complicated:
since circle maps can appear as Poincare maps, classification invariant should incorporate
both the information about the behavior of separatrices and the rotation number of
the Poincare map. We will see that this is sufficient to obtain non-classifiability results
similar to [6, Theorem 2].

The proofs are not directly related to, but largely inspired by, new examples in the
modern bifurcation theory for planar vector fields that arise from sparkling separatrix
connections, see [12].

Let V2(T?) be the space of C2-smooth vector fields on the two-torus T? = R?/Z>2. Let

V%(T?) be the space of real-analytic vector fields on the two-torus.

Definition 1.1. Two vector fields v,w € V?(T?) are orbitally topologically equivalent,
v ~ w, if there exists a homeomorphism H : T? — T2 that is homotopic to identity, such

that H takes orbits of v to orbits of w, preserving time orientation.
The main results of the paper are the following.

Theorem 1.2. Orbital topological equivalence in V*(T?) has no complete Borel numerical
invariant: there is no Borel function g : V*(T?) — Y with Y a Polish space such that for all

v,w € X, we have v ~ w if and only if g(v) = g(w).

Theorem 1.3. Orbital topological equivalence in V*(T?) has no complete Borel numerical
invariant: there is no Borel function g: V*(T?) — Y with Y a Polish space such that for all

v,w € X, we have v ~ w if and only if g(v) = g(w).

In [6], authors announced stronger results, but they were not published as of 07/2025.
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By a classical Kuratowski’s theorem, all uncountable Polish spaces are Borel isomor-
phic. In particular, any Polish space Y is Borel isomorphic to R, thus we refer to these
statements as the absence of numerical invariants for orbital topological equivalence. Re-
sults also imply that there are no complete functional invariants in any Polish functional
space.

Below we will formulate and prove a stronger version of Theorem 1.2: vector fields

that are difficult to classify appear in a generic 7-parameter family, see Theorem 6.1.

Remark 1.4. While circle diffeomorphisms appear as first-return maps for vector fields
on the torus, result of [13] does not imply Theorem 1.2, since we consider a different

equivalence relation.

Remark 1.5. While time-1 flows of vector fields v € V(T?) are diffeomorphisms of 72,
continuous conjugacy for resulting diffeomorphisms does not coincide as equivalence
relation to orbital topological equivalence of corresponding vector fields. So Theorem 1.2
does not imply [6, Theorem 2]. However, equivalence of vector fields is considered to be
much simpler than equivalence of planar diffeomorphisms (e.g. Newhouse phenomenon
does not happen for flows of vector fields). So in a sense, our result is stronger than [6,
Theorem 2]. Also, methods of [6] do not allow analytic diffeomorphisms, in contrast with

Theorem 1.3.

Recall that an equivalence relation ~ on a set X is not Borel if the set {(S,T) € X x X |
S ~ T}is not Borel. Even though equivalence relations in Theorems 1.2, 1.3 do not admit
Borel numerical invariants, it is likely that they are Borel. We already cited results [8],[7],
[9] on non-Borel equivalence relations that naturally appear in dynamics. In particular,
[6, Theorem 1] states that continuous conjugacy defines a non-Borel equivalence relation
on diffeomorphisms of R>. The following questions are open.
Can we find a two-dimensional manifold M such that the orbital topological equivalence
of C% vector fields on M is not Borel?
Can we find a generic finite-parameter family of vector fields v,, p € R* on a two-

dimensional manifold such that the orbital topological equivalence is not Borel: the graph
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{(01,p2) € R* | v, ~ v, } of the orbital topological equivalence relation on this family is not
a Borel set?
We refer the reader to [2] for the list of open questions in descriptive set theory related

to dynamical systems.

2 Preliminaries: Borel reduction

We refer the reader to [5] for an expository introduction to Borel reduction and the
hierarchy of equivalence relations with respect to the Borel reduction.

Recall that a topological space X is called Polish if it is separable and completely
metrizable (i.e. admits a complete metric that is compatible with the topology). The
o-algebra of Borel sets of X is the smallest g-algebra containing all open sets. A map
f: X — Y between two topological spaces is called Borel if for any open set A, f~1(A) is a
Borel set.

Consider an equivalence relation on the set X. We write x ~ y if x,y are equivalent

with respect to E.

Definition 2.1. An equivalence relation E on X is smooth if there exists a Polish space
Y and a Borel function f : X — Y such that x ~; y holds if and only if f(x) = f(y) for all
x,y €X.

Theorem 1.2 means that orbital topological equivalence of vector fields is non-smooth.

We will use the following non-smooth equivalence relation.

Definition 2.2. Let E, be the equivalence relation on the circle R/Z given by x ~5_y if

X =Y+ namodl.

The following proposition is the particular case of the general result (see [11, Theorem
1.1]): an equivalence relation that admits a non-atomic ergodic measure is not smooth.
This statement is a part of the Glimm-Effros dichotomy, first discovered in [10], [4] for

group actions. (Here, a finite Borel measure on X is called ergodic with respect to an
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equivalence relation E if any measurable E-invariant set has zero or full measure; a
measure is called non-atomic if the measure of each E-equivalence class is zero.) For

completeness, we will give an elementary proof of the proposition below.

Proposition 2.3. For any o ¢ Q, for any nonempty open interval I c R/Z, E, is a non-

smooth equivalence relation both on I and on I \ {na},cz-

Proof. LetR,(x) = x+abearotationonacircle R/Z. If there is a Borel numerical invariant
f:1- RforE,, then the sets A, = f1((=0,y)) c I must be Borel, and thus Lebesgue
measurable. Since every set A, is an intersection of R,-invariant measurable set with I,
and R, is ergodic, the measure of each set A, is equal to 0 or to u(I). Let x be the supremum
of the set {y € R, u(A,) = u(I)}. Since u(() A,) = u(@) = 0 and u(|J A,) = u(), x is a finite
real number. Then u(f~1((—o0,x + 1/n)) = u(I) for any n and thus u(f~1((—0, x]) = u(I).
On the other hand, u(f~'((—o0,x — 1/n)) = 0 for any n and thus u(f~!((—o0, x)) = 0. We
conclude that f~!(x) has measure u(I). This is impossible since f~!(x) is the intersection of
a single orbit of an irrational rotation with I and has measure 0. The proof for I \ {na},c»

is analogous. 0

Our main tool is a Borel reduction for equivalence relations.

Definition 2.4. Let ECc X x X and F C Y x Y be equivalence relations on Polish spaces X
and Y, respectively. A Borel function f : X — Y is called a Borel reduction of E to F if for
all x;, x, € X, we have that x; ~; x, if and only if f(x;) ~p f(x,).

We say that E is Borel reducible to F, and write E <g F.

Informally, if E is Borel reducible to F, then F is “not less complicated” than E. In
particular, an equivalence relation E is smooth if and only if E <z =g, where =y is the
equality relation on R.

Borel reducibility is a partial order; hence if E; <z E, and E, is non-smooth, then E, is
also non-smooth (otherwise E; <z E, <p =r). We conclude that Theorem 1.2 is implied by

the following.
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Theorem 2.5. For each irrational number ¢, there exists a smooth family of vector fields
Vog C V2(T?), p € R/Z, such that the equivalence relation Eg on (R/2) \ {n¢},cz is Borel

reducible to orbital topological equivalence: for py, p, € (R/Z)\{n¢},ez, we havev, 4 ~ v, 4

if and only if p; = p, mod n¢.

This theorem is proved in the next three sections.

3 Construction of the family v, ,.

Recall that we consider vector fields on the two-torus T2 = (R/Z)?. Let M, = R/Z x {s} be
the meridians of the torus. Fix ¢ € [0,1]\ Qand p € R/Z.

7B
@

Figure 1: Phase curves of the vector field v, 4.

We define v, 4 in the following way.
* On neighborhoods of M, and M, s, define v, , = (¢,1).

* Let the vector field v, , in {0 < y < 0.5} have two saddles sy, S;.
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One stable separatrix y; of s; intersects M, at (0,0), two unstable separatrices of s,
form separatrix connections with two stable separatrices of S;, an unstable sep-
aratrix I'; of S, intersects M, s at (¢/2,1/2). Let U; be bounded by the separatrix

connections; in Uy, the vector field v, 4 has one stable and one unstable node.

The correspondence map along v, , between the sides of R, is given by (x,0) —

(x +¢/2,1/2), except it is undefined at (0, 0).

* For p = 0, the vector field v, 4 in the domain {0.5 < y < 1} has a similar structure, with
saddles s,, S, and separatrices y,, ', that intersect M, s and M, at (¢/2,1/2) and (¢,1)
respectively. The only difference is, that in the domain U, bounded by its separatrix
connections, the vector field v, 4 has one stable node and one unstable limit cycle

with a stable node in it.
* For other values of p, in the domain {0.5 < y < 1}, we put v, 4(x,y) = vy 4(x — p, ).

With this definition, p — v, 4 is a smooth family of vector fields for any fixed ¢.
The Poincare map under v, 4 from the meridian M, of the torus to itself coincides with
x — x + ¢ everywhere, except it is undefined at the intersections with y,,y,. If p € {n¢},cz,
then I', does not coincide with y; and I'; does not coincide with y,. In this case, we have
Myny, ={-n¢} and My Ny, = {o — ng}’ .

Recall that if a point a is non-singular for a vector field, v(a) # 0, then there exists a
neighborhood U with a smooth chart H: U — R? such that H,v = (1,0). A continuous
curve y is topologically transverse to the vector field if it does not pass through singular
points, and for any point a € y there exists its neighborhood U such that the image
H(y nU) is a graph of a continuous function x = x(y). The next lemma follows from

elementary properties of correspondence maps.

Lemma 3.1. For any simple closed loop o« C T?> homotopic to the meridian M, that does
not intersect U, U U, and is topologically transverse to U, ¢, there exists a homeomorphism
£ : a - M, with the following property: if £(p,) = p,, then either p,, p, belong to the same

trajectory of v, 4, or p; € Ty UT, and p, € y; Uy,.
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Proof. Liftv, 4 to the vector field ¢ on the cylinder R/Z x R. Lift « and M, to the cylinder
R/Z x R so that the lifts &, M, = {y = 0} do not intersect and & is above M,. Then the
correspondence map ¢ : & — M, along trajectories of —5 is well-defined. Indeed, since
both curves are topologically transverse to ¢, the only obstructions for extending the
correspondence map are intersections of M, with stable separatrices of v and intersections
of & with unstable separatrices of v. Since M, and & do not intersect U;, U,, these are the
intersections of the lifts of y, , with M,, and of the lifts of I'; , with &. Correspondence
map ¢ extends continuously to these intersections. It descends to the map ¢ : « — M, that

satisfies assumptions of the lemma. O

4 Equivalent vector fields have E,-equivalent parameters

Lemma 4.1. For irrational ¢, let v, , be vector fields constructed above. Suppose that
p1, P2 & {NPlnez-

If vector fields v, 4 ,v,, 4, are orbitally topologically equivalent, then ¢, = ¢, and p, =
0y +n¢emod 1.

Proof. Let s;,,51,71.2,I'1,2, U, be as defined above for v, 4, and lets, 5,5 5,712,112, U1
be analogous objects for v,, 4 .

Suppose that H is an orbital topological equivalence between v, , and v, 4 . Since H
takes attractors and repellors of v, to attractors and repellors of v, respectively, and limit
cycles to limit cycles, we have H(U,) = U, and H(U,) = U,; H(s;,) = §1, and H(S;,) = S15;
therefore H(y,) = 7, and H(y,) = 7,. (Here we used that phase portraits of v, 4|, and
U, 4|y, are different, otherwise H could map y, to 7, and y, to 7,.)

The curve H(M,) is topologically transverse to v,,, does not intersect U; u U, and is
homotopic to M,, since H is homotopic to identity. Using Lemma 3.1, define a homeomor-
phism & : H(M,) — M, along trajectories of v, , . We get an orientation-preserving circle
homeomorphism £oH : M, —» M,.

Recall that the Poincare maps on M, under the action ofv, 4 anduv,, , equalx — x+¢,,
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X — Xx + ¢, respectively. Since {oH conjugates these Poincare maps, we have ¢, = ¢,.
From now on, we will omit subscripts 1, 2 in the notation ¢,, ¢,.

Consider the set A; = (MyNy;) = {—n¢},cz X {0}. The set H(A,) belongs to H(M,) N 7,.
Since p, ¢ {n¢},cz, the separatrix 7, does not form a separatrix connection with I, »;
Lemma 3.1 implies that the set §(H(A;)) C M, belongs to 7, as well.

Hence the circle homeomorphism £oH takes the dense set A; = {—n¢},c7 X {0} into a
subset of {—n¢},c7 X {0}. We conclude that £oH must be a rotation by k¢, k € Z.

On the other hand, analogous arguments for y, imply that {oH takes Myny, = {p; —
ng},cz X {0} into a subset of M, N7, = {p, — nd},cz X {0}, hence {oH must be a rotation by

P2 — p1 + 1o, 1 € Z. We conclude that p, — p; = m¢ mod 1. O

5 Vector fields with E,-equivalent parameters are equivalent

Lemma 5.1. For irrational ¢, let v, 4 be the vector field constructed above. Suppose that
p1, P2 & tkdliez, and p; = p, + ng mod 1 for some integer n. Then v, 4 and v, 4 are orbitally

topologically equivalent.

Proof. We will write v, instead of v, 4 for brevity. Let ¢ be small so that the intervals

Ie=lpp+k¢—c.oo+kp+el=[p1—(n-k)p—c,0—(n-Kk)¢+¢l

do not intersect for k = 0,1, ...,n and do not intersect J = [—¢,¢].
Let v, be defined on the torus T, and v, be defined on the torus T. We split T into a

union of the following three connected sets:

* (1) ;. Let V| be the union of arcs of trajectories of v, thatstartat(x,0),x € [—¢,¢] =J,

and end at (x + ¢,0). Let vV, = U, U V_}

* (2) V,. Let V% be the union of arcs of trajectories of v ) that start at (x, 0), x € I, and

1%
end at (x + n¢,0) € I,. Let V, = U, U V.

o (3)V3=T\V1\V2.
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I3 I1 I3 I7

79 1/
a/ /ﬁ//

Iy 1, Iz 1

Figure 2: Domains Vv, (light-gray), V, (dark-gray) and V; (white) for vector fields v, (left)
and v, (right) for n = 3.

The set V; contains the arc of y, before its first intersection with M, that belongs to J. The
set V, contains the arc of y, and its 1st, 2nd, ..., nth intersections with M,. Intersections
happen inside I,,_;, ..., I, respectively.

Similarly, we define sets V;,V,,V; for v, , using the same intervals I, ...I,,J for the
field v,,. Again, the set V; contains the arc of 7, before its first intersection with M, that
belongs to J. The set V, contains the arc of y, before its first intersection with M, that
belongs to I,,, and the arc of I', that contains its 1st, 2nd, ..., (n — 1)-th intersections with
M,. These intersections happen inside I, I,, ..., I,, respectively. Fig. 2 shows domains V; -
V5 and V; - V;. Now, construct H.

Clearly, v, |y, is orbitally topologically equivalent to v, |, . We will choose equivalence
H that is identical on J x {0} and (J + ¢) x {1}.

Vector fields v, |, and v, |y, are also orbitally topologically equivalent. We will choose
H that is identical on the bottom and top sides I, C My, I, x {1} of V,,.

Finally, V3 \ M, is a union of strips where v, is orbitally topologically equivalent to the
unit vector field; the same holds for v, in V; \ M,. Thus we can extend H to V; by setting
H to be identity on MynV; =M, \ JUI, UL, U..I,_;) and extending it along trajectories

of v, ,v,,. This completes the construction of the orbital topological equivalence. O
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Lemmas 4.1 and 5.1 imply Theorem 2.5. Due to Sec. 2, this completes the proof of
Theorem 1.2.

6 Genericity of nonclassifiable vector fields

In this section, we prove a stronger version of Theorem 1.2: vector fields that are orbitally
topologically equivalent to v, 4 form (at least) a codimension-7 submanifold M in the
space V*(T?) of smooth vector fields. This implies that they appear in generic smooth

7-parameter families of vector fields.

Theorem 6.1. For any irrational ¢, there exists a codimension-7 continuous submanifold
M c V3(T?) such that any vector field v € M is orbitally topologically equivalent to some

vector field of the form v, , described in Theorem 1.2.

To define the set M, we will need the notion of the rotation number. Let f: R/Z - R/Z
be a circle homeomorphism, and let F: R — R be its lift to the real line. The rotation

number of the circle homeomorphism f is given by

Fl’l
rot f = lim (x).
n—oo n

The rotation number is rational if and only if f has a periodic orbit and depends continu-
ously on f. In a 1-parameter family f,, if % f: > 0, then the rotation number is monotonic
with respect to ¢, and strictly monotonic whenever rot (f,) is irrational.

We will also need the notion of the characteristic number of a saddle. Recall that if
A, < 0 < 1, are the eigenvalues of the linearization matrix of a vector field at a saddle
singular point, then |4,| : |4,|is called the characteristic number of a saddle. Itis invariant
under smooth changes of space and time variables. If L, L, are transversals to the stable
and unstable separatrices of a saddle of a vector field v, then the correspondence map
along v from L, to L, is defined on semi-transversals; let these transversals be given by
{x > 0} and {y > 0} in local coordinates on L, L,. This correspondence map is called the

Dulac map. The following lemma is known to specialists.
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Lemma 6.2. Dulac map for the saddle with characteristic number u has the form x —

cx*(1 + o(1)) on a neighborhood of zero where c is a nonzero constant.

Proof. The proof repeats the computation in the proof of Lemma 5 in [12]. Change
variables so that saddle separatrices become coordinate axes, and L,, L, become {y = 1}
and {x = 1} respectively. Differential equation takes the form x’' = xg;(x,y),y’ = yg,(x,y).
After time change, equation becomes x’ = x,y’ = yg(x,y), with g smooth, g(0,0) = —pu.
Rescaling x — x/e, y —» y/e in an e-neighborhood of zero brings the equation to the form
x'=x,y" = yg(x,y) with |g(x,y) — g(0,0)| < O(e)|x| + O(e)|y|. Trajectory of the new vector
field that starts at (x,, 1) has the form x(¢) = xye’, log y(t) = fot &(x,y)dt. Hence it takes the
time T = — log x,, for this trajectory to land on the transversal (1, y). An estimate on g(x,y)
above implies that y(T) = C(xy)e T = C(x,) - xé‘ with 1 — O(e) < C(x) < 1+ O(¢). Thus
the Dulac map along the initial vector field v between {y = ¢} and {x = ¢} has the form
y =c(x)-x*with 1 -0(¢) < c(x)/cy < 1+ O(e) for certain ¢,. Since the correspondence map
between L, = {y = 1} and {y = ¢} is smooth, as well as the correspondence map between
L, = {x = 1} and {x = ¢}, we conclude that on a sufficiently small neighborhood of zero on
L,, the Dulac map from L, and L, has the form y = d(x)-x* with 1-0(¢) < d(x)/d, < 1+0(e)

for certain d,. Since ¢ was arbitrary, this implies the statement. O

Proof of Theorem 6.1. Construction of M.

Take a vector field v, 4 with small p. Modify it if needed to guarantee that on a
neighborhood of {x = 0}, we have v, 4 = (¢,1). Consider its small neighborhood % in the
space V2(T?) of C?-smooth vector fields in T2. Let s,(v), s,(v), S;(v), S,(v) be saddles of v,
v € U, that are close to s,,,,5;,S,. Let [; be an interval transverse to the left separatrix
connection of s; and S; of v, 4; let a(v) and 8(v) be first intersections of separatrices of
s;(v), S;(v) with [, in a local chart on [;. Define §,(v) = a(v) — (v), which is a smooth
function of v. In a similar way, define functions 6,(v), §5(v), 8,(v) for each of the separatrix

connections of v. Note that we have 6;(v,4) = 0, k = 1,2, 3,4, since v, 4 has four separatrix
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connections. Define
M ={v € VX(T?) | 8 (v) =0,k =1,2,3,4}.

Denote the characteristic numbers of the saddles s, (v), s,(v), S;(V), S,(V) by 1, (V), 1y (v), v1(V), v, (V)
respectively.

For any v € M?, let P, be the Poincare map along v from M, to itself. Formally, P, is
undefined at the first intersections of separatrices y;(v), y,(v) with M,, but it extends con-
tinuously to these points. Denote these points A(v), B(v). On the left semi-neighborhood
of A(v), the map P, is a composition of two Dulac maps, from M, to [; and from [; to M,,.
Similarly, P, is a composition of two Dulac maps on the right semi-neighborhood of A(v).

Due to Lemma 6.2, P, has the following form:

x = P,(A(L)) + C1(V) - (x — A(0))y @101 4 0(1)) for x < A(v)

x = P,(A(V)) + C,o (V) - (x — A(0)) @01 4 0(1)) for x > A(v)
Note that constants C,(v) and C,(v) do not necessarily coincide. Since the Poincare map
from M, to itself along v, 4 is identity, we get that w; (v, ) - v1(v, ) = 1; similarly, u,(v, 4) -

V5(Vpg) = 1.
Let M! c U be given by

M ={v e M| 1y (v) - v1(V) = 1, 1(v) - v, (V) = 1}

Then M! is a codimension-6 smooth submanifold in V?(T?). Condition on characteristic
numbers implies that P, has nonzero one-sided derivatives on both sides of A(v), B(v) for
all v € M. So P, is a C2-smooth circle homeomorphism with two break points A(v), B(v).

Finally, the set M is given by
M = {v € M!,rot(P,) = ¢}

Codimension of M.
We will prove that M is a codimension-1 continuous submanifold (i.e. the graph of a

continuous function) in M*. Indeed, let R, : R? — R? be the counterclockwise rotation by
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the angle t. Let v = (v}, v?), and let

01(0) _ Yps©®
20) 02,0

L={veM!|

Since on a neighborhood of a boundary of the unit square, we have v, 4 = (1, ¢), the vector
field R}v is well-defined on the torus for small t. Moreover, v € M' implies Rjv € M for
small ¢, therefore the set M can be locally represented as a Cartesian product R x £ in
the smooth chart (t,v) — Rfv(x,y).

We have %PR;UP, , > 0 due to the construction of v, 4, thus %PR;U > 0 for v close to v, 4.
Properties of the rotation number imply that for any v, the set M intersects each fiber
Rfv on a single point, i.e. M is a graph in M. Since rot (-) is continuous, M is the graph of
the continuous function. Hence M is a continuous manifold of codimension 7.

Finding orbitally topologically equivalent vy ,.

For any v € M, we will find R such that v is orbitally topologically conjugate to vg 4.
It is an easy generalization of a classical Denjoy theorem that a circle homeomorphism
with breaks that has irrational rotation number is continuously conjugate to the rotation
x —» x +rot(f) (see e.g. [3, Theorem 2.4]). Let £ : R/Z — R/Z conjugate P, to the rotation

x — x + ¢. Post-composing & with rotation, we may and will assume that £(A(v)) = 0. Let

R = §(B(v)).

Constructing conjugacy.

Now, we will prove that v € M is orbitally topologically conjugate to vg 4. Let y%, yX
denote separatrices of the vector field vg 4.

Lift v,vp 4 to vector fields 0,0g 4 in closed cylinders C = R/Z x [0,1]. Comparing
phase portraits, we can see that 0 is orbitally topologically equivalent to 0k 4 on C. Choose
topological equivalence H to coincide with £ on the lower boundary of C, H(x, 0) = (£(x), 0).
This is possible since & takes A(v) to 0 and B(v) to R, i.e. matches intersection points of
separatrices of o with M, to the intersection points of separatrices of o , with M,.

Since H maps trajectories of 0 to trajectories of oy 4, we get H(P,(x),1) = (§(x) + ¢,1)

on the upper boundary of C. Hence H(x, 1) = (§(P;1(x)) + ¢,1) = (£(x) — ¢ + ¢, 1) = (£(x), 1).
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Since H(x,0) = (§(x),0) and H(x,1) = (£{(x), 1), the map H descends to a continuous map
on T2. This completes the proof.

O]

Remark 6.3. We could simplify the family v, 4, by replacing two saddles in U; and/or U,
with a single saddle that has a separatrix loop (cf. the next section), thus improving the
codimension. However, in this case, the Poincare map will be necessarily critical with
non-symmetric critical points. Such circle maps are not well-studied, and we could not

find a reference to the analogue of the Denjoy theorem that applies to this case.

7 Analytic vector fields

In this section, we prove Theorem 1.3. We provide an explicit analytic family with no
complete numerical invariants; the proof is computer-assisted.

Consider the family of Hamiltonian vector fields

v = (iu —iu )
pbed = L Ugbed = Upbed
with the Hamiltonian
Up bed(X,y) = X — Py + (cosy — 1)(bsin(x — y) + ¢ sin(x) + d cos(y)). (@))]

We will prove the following theorem; it implies Theorem 1.3 due to Proposition 2.3.

Theorem 7.1. For some open interval I C R/Z, the equivalence relation E, onI \ {n¢},c7 is
Borel reducible to the orbital topological equivalence on a subset of the family vy, . 4.

Namely, there exist analytic functions D and p defined on an open set V in R3, such that
the function p is non-constant on c for fixed b, ¢, and two vector fields v, = vy p, ¢, D($,.b.c,)
and v, = Vg, b, ¢, D(gybyey) JOT (12, b12,¢12) € U, irrational ¢, ¢,, and p(¢y, by, ¢1) & {nd1}nez,
p(¢, by, cy) & {ne,},.cz are orbitally topologically equivalent if and only if ¢, = ¢, = ¢ and
p(¢, b1, c1) = p(¢, by, c;) mod ng in R/Z.
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Proof. First, let us explain how the second part of the theorem implies its first part. Define
an analytic function C(¢, r) implicitly on some open set by a condition p(¢, by, C(¢,1)) = r.
Then for fixed irrational ¢, the Borel reduction of E, on I'\ {n¢},c to the orbital topological

equivalence is given by p — vg 5, c(4.0).0(¢.by.C(8,0)- LNiS implies the first part of Theorem

=

Figure 3: Level curves of uy, .4 (phase curves of the vector fields vy 4) for ¢ = 1/3,
c=1,b =2,d = 1.0016. The black square has sides of length 27. Separatrices of the saddles
$1, 85,83 are shown in thick. Thick dots represent singular points of vy, . . Dashed lines

represent level curves uyp, .4 = 1,ugpcq4 = 5.

Clearly, the vector field vy, . 4 is well-defined on the torus T> = (R /27Z). For simplicity
of notation, we will lift it to the annulus 0 < y < 1. It is easy to check that for ¢ # 0, the
vector field is transversal to y = 0, y = 1. Its phase curves are level curves of uy . 4. Since

Ugpped(x,0) = x and ug . 4(x,27) = x —27¢, the correspondence map from {y = 0} to {y = 1}
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is x - x + 2m¢ whenever defined.
Fig. 3 shows the level curves of uy; .4 for ¢ = 1/3,b = 2,c = 1,d = 1. The following
statements on vector fields vy, . 4 were verified numerically for ¢ = 1/3,b = 2,¢c € [0.7,1.1],

d €[0.9,1.3].
» Vector fields vy, . 4 have six singular points on the torus.

This was checked by applying Python’s fsolve method (that uses the Powell’s hybrid
method) with the dense mesh of parameter values and initial guesses. Singular points

are marked on Fig. 3.

* These six singular points are hyperbolic; there are three saddle points, two minima

of ug .4 and one maximum of uy, . 4.

This was checked by computing the Jacobians of the linear part of v,; 4. Jacobians
remain greater than 2 in modulus.

Let sy, 5,53 be the saddles of vy, . 4, numbered left to right in x-coordinate, x € [0, 27].

¢ The curves {y = 0},{y = 1}, the level curve {uy ; . 4(x,y) = 1,0 < y < 1}, and a connected
component of the level curve {uy . 4(x,y) = 5,0 < y < 1} divide the torus into two
domains V; and V,; one of them (V) contains s; and a minimum of uy, . 4, the other

(V) contains s,, s;, and the remaining minimum and maximum of uy . 4.

This was checked by (1) plotting these level curves for u, /5, ; ; (see Fig. 3) and (2) verifying
that for all ¢ € [0.7,1.1], d € [0.9,1.3], values of u, 5, . 4 at its critical points in 0 <y < 1 are
not equal to 1 + 27k, 5 + 27rk. This implies that critical points cannot move from one strip
to another as parameters vary.

Since level curves of ug ;, . 4 are phase curves for vy, . g and ug p, . 4(x, 0) = x, we conclude
that the correspondence map from {y = 0} to {y = 1} is defined near x = 1,5. Consider
the domain V;. Since ug ), .4 is monotonic on y = 0, out of four separatrices of s;, only
one can intersect {y = 0} and only one can intersect {y = 1}. Since separatrices are the

only obstruction from extending Poincare maps, exactly one separatrix must intersect
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{y = 0} and one must intersect {y = 1}. Thus the remaining two separatrices of s; must
form a separatrix loop in V; as shown in Fig. 3, and the correspondence map from {y = 0}
to {y = 1}in V, is well-defined except a single point of intersection with a separatrix (to
which it extends continuously).

Suppose that ugp, . 4(s;) = g pc a(s3). SINCE uyp . 4 is Monotonicony =0 and y = 1, in
the strip V,, only two of the eight separatrices of s,,s; can intersect {y = 0} and {y = 1}.
Since separatrices are the only obstruction from extending Poincare maps, exactly two of
these separatrices intersect {y = 0} and {y = 1}. The remaining six separatrices must form
three separatrix connections. There are two possibilities: we either have three separatrix
connections between s, and s;, or one connection and two separatrix loops. To check that

we always have the first possibility as shown on Fig. 3, we verified the following.

¢ The function uy . 4 is monotonic on the straight line segment joining the minimum

and the maximum of ug .4 in V.

This was checked by computing the directional derivative of ug, . 4 at the points of this
segment, with step size equal to 0.01 of its length. If separatrices of s,, s; formed separatrix
loops, minimum and maximum of u would be inside these loops and the segment [s,, s3]
would intersect the level set uy; . 4(x,y) = ugp.q(s,) at least twice, which contradicts
monotonicity of ug .4 On [s;,5;]. Hence s,,s; form three separatrix connections. The
correspondence map from {y = 0} to {y = 1} is everywhere defined, except two intersection
points with separatrices to which it extends continuously. Thus it coincides with x —
X + 27¢ as noted above.

We claim that the condition ugj . 4(s,) = ugpa(s3) defines a graph of an analytic
function D = D(¢, b, ¢) in the parameter space for c € [0.7,1.1], d ~ 2, ¢ ~ 1/3. This follows

from the property below.

¢ Derivative of ug . 4(s3) — ug p . a(s,) With respect to d is positive for all ¢ € [0.7,1.1],

d € [0.9,1.3].
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Derivative was computed via implicit function theorem. It remains between 2.05 and

2.15.

Hence for each ¢ € [0.7,1.1], the interval d € [0.9,1.3] contains at most one value d
such that ugp . 4(5,) = ugp . 4(s3). This value d = D(¢, b, c) was determined numerically for
¢$=1/3,b=2,c€[0.7,1.1] and remains in [0.9, 1.3]. Since the condition is open, the same
holds for all b = 2, ¢ ~ 1/3, and D(¢, b, ¢) is well-defined. It is analytic since singular points

of vy .4 depend analytically on parameters.

For any vector field vy i pc) 1€t Uy be the domain bounded by the separatrix
connection of s;; let U, be the domain bounded by the separatrix connections of s,, s;.
Let stable separatrices of sy, s, be y;,7,, let unstable separatrices of s;,s; be I';,T,. Let
p(¢,b,¢) = ugp a(sy) — ugp . a(s1) be the distance between the intersection points of y; and

y, with the meridian M, = {y = 0}. Numerically, we checked the following.

» The value p(¢, b, c) is not constant on the graph (¢, b, c, D(¢, b, c)): namely, for ¢ = 0.7
we have d(c) ~ 1.23 and p ~ 3.40 while for ¢ = 1.1 we get d ~ 0.92 and p ~ 3.62.

The function p remains non-constant on ¢ for ¢ ~ 1/3,d =~ 2 since it is analytic.

The remaining part of the proof is the same as for Theorem 2.5. While the vector
field vy p ¢ p(s.p.c) With p = p(¢, b, ¢) is not orbitally topologically equivalent to v, 4, the only
difference is the explicit shape of the phase portrait inside U, U,; the Poincare map
and the behavior of separatrices y,,y,,I';, T, is the same. Hence the proof of Lemma 5.1
applies to the family vy . psp.) With p = p(¢, b, ¢), for any fixed b close to 2 and any fixed
irrational ¢ close to 1/3, without any modification. In the proof of Lemma 4.1, we also
used the fact that an orbital topological equivalence H matches corresponding saddles,
H(sy) = §,. For our family, the latter follows from the fact that s,, s; form three separatrix
connections while s; has a separatrix loop. Hence the proof of Lemma 4.1 applies for
the family vy j, . pg.») With minor modification. These lemmas imply the second part of

Theorem 7.1, which completes its proof. O
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1 Introduction

The classical continued fraction is a self map T on [0, 1] defined by

T1x1—>l—llJ.
X X

Its absolutely continuous invariant probabilistic density is

L, 1 1
T log2 1+x

The cylinder set Ala;, a,, ..., a,] is the interval whose elements share an initial fraction:

Then we have

v(Alay, ..., a,]) = v(Ala,, ..., a1]).

We say that continued fraction algorithm is symmetric in measure if this equality holds

for all cylinder sets. To see this symmetry, a standard way is to consider its natural

extension:
N 1 1 1
T: [01 1]2 = (x’y) == = l_J s T 11 € [07 1]2
X x1"y 4 llJ
X
with the invariant density
1
————dxdy.
1+ xy)? Y
The map T is invertible:
e e
X+ l—J youy
y
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and the restriction of 7! to the second coordinate is equal to T. The self-duality immedi-
ately follows from this fact.

To make concrete the tractable a natural extension for higher dimensional continued
fractions, F. Schweiger constructed the dual algorithm (B#, T#) of the fibred system (B, T).
The pair (B x B¥, T x V¥#(k(x))) gives the natural extension of (B, T) where V#(k) is a local

inverse branch of T#. In this framework, if there exists an isomorphism ¢ which satisfies:

T#
B# N B#

S

then the system is self-dual. We say that self-duality is realized by an intertwining map ¢.
We will define an algebraic self-duality. If such a map ¢ is found we simply say that the
system (B, T) is algebraic self-dual. See section 2 for details. In this paper we start with

an easy observation:

Theorem 1. If the fibred system (B, T) is full and algebraic self-dual, then it is symmetric

in measure.

However, we do not know when the self-duality holds in general, nor how to construct
the intertwining map ¢ for a given full-branched fibred system. In the later section,
we shall construct ¢ for several fibred systems in [12] and also give examples of fibred

systems which is not self-dual.

2 Invariant measure and self-duality

In this chapter, we briefly review the concept of higher dimensional continued fractions
by F. Schweiger and show Theorem 1.
We say that the dynamical system (B, T) is a fibred system if {B(k) : k € I} is a partition

of the set B where I is countable and T, is injective.
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Definition 1. The fibred system (B, T) is multidimensional continued fraction (m.c.f.) if
1. B Cc R",
2. For every digits k € I, there is a matrix Ar(k) = ((4;;)) € GL(n + 1, Z) such that y = T(x),
x € B(k) is given as

AiO + Z?:l A”x]

= m .
AOO + Zj:l AQij

Yi
Remark 1. For all invertible (n + 1) x (n + 1)-matrix (a;;), we define a transformation
f 1 R" — R" satisfies

n
Qjo + 21:1 a;jXx;

n bl
Qoo + ijl QpjX;j

fx); =
and we denote by A the matrix ((a;;)). Then, we can verify ApA; = Afo,.
Since T|p ) is injective, there exists a local inverse branch of T
V(k) : T(B(k)) — B(k), x=V(k)y

We denote the inverse matrix of A(k) by ((B;;)). Then y = Tx is equivalent to

n
By + Zj=1 Bijy;
X; = n .
By + Zj=1 Byjy;

where B;; satisfies By, + Z;’zl By;y; > 0.

Definition 2. Let (B, T) be a m.c.f. with matrices {A;(k) : k € I}. The m.c.f. (B¥, T#) is dual
algorithm if the following conditions holds:

1. B(ky, ks, -+, k,) # @ if and only if B¥(k,,, k,_1, -, k1) # 0,

2. There is a partition {B*(k), k € I} of B* such that the associated matrices A;«(k) = ((Af;.))
of T# restricted B (k) are the transposed matrices of A;(k) such that y = T#(x), x € B*(k)

is given as

# N a#
At 2 AL

Vi = .
# n %
Ago + Zj:l AgjXj
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Given a multidimensional continued fraction algorithm (B, T), its dual map is formally
defined by the transpose of A;. We then try to find an appropriate dual space B and its
decomposition {B*(k) : k € I} which satisfies condition 1.

After this construction, given an n-dimensional continued fraction we set

1
(1 + X101 + X)p + -+ 4 Xyt

and we denote by w(k;, k,, --- , ks; y) the Jacobian of V(ky, ky, -+, kg) = V(k;)oV (ky)o --- oV (k).

K(x,y) :=

Then, we can see
KV (ky, ..., k)x, Y)w(ky, ..., kg x) = K(x, V#(kg, ..., k)y)o® (ks, ..., ki3 y) @8]

by a straightforward calculation. For any x € B, we define

D(x) :={y € B* : x € (| T*BK{ (), -, kf O}

s=1

Then, it is known that the following assertion holds (see Chapter 3 in [12]):
Proposition 1.
h(x) = f K(x.y)dy
D(x)
is invariant density for T.

Definition 3. A fibred system (B, T) is called full if T(B(d)) = B foralld e 1.

Note that D(x) = B* if the system (B, T) is full. By Proposition 1, we can obtain an

invariant measure u* for the dual algorithm (B#, T#).

Lemma 1. The multidimensional c.f. (B, T) is full, then one has
u(Blky, ky, - k) = p# (B (kg gy, -+ Kp)).

Proof. For all ki, ....k; € I, by Proposition 1,

By Ky, k) = f

f K(x,y)dydx
B(kl’kZ"“J(s) B#*

=/f K(WV(ky, ky, - k)x, y)w(ky, ky, -+, kg; x)dydx.
B JB#
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By (1), we have
U(B(ky, ky, -+, kg)) = fB/B# K(x, V(e ky_y, -, k) (ky, gy, - ky y)dydx
= '/B:#L;K(V#(ks’ks_l""’kl)y’x)w#(ks’ks—19'”’kl;y)dxdy
= u*(B¥ (kg ky_q, -+, k1))
O

Definition 4. A n-dimensional continued fraction (B, T) is "algebraic self-dual"on D c I
if the diagram

B#* LB#

P

T

B——B
is commutative and ¢ is a bijective, differentiable, and measurable function map such

that ¢(B#(k)) = B(k) for all k € D.

For the regular continued fraction algorithm ([0, 1), T), the matrix Ar(k) is symmetric.

Thus, it is clearly self-dual since T = T*.

Proof of Theorem 1. Note that the map ¢ is bijective, since (B, T) is algebraic self-dual (on

D =1I). By substitution, for all k;, k,, -+, k, € I

M#(¢_1B(k1’ k27 ) ks)) = / fK(X, y)dydx
$~1B(ky ks, ks) VB

- f / K(X,Y)dYdX
B(kl’kZ""’ks) B#

= M(B(kla kz, Tty ks))

Therefore, by Lemma 1, we have

M(B(kli k29 Sty ks)) = /'{#(B#(kla k2’ 0y ks))

= u(B(ks, ks_1, -+, k1))
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Note that the m.c.f. (B, T) is algebraic self-dual on D c I, then for all k,k,, -, k; € D
u(B(ky, ky, -+, ky)) = u(Bks, kg1, -+, k1))
Definition 5. The set function
T(B(ky, ka, -+, ky)) 1= p(B(kg, ks, -+ k1))
is called the polar measure for (B, T).

In fact, 7 is also an invariant measure for T. And u = 7 means symmetric in measure.

F. Schweiger gave an equivalent condition for x = 7 under the conditions in [10].

3 Selmer Algorithm
Let E™*! :={x € RI™ : xy > x; > - > x, > 0}. Then define

x € B —— x" = (xg — Xy, Xpy e X))
There is an index i = i(x), 0 <i < n such that

S(X) = (X1, eer s Xjy Xg — Xpps oon » Xpp) € EMFL,

We obtain the bottom map Ts : A — A which makes the diagram

En+1 S ; En+1

gl l

T=TS
A —— A
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commutative. Since

ArM) =i |1 —1 | onA(),

the 1-time partition is A(i) = {x € A : x; > 1 —x,, > x;,;} Where x, = 1, x,,; = 0. We can see

T(A(G)) ={x € A : x; + x,, > 1}. Therefore, fori =0,1,...,n—1

T(A@) = U A(), T(A(n) = A(n—1) U An).
i<j
The system (A, T) is not full, but (X = A(n — 1) U A(n), T) is full-branched system. The
dual map of Selmer’s algorithm (X, T) is defined on X* = R’;. It is known that Selmer

algorithm (X, T) is ergodic and admits an absolutely continuous invariant measure (see

[12D.

Fig. 1: The 1-time and 2-time partition of (A, Ts).
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Fig. 2: The 1-time partition of (x#,T}).

Note that the 1-time partition of X* is

X*m-1)={xeX®:x,_, <x,}
X*n)={xeXx®:x,_1>x,}

We construct the intertwining map ¢ for the Selmer algorithm.

For n = 2, the same method in the previous chapter gives

211
Ag=[1 11
110

A simple analogy for the n-dimensional case works fine and we obtain

Proposition 2. Selmer’s algorithm is algebraic self-dual. And

2 211
A¢,= 2

1 1

1 1 0

Proof. We can see that for all k € {n — 1, n}
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Let ¢(By, ...,B,) = (by, ..., b,). Then, for all (B, ...,B,) € X#(n — 1),

B
by +b,—1= nl >0
n-1 T on 2+42B;+ - +2B, ,+B,_; +B,
and
B, —B,_
1-2b, n___n-l 0.

= >
2+2B1 + +2Bn_2 +Bn_1 +Bn

Thus, ¢(X#(n — 1)) c A(n — 1). We show ¢(X#(n — 1)) D A(n — 1). Since

1 -1

for all (by,...,b,) € A(n — 1), we can verify that B; > 0,i = 1,...,n and

B,—B, _, = 1 - 2by >0
" nl T bn—2 - bn—l '

Thus, ¢(X*(n — 1)) = A(n — 1). Similarly, we can see $(X#(n)) = A(n).

Corollary 1. Selmer’s algorithm (X, T) is symmetric in measure. i.e, for all a;,a,, -

{n—1,n}

H(A(al’ Az, -+, as)) = ,LC(A(CIS, Ag_1,°, al))-

4 Brun Algorithm

Let E™! :={x € R!*™ : x5 > x; > -+ > x,, > 0}. Define
x € M —— x' = (xg = X1, Xg, e, Xp)-

Then, there is an index i = i(x), 0 < i < n such that

B(X) = (X1, 0ee s Xjy Xg — X1, 005 X)) € E"FL,

Arnold Mathematical Journal, Vol.12(2), 2026
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We obtain the bottom map T : A — A which makes the diagram

En+1 B , En+1

dl gl

T=Tjg
A —— A

commutative, where p(x) = (ﬂ o

Xo Xo Xo

). The 1-time partition of A is

A@)={xeA:x;>21—x; > X1}

where x, = 1, x,,,; = 0. For digits i € {0, 1,2, ...}, the matrix A;(i) is

ArD) =i |1 -1 on A(i).

The dual space of Brun’s algorithm (A, T) is A# = R, x [0,1)""! and the 1-time partition

of A* is
A*F(0) = {x € A* . x; > 1},
A*)=fxeA® 1 0<x; <1,x;<x,1<j<nk.
We found the intertwining map ¢ of Brun algorithm for only n = 2:

110
Ay=|1 0 0
0 01
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Proposition 3. The Brun algorithm for 2-dimensions is self-dual.
Now, let (A, Ts),) be a multidimensional continued fraction with matrices

i

Ar,®=i|1 -N on A[(i, N

1

This algorithm is called the Brun multiplicative algorithm. Since A* = [0, 1]?, we can
get the invariant measure yu for Tg,,. The invariant density when n = 2 is

1 1
Qr00+x+y) el txty)

For the invariant measure in higher dimensions, see [1]. It is known that the multiplicative

version is ergodic with respect to y, see e.g. [12]. When n = 2, we found

p(Al(1, 1), (2, D] # u(A[(2,1), (1, DD,
n(Al(1,2),(2, D] # u(A[(2,1), (1, 2)D,

This implies that the polar measure r doesn’t coincide with .

5 Garrity-Schweiger Algorithm

Let E™! :={x € R"™ : x; > x; > -+ > x,, > 0}. We define

Xg — X
G(x) = (X1, s X, X — X; — kx,) € E", k= lLJ

Xn
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With the help of the projection

X1 Xn
p:E" — A, p(xp,Xq1,.r X)) = <—,..., —) ,
Xo Xo

we obtain the bottom map T : A — A which makes the diagram

En+1 G ; En+1

gl 7|

T=TG
A —— A

commutative. The map T is

1-— -k 1-—
T(x):(ﬁ’ﬁ,...x_n’M>’ kzk(x)zl le.
X1 X1 X1 X1 Xn

The 1-time partition of A is
Ak)={xeB:1-x;—kx,>0>1—-—x;,—(k+1)x,}, ke{0,1,2,..}

and this fibred system is full.

Fig. 3: The 1-time partition of (A, T;) for n = 3.

This continued fraction algorithm for n = 2 was introduced by Garrity in [4], which is

commonly known as the triangle algorithm or Garrity’s triangle algorithm. An alternative
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extension of Garrity’s triangle algorithm is studied in [2]. On the other hand, the following
map was introduced by Schweiger in [9]:
e (G- B SR )
on [0,1) X [R{g‘l. The dynamical system ([0, 1) X Rg‘l, F) is isomorphic to the dual algorithm
of (A, Tg). It is known that the (A, T) is ergodic with respect to the Lebesgue measure for
n = 2 (see [7]). It was shown that this system is also ergodic with respect to absolutely
continuous invariant measures for all dimensions [5]. In this paper, we call the system
(A, Tg) the Garrity-Schweiger algorithm.
We show that the m.c.f. (A, Tg) is algebraic self-dual. Since

0 1 0 0
0 0 1

Ar(k) =| o0 on A(k),
0 1
1 -1 0 —k

the dual map 7# is

1- Xn X1 Xn—2 Xp—1— kxn
T#(x)=(—,— )
Xn Xn Xn Xn

This dual map is defined on
Af={xeR":x,2>0,1<i<n-1,0<x,<1}=RI'x[0,1)

and the 1-time partition is given by

A*k)={xeA* i x,_; —kx, 20> x,_; —(k+Dx,}, k=k*x)= lx;_1 J '

n

Since the Garrity-Schweiger algorithm is full system, the invariant density 4 is

1
K(x,y)dy ~ .
—/[R;’Z'_IX[O,I) Xy xn—l(l + xn)
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Fig. 4: The 1-time and 2-time partition of (A, Tg).

We found that this algorithm is self-dual for n = 2 and the matrix Ay is given by
1 10
Ag=11 0 0
0 01

Here, we describe our heuristic method to find such a matrix. First we assume that
Ay = ((a;)) has integer entries. From AyAr+ = ArAyg, We see A, is symmetric. Assume

that ¢ sends A#(k) n A#(k + 1) to A(k) n A(k + 1). In particular, if ¢(0,0) = (1, 0), then we see
app =ap, az =0.

Put a;; = x, A4 has to have a form

x x 0
X % %
0 =* =
Further if ¢(k,1) = (kiﬂ, kiﬂ), then
x+kay kaptaz 1
X+ kx X+ kx k+1

Therefore we have x = 1, a;;, = a3, = 0,a33 = 1 and the condition AyAr«(k) = Ar(k)Ag,

$(A*(k)) = A(k) are guaranteed. Thus, we obtain the following.
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Fig. 5: The 1-time partition of (A%, Ty).

Proposition 4. The Garrity-Schweiger algorithm is algebraic self-dual. And

1 --- 1
A¢=

1

Proof. By a straightforward calculation, we can see that for all x € A

$oT#(x) = Tog(x).

Let ¢(By,B,, ..., B,) = (b, by, ..., b,). Then, since

we have
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Therefore, we can see ¢(A*#(k)) = Ak) for all k € Z,,. O

Corollary 2. The Garrity-Schweiger algorithm is symmetric in measure.

We introduce the slow version of the Garrity-Schweiger map. F. Schweiger defined
the Flip-flop map in [13]. It is known that the jump transformation of the map is Garrity’s
triangle map (See also [3]). Similarly, we can see that the jump transformation of the
n-dimensional Flip-flop map is the Garrity-Schweiger map and it is algebraic self-dual.

LetA={xeRl:1>x; > >x,> 0} Let the cylinder set of the Selmer algorithm

and Brun algorithm be Ag(i) and Ag(i) respectively. Then, since
As)={xeA:x;>1—x,2Xx;11}, Agl)={xe€A:x;>1—x>Xi11}
and x, =1 x,,; =0, we have
A = Ag(0) U Ag(n).

Now, we definethemap T : A —» A as

on A;(0),

Ar = > <

on Ag(n).

1 -1

\

We consider the jump transformation over the cylinder Ag(0), then we obtain a map

with matrices
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This map is Garrity-Schweiger map T;. The dual space is R", and the invariant density
is

1
x1x2 ...xn.

Proposition 5. The n-dimensional Flip-Flop algorithm is algebraic self-dual. And

A¢=

6 Poincaré Algorithm

Finally, we give an example that is not self-dual. Note that the algorithm below is conjugate
to the original Poincaré algorithm. There are maps F, G that the original map is FoG, but
ours is GoF, where G is the sorting map into non-increasing order. We commonly refer
to the projective map of the original map FoG is the Parry-Daniel map. See e.g. [8], [12,
Chapter 21] or [11, Chapter 14].

Let E"! :={x € RI™ : x; > x, > -+ > x,4; > 0}. Then define
F:x€E™ — x' = (X; — X3,% — X300, Xy — X1 Xp):
There is an element o of symmetric group §,,,; such that

— /! /! / _ +1
P(x) - (xO'(l),xU(Z)’ oo ’xa(n+1)) - GOF(X) (S En .

In this section, we consider the normalized map Tp : A — A which makes the diagram

En+1 P , En+1

gl gl

T=Tp
A —— A

commutative, where p(x) = (ﬁ LT E)

b b
X1 X X1
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Then for all digitc € 8,,,1, y = Tx, x € A(0) is given by

n+1
2jo1 Aom1(jXj1

T ntl
2jm1 Aom1(1)iXj-1

Vi

where x, =1 and

Ar(e) = ((Ai,j)) L=

The dual map is defined on A# = RZ. Therefore the invariant density is

1
xlxz...xn'

Note that

o7 l(i) o) +1 n

Ar(o) = ((Aa—l(i)j)) = ,

o(1) o(i) o(i—1)

1. 1

AT#(O') = .
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Then, we have

{x €A xg—l(i)_l - xo-—l(i) > xg—l(l'+1)_1 - xU—l(l‘_l_l), fori = 1,2,..,n (l # ] -1, ]),

Xo-1(j—1)-1 — Xo-1(j-1) > Xn» Xn > Xo-1(j+1)-1 — xU—l(j+1)}, lf] #1l,n+1,

A(o) = 1 {xeA: Xp > Xg-12)—1 — Xg-1(2)s
Xo-1(1)—-1 — Xo-1(i) > Xo-1(i+1)—1 — Xo-1(j+1)s fori= 2,..., I’l}, lf] =1,

{X SIARN Xo-1(1)—1 — Xo-1(i) > Xo-1(+1)—1 — Xo-1(i+1)» fori= 1,2,...,n—1,

Xo-1(n)—1 — Xo-1(n) > X} lf] =n+1

and

A#(O') = {x € A# . xa-(H_l)_l - xg(i)_l >0fori= 1,..., n}

where x, =1 and j is a integer satisfies c(n + 1) = j.

J

(13)

(23) (132)

Fig. 6: A[(12),(123)] and A[(123), (12)] for n = 2

In the case n = 2, the domain A has six partitions Afe], A[(12)], A[(23)], A[(13)], A[(123)],
and A[(132)] (see Fig. 6). By direct computation we have
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o
1(A[(12),123)]) f —dxdy - i log 2 — 0.0408 --
[x—— —x+1)

f —dxdy—%(log ) — 0.0413 ---
1
2

3
4

u(A[(123),(12)])

2
3

Thus,

p(A[(12), (123)]) # u(A[(123), (12)]).

From Theorem 1, this algorithm is not algebraic self-dual for n = 2.

All the same, we shall prove that this algorithm is algebraic self-dual on {e, (13), (123), (132)}

with the intertwining map ¢ defined as

111
Ay=11 1 0
1 00
Let us explain our empirical method to find this intertwining map. At first, we follow

the heuristic way as before. Assume that Ay = ((q;;)) has integer entries. From AyA7«(0) =

Ar(0)A,, We see it is symmetric. If ¢(1,1) = (%, %), then we see
a11+alz+al3 . a21+a22+a23 . a31+a32+a33 =3:2:1. (2)

Assume for now that A#[e] n A#[(12)] is mapped to Ale] n A[(12)]. Then from

$(1,y) = (an +ay +axy az; +azp+ a33y>
aj +ap; + a3y’ app +app +ay/’

if lim,_, o, ¢(1,y) = (%, 0), then there exists an integer k that we have

* % 2k
Ag=| = =* k
2k kO
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However in this case, it is natural to assume lim,_,, ¢(x, x) = (0,0), and then we have
Ay + a4y =az =0.

This implies k = 0 and clearly we have ¢(A*(c)) # A(c) which does not fit our purpose.
After this wrong trial, we reach the correct assumption that A#[e] n A#[(12)] is mapped to

Ale] n A[(23)] (See Fig. 7). Indeed if lim,_,,, ¢(1,y) = (0,0), then A4 has the form

k0 ok 3k

From lim,_, , ¢(x,x) = (%, 0), we obtain

a 1
app + ag3 2

Considering (2), by several trials we found
1 11
Ag=[1 1 0
1 00
which satisfies all the conditions on Afe] U A[(13)] U A[(123)] U A[(132)]. (See Appendix A.)

We define an involution on §,,.

Definition 6. We denote the set of involutions of the symmetric group by
Inu(s,) ={c s, : o®>=ek
The cardinality of this set #Inuv(S,):1,2,4,10,26,76,--- are also known as telephone
numbers and various studies have been made on these numbers (see Section 5.1.4 of [6]).

Theorem 2. The n-dimensional Poincaré algorithm is algebraic self-dual on wyInv(S,,;)

where

1 2 e n
w0=
n n—1 - 1
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e
(123)/13) 12) 23)
(23) (132)
(123)
e (12) (13) (132)

Fig. 7: The 1-time partition of (A, Tp) and (A%, T#).

And

Proof. Let M = ((a;;)) be a monomial (0,1)-matrix with q;; = 1. i.e., there is exactly

one “1” in each row and each column. This has the one-to-one correspondence with

w0

permutation, we denote

Then, we have

c1) o) -+ on+1)
wea ! = «— (As1();)B,
n+l n - 1
1 2 - n+1 ;
oWy = €« B(Aa—l(i)j) .
on+1) on) --- o(1)
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Therefore, we have

{o €8 B(Aa—l(i)j)[ = (Ag1yj)Bt ={0 € Sp41 - (wyo)? = e}

= wolnuv(8,41)-

Let ¢(By,B,, ..., B,) = (by, by, ..., b,) and ¢ € wyInv(8,,,,). By the definition of Inv(S,.,),

o 1(i) = wyowy (i)
=wyo(n+1—-i+1)
=n+l-on+1—-i+1)+1

and we have

n—on—i+2)+1=013)—1. 3

We show ¢(A*(c)) D A(o). Let (by, b, ..., b,) € A(0).
Fori#n—j+1,n—j+2,by(3),

bn—o’(i+1)+1 - bn—cr(i+1)+2 _ bn—a(i)+1 - bn—a(i)+2

by, by,
_ bo-1(n—i+1)-1 = bo-1(n—i+1) = Do-1(n-i42)-1 + Do-1(n-i42)
= bn

Bsiv1)-1 — Bo(i)-1 =

> 0.

Fori#n—j+1,n—j+2,sincecg(n+1)=jand o € wylnv(S,;1), by 3),o(n—j+2)=1.
Then we have

bn—a(n—j+1)+1 - bn—a(n—j+1)+2
by,

by — bo-1(j+1)-1 + bo-1(j41)

by,

Bstn—j+2)-1 = Bo(n—j+1)-1 = 1 —

>0
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and
bn—a(n—j+3)+1 - bn—a(n—j+3)+2
Ba(n—j+3)—1 - Bcr(n—j+2)—1 = b -1
n

_ 11 = bo-1gj1y — ba
= b

> 0.

Similarly, we have ¢(A#(0)) C A(0). O

Corollary 3. The n-dimentional Poincaré algorithm is symmetric in measure on wolnv(8,,;1),

e, for all oy, 0,,...,0, € WeInv(8,41),

u(Alo1, 03, ..., 05]) = u(Alos, 051, ..., 01 ]).

A Self-duality of 2-dimensional Poincaré Algorithm

We see that the 2-dimensional Poincaré Algorithm (A, Tp) is algebraic self-dual on {e, (13), (123), (132)}

with the intertwining map ¢ defined as

Note that A = {x € R?* : 1> x; > x, > 0}, A* = RZ.

@; Since

Ar(e) = 1 -1 |, A= -1 1 ,

Ar(e)Ay = AyArs(e) holds. And

by —b, b
1-b;’1-b,

T(by,by) = ( )’ T#(By,B,) = (=1 + By, —B; + B,).
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Thus, the cylinder set Ale] and A¥[e] are

A[e] :{(bl,bz)EA . 1—b1 >b1—b2, bl—b2>b2}
={(b1,b2)€A . 1—2b1+b2 >0, bl >2b2},

A#le] ={(B},B,) € A" : =1+ B; >0, =B, + B, > 0}.

We show ¢(A#[e]) = Ale]. Let ¢(By,B,) = (b, b,). Then,

_ 1+B B 1
'™ 1+B,+B,” ? 14+B;+B,

and

bl 1 b1
=1_1,B=—-2
b, 2

B = .
! b, b,

Thus, we can see ¢(A*[e]) = Ale] by the following calculation

—B, + B, -1+ B,
by +b, 1+B,+B, by = 2b; 1+B,+B,
and
b, 1—2b, +b,
1 b2 2 1 b2
A[(12)];
1 -1 111 1
Ar((12)Ag =] 1 -1 11 = 1
1 1 1
111 1 1
AgAT(12) =] 1 1 1 -1 =1
1 -1 1 1
A[(23)];
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1 -1 111 1
Ar((23))Ag = 1 11 =| 1 ,
1 -1 |1 1
111 1 1
AgAT(@3) =] 1 1 -1 1 = 1
1 1 -1 1
A[(13)]; Since
1
1 -1

A[(13)] ={(by,by) €A : by > by — by, by —by >1— by}
={(b1,b2)€A : 2b2—b1>0, 2b1—b2—1>0},

A*[(13)] ={(B;,B,) € A¥ : By —B, >0, 1 - B, > 0}.

We show ¢(A#[e]) = Ale]. Let ¢(B;, B,) = (b, b,). Then, we can see ¢(A#[(13)]) = A[(13)]

by the following calculation

1- B, B, — B,
2 = 2b, — 1
by = by 1+B; +B, by = b, 1+B,+B,
and
2by —b, — 1 b,
By —B, = , 1-B;=2——.
1 2 bz 1 bz
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A[(123)]; Since

Ar((123)) =] 1 -1 ,  Ar((123)) = -1 1 |

Ar(123)A4 = AyAr#(123) holds.

A[(123)] = {(bl’bZ) (S A b2 >1-— bl’ 1-— bl > bl - bz}
:{(bl,bz)EA:b1+b2—1>0,1—2b1+b2>0},
A#[(123)] = {(B,,B,) € A" : =B, + B, >0, 1 — B, > 0}.

We show ¢(A#[(123)]) = A[(123)]. Let ¢(By, B,) = (b;, b,). Then, we can see ¢(A#[(123)]) =
A[(123)] by the following calculation

1-B, —B, + B,
b+b—-1=—=— 1-2b;+b, = ———=—
1+ 02 1+B;+B, 1+ 52 1+B;+B,

and

1—-2b;+b bi+b,—1
—B1+B2:—1 2’ —B, = ! 2 .

b, 2 b,
A[(132)]; Since

Ar((132)) = 1 |, Ar((A32))=] 1 -1 |,
1 -1 -1 1

A[(132)] = {(blabZ) EA: b1 - b2 > bz, b2 >1- bl}
={(b1,b2)€A : b1—2b2>0, b1+b2—1>0},

A#[(132)] = {(B,,B,) € A" : 1—B, >0, -1+ B; > 0}.
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We show ¢(A#[(132)]) = A[(132)]. Let ¢(By, B,) = (b, b,). Then, we can see ¢(A#[(132)]) =
A[(132)] by the following calculation

-1+ B, 1-B,
by—2by=—""1  pho4b—1=— 2
! 27 14B,+B, 1152 1+B;+B,
and
b;+b,—1 b
1-By=——2 ~ _14+B =—-2.
b, b,
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